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Statistical Properties of Polarization in Fiber

The topic of this chapter is the statistics of polarization, polarization-mode
dispersion, and polarization-dependent loss, all in relation to behavior in
single-mode fibers. The origin of these statistical properties is the birefrin-
gence within the mode-field diameter of the fiber. If a perfectly isotropic fiber
existed, the polarization state at the output would match that at the input
for all time, frequency, temperature, and length. This, however, is not the
case. As illustrated in Fig. 9.1, there are several causes of fiber birefringence,
both intrinsic and extrinsic. While an isotropic fiber is stress-free and has a
perfectly concentric core (a), perturbations such as core ovality (b), stress-
induced index gradient (c), and micro-bubbles (d) introduce birefringence at
any cross-section of the fiber. The existence and study of fiber birefringence
was well-known by the 1970s [29, 53, 54]. The length-scale of the birefringence
is called the birefringent-beat length: LB = λ0/∆n, where λo is the free-space
wavelength and ∆n is the birefringence. Typical birefringence values of early
1990s fiber are ∆n/n ∼ 10−7, which corresponds to LB � 20 m at 1550 nm.

Birefringence, however, is only one contributing factor to the statistical
behavior. A second factor is the fiber autocorrelation length LC , which is
the characteristic length over which the birefringent axis of the fiber changes.
While the models used in the following are cast in the continuous limit, at the
discrete level one can think of a fiber of length L segmented into N parts LC

long, whereN = L/LC . Within a segment the birefringence and its orientation
is fixed, and at the junctions between adjacent segments the birefringent axis
changes abruptly. In the continuous limit, LC represents the characteristic
length over which the randomly evolving birefringence loses memory of its
preceding orientations. A typical value of LC is 100 m.

The relationship between the fiber autocorrelation length LC and the bire-
fringent beat length LB , and between LC and the fiber length L, determines
the regime in which the polarization ensembles behave. The principal regimes
are illustrated in Fig. 9.2. In the first limit LC � LB , Fig. 9.2(a), the slow
evolution of the birefringent axis along the fiber allows the optical field of the
signal to follow. In the second limit LC � LB , Fig. 9.2(b), the birefringent
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Fig. 9.1. Sources of birefringence within a cross-section of single-mode fiber. a) Per-
fect, isotropic fiber. b) Ovality of the core. c) Stress-induced index gradient. d) Phys-
ical defects like micro-bubbles or impurity concentrations.

axis changes too quickly for the optical field to follow, the result is a long-range
average over the range of orientations. This effect is exploited to manufacture
ultra-low PMD fiber: the fiber preform is spun during the drawing process at
a rate designed to ensure LC � LB [43]. For instance, Chen et al. [6] report a
spin period of 1 m and a beat length of 10 m in their fiber. Higher resolution
measurements are reported by Pietralunga et al. [46] and Galtarossa et al. [20].
To be sure, this is not a perfect cure as one must still include some length-
scale for variation of the spin profile – this additional factor is illustrated in
Fig. 9.2(c) – but the effective birefringence of the fiber is reduced by an order
of magnitude.

The relationship between the autocorrelation length LC and the total fiber
length determines how the polarization-mode dispersion behaves. There are
two extrema regimes, that of “low” (or “weak”) mode coupling and that of
“high” (or “strong”) mode coupling (Fig. 9.2(d)). In the low mode-coupling
regime, variation of birefringence orientation is low so the mean PMD increases
linearly with length. In the high mode-coupling regime, the birefringence ori-
entation is random beyond a correlation length so the mean PMD increases as
the square-root of the length. As a practical matter, since square-root growth
is slower than linear, one would like to reach this regime as quickly as pos-
sible. As shown in the following, the ratio L/LC determines the regime; a
low autocorrelation length LC pushes a fiber toward high mode-coupling and
root-length growth of the mean PMD.

An historic anecdote conveys the importance of the fiber autocorrelation
length. Early fiber-transmission and characterization studies were done in the
research lab where fiber is held on spools. When C. D. Poole went to measure
for the first time a fiber spooled and then unspooled, he found that the PMD
increased five-fold. This is an instance where the correlation length LC is small
on the spool, due to inhomogeneities of bending strain, and large unspooled.
Indeed, de Lignie et al. report spooled and cabled measurements circa 1994
where they showed LC ∼ 5 m on the spool and LC ∼ 500 m cabled [9]. Their
measurements from fiber to fiber show a wide range of values.
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Fig. 9.2. Relationship between length scales within a single-mode fiber. a) Adia-
batic regime LC � LB : the field follows the changing birefringence. b) Field-average
regime LC � LB : the field cannot follow the changing birefringence vector and in-
stead averages over the variation. c) Model for spun fibers where a third length
scale LS , the range over which the spin profile changes, is added. d) Low- and
high-mode coupled PMD regimes: LC in comparison with the total fiber length L.

For practical systems and design, there are three dimensions along which
one would like to derive polarization-related statistics: propagation length,
optical frequency, and time. In each case a statistical process must be de-
fined to characterize the evolution on a microscopic level. The PMD evolution
equation over length is well defined and the probability density converges in
the limit of large ensembles. The ergodic nature of PMD lets “length” be
replaced by “optical frequency” in the density functions and “long length” is
replaced by “wide bandwidth.” The PMD autocorrelation function connects
the length and frequency regimes. There is, however, no definite process for
the time evolution. Submarine cable changes at a slow rate while aerial fiber
changes in the millisecond range. Moreover, there is likely no spatial homo-
geneity to the temporal changes – for instance, a train may cross a cable at a
particular location – so one cannot expect a neat answer. When the temporal
changes are spatial homogeneous, P. J. Leo et al. have developed a Rayleigh-
distribution model of SOP change that is useful to define what “speed” of
change means [32].
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Statistics for polarization, PMD, and PDL are derived in the following
using diffusion processes. The physics of a diffusion process is first captured
by a stochastic differential equation (SDE) and then translated to its partial-
differential equation (PDE) analogue. Exposition of these mathematical tools
is beyond the scope of this text and the reader is referred to Arnold and
Oksendal for SDEs [1, 44], and Risken for PDEs [55]. Finally, Davenport is
an invaluable reference on applied probability is [8].

9.1 Polarization Evolution Model

An optical mode confined within a fiber propagates only along one dimension;
denote this direction z. The longitudinal electric field will propagate accord-
ing to the time-harmonic factor exp

(−jzk0
√
εr

)
, where k0 is the free-space

wavenumber and εr is the relative permittivity of the fiber. The Helmholtz
equation for the evolution of the electric field E in the plane perpendicular
to z is therefore (

d2

dz2 + k2
0�εr

)
E = 0

where �εr is written in tensor form in anticipation of the following. The common
permittivity ε̄r may be separated from the differential part such that

�εr = ε̄r + 1
2∆�εr · �σ (9.1.1)

When the propagation is lossless, the common permittivity is the square of
the refractive index: ε̄r = n2. The common phase is removed from E to isolate
the polarization state evolution using the factorization

E = exp
(

−j
∫ z

0
k0 n(z′) dz′

)
|s〉

where the integral simply accounts for the cumulative change of common
index over the path; if the common index is fixed, the integral reduces to the
more customary exponential phase factor. Substitution of this factorization
and (9.1.1) into the wave equation, and dropping terms that are second-order
in |s〉, makes (

d

dz
+ jk2

0
∆�εr · �σ

4n

)
|s〉 = 0

In the absence of polarization-dependent loss, ∆�εr is real and its magnitude
to first-order in ∆n is

∆εr = n2
+ − n2

− = (n+ ∆n/2)2 − (n− ∆n/2)2 � 2n∆n

As a matter of notation, the magnitude of the birefringent vector �β is defined
as
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β = |�β| = k0∆n =
ω

c
∆n (9.1.2)

where the ∆ on ∆β has been dropped for convenience. Moreover, the bire-
fringent beat length LB = λo/∆n is related to the birefringence β as

LB = 2π/β (9.1.3)

With these definitions in hand, the polarization state evolves in the fiber
according to [25] (

d

dz
+
j

2
�β · �σ
)

|s〉 = 0 (9.1.4)

The birefringence vector �β is the local birefringence at any position along the
fiber. Equation (9.1.4) describes the response of the polarization state due to
the local birefringence. Converting to Stokes space, the differential equation
of motion is

dŝ

dz
= �β × ŝ (9.1.5)

As expected, the polarization state precesses about the local birefringent axis
at a rate governed by the strength of the birefringence.

Wai and Menyuk propose two models of how the local birefringence varies
along an unspun fiber [40, 60, 62]. In both models the fiber exhibits no chi-
rality:

No circular birefringence: β3 = 0

This assertion has been experimentally verified for such fibers [21], while spun
fibers show evidence of residual chirality [27]. The calculations that follow use
the no-chirality assumption, while models for spun fibers can be found in [47].
Without a chiral factor, the birefringent matrix is

�β · �σ =

(
β1 β2

β2 −β1

)
(9.1.6)

In their first model, the birefringence magnitude is fixed and the angle θ on the
Poincaré equator randomly varies. In their second model, the cartesian bire-
fringent components (β1, β2) are independent random variables. Both models
give the correct evolution of the mean-square DGD, but the latter model,
while a bit more involved, generates aperiodic PMD spectra.

9.1.1 Random Birefringent Orientation

For this first model, the birefringent matrix is

�β · �σ = β

(
cos θ sin θ
sin θ − cos θ

)
(9.1.7)
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where θ is in Stokes space. The angle is modelled as a Brownian motion on R
1

according to

dθ

dz
= gθ(z) −→ 〈gθ(z)〉 = 0, 〈gθ(z)gθ(z′)〉 = σ2

θ δ(z − z′) (9.1.8)

where gθ is a white-noise stochastic process. Physically, the angle θ is subject
to impulsive “kicks” as z increases, which in turn drives a random walk in
angle. The impulsive nature of the kicks means that there is no memory or
correlation from one kick to the next; each is random in its own right.

The Brownian probability density of θ subject to this motion is

ρθ(θ, z) =
1√

2πσ2
θz

exp
(

− θ2

2σ2
θz

)

where, as characteristic with this process, the variance increases linearly with
length: var(θ) = σ2

θz. The “strength” of the white-noise gθ, σ2
θ , is now appar-

ent: the stronger the noise the shorter the fiber length is necessary to reach a
nearly uniform angular distribution between [−π/2, π/2].

As with any random walk, eventually there is complete loss of correlation
between some earlier position and the present. In this case, the fiber auto-
correlation length LC is defined as the length over which the angle θ losses
correlation. The autocorrelation of θ is calculated by the expectation value
of cos θ(z):

E [cos θ(z)] =
∫

R

cos θρθ(θ)dθ = exp
(

−σ2
θz

2

)
(9.1.9)

The autocorrelation length LC is the length at which the autocorrelation falls
to e−1; therefore,

σ2
θ =

2
LC

(9.1.10)

With this identification, the evolution of the probability density can be written
in terms of LC :

ρθ(θ, z) =
1√

4πz/LC

exp
(

− θ2

4z/LC

)
(9.1.11)

This distribution represents a diffusion of the angle θ with fiber length
(Fig. 9.3). At an initial position the angle is known with certainty; propa-
gating away from this point increases the uncertainty of the angle.

As the fiber length increases, the diffusion of θ approaches a uniform distri-
bution. In fact, only the angle θ modulo π matters. Consider a starting angle
of θ = 0; at some distance z/LC the density at θ = π/2 will be within 1 − ε
of uniform. Accounting for the wrap-around of the distribution modulo π,
the length needed to fall within this error is z/LC = π2/(8ε). For instance, it
takes about 3LC to realize a 5% deviation from a uniform distribution. Once
the distribution is uniform there is no memory of the initial state.



9.1 Polarization Evolution Model 391

��
�$���
��
�$����

��
%$���

�

Fig. 9.3. Spatial evolution of the birefringent-angle θ probability density. At any
position z0 the density is a gaussian. On a length scale z > LC the density converges
to a uniform distribution on [−π/2, π/2].

9.1.2 Random Component Birefringence

For the second model, the entries of the birefringence matrix (9.1.6) are treated
as independent Langevin processes:

dβ1

dz
= −L−1

C β1 + g1(z) (9.1.12a)

dβ2

dz
= −L−1

C β2 + g2(z) (9.1.12b)

The characteristics of the noise sources are

〈g1(z)〉 = 〈g2(z)〉 = 0 〈g1(z)g2(z)〉 = 0 (9.1.13a)

〈g1(z)g1(z′)〉 = 〈g2(z)g2(z′)〉 =
〈
β2〉 /LC δ(z − z′) (9.1.13b)

where
〈
β2
〉

is the rms value of the birefringence.
A Langevin equation describes a mean-reverting process driven by noise.

Consider (9.1.12a) in the absence of g1(z): any initial condition decays ex-
ponentially over characteristic length LC . Turning the noise source on dis-
rupts this deterministic motion. The minus sign of the deterministic coeffi-
cient −L−1

C acts as a linear spring constant, pulling the solution back toward
the mean with a strength proportional to the deviation. In the steady state,
this spring force balances the noise source, resulting in a stationary gaussian
distribution.

The solution to (9.1.12) is

βi(z) = βi(0) e−z/LC +
∫ z

0
e−(z−z′)/LCgi(z′)dz′

The initial condition βi(0) decays exponentially on a scale given by the fiber
autocorrelation length LC . In the regime z � LC there is no memory of
the initial state and a stationary distribution is reached. A two-dimensional
sample-path of the birefringence is illustrated in Fig. 9.4. The steady-state
density of βi is readily determined by solution of the associated Fokker-Planck
equation, and is
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Fig. 9.4. Sample path of the birefringence vector in the steady-state. This path was
calculated using a Karhunen-Loeve expansion of a Wiener process and a numerical
integration of the Langevin equation (9.1.12). In the steady-state β1,2 converge in
distribution to i.i.d. stationary gaussian processes.

ρβi
(v) =

1√
π 〈β2〉 exp

(
− v2

〈β2〉
)

(9.1.14)

The variance of each component is var (βi) =
〈
β2
〉
/2, which is independent

of z. Moreover, as detailed in Appendix D, the radial and angular distribu-
tions of the local birefringence vector �β = x̂β1 + ŷβ2 are Rayleigh and uniform
distributions, respectively. Finally, the second moment of the Rayleigh distri-
bution is

〈
β2
〉
, which is what is expected on physical grounds. Therefore one

writes
var (βi) =

1
2

var
(
|�β|
)

(9.1.15)

This and the preceding section have detailed physically reasonable forms
of the local fiber birefringence vector �β that drives the evolution of the po-
larization state and, consequently, the PMD evolution. A significant further
study by Marcuse et al. details how these models are used to analyze pulse
propagation, and particularly non-linear propagation, in fibers [36].

9.2 Polarization Diffusion in Single-Mode Fiber

The optical field evolves along a single-mode fiber subject to local birefrin-
gence perturbations. The characteristic length LE is the length-scale over
which the electric field losses memory and is called the polarization decorrela-
tion length [60]. This is an additional length scale to those characteristic of the
fiber, namely, the birefringent beat length LB and the fiber autocorrelation
length LC .

One naturally expects the polarization decorrelation length to be related to
the birefringent properties of the fiber. At one extreme, where LC � LB , the
optical field averages over the rapidly varying birefringence, thereby changing
slowly with respect to its initial state. At the other extreme where LB � LC ,
the field tends to follow the local birefringence and will, accordingly, change
slowly with respect to the local state. Based on this physical picture, there are
two choices for the polarization decorrelation length: a fixed definition LE,fixed
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that measures the local field with respect to the initial birefringence, and a
local definition LE,local that measures the local birefringence.

To compute the polarization decorrelation length, the Stokes picture of
polarization diffusion (9.1.5) is used. Recalling that the fiber model assumes
no chirality, the component form of the precession equation reads

d

dz


 S1
S2
S3


 =


 β2

−β1
−β2 β1




 S1
S2
S3


 =


 β2S3

−β1S3
−β2S1 + β1S2




where capital Sk denotes a random variable. In order to simplify this expres-
sion prior to writing the diffusion generator, Wai and Menyuk introduce a
rotation operator R(z) to rotate the local birefringence to point along s1 [62].
This operator is simple because β3 = 0:

R(z) =


 cos θ(z) − sin θ(z) 0

sin θ(z) cos θ(z) 0
0 0 1


 (9.2.1)

By defining the local Stokes coordinates such that s̃ = R(z)ŝ, the precession
equation (9.1.5) is transformed to

d

dz
s̃ =
(
R�β ×R−1

)
s̃−RR−1

z s̃ (9.2.2)

where Rz is the derivative of R(z) with respect to z. This precession equation
is called the local evolution equation, to distinguish it from (9.1.5) which
describes fixed-reference evolution.

There are two derivations that can follow from (9.2.2) – the first using the
fixed-birefringence fiber model, and the second using Langevin fiber model.
The results of the two calculations are not qualitatively different; so the first,
and simpler, model is detailed below.

For the first fiber model, the birefringent variation (9.1.7) and its noise
source (9.1.8) is substituted into the local evolution equation. This gives

d

dz


 S̃1

S̃2

S̃3


 =


 0

−βS̃3

βS̃2


+


 S̃2

−S̃1
0


 gθ (9.2.3)

This is a stochastic differential equation (SDE) in the Itô form. While it is
quite beyond the scope of this text, the discerning reader should be aware that
this equation is not quite correct. As Foschini shows [17], the Itô interpreta-
tion leads to an immediate departure of the polarization state from the unit
sphere once (9.2.3) is integrated, while the associated Stratonovich interpre-
tation does not. One has two choices on how to treat the analytics. Either the
infinitesimal probability generator G accounts for the Stratonovich interpre-
tation by adding a correction term or the SDE is translated from Stratonovich
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to Itô form and the Itô generator is used. Examples of both treatments are
given below.

The infinitesimal probability generator governs the diffusion of the proba-
bility density associated with the stochastic differential equation

dXi,z = b(z,Xi,z)dz + σ(z,Xi,z)dBi,z (9.2.4)

where b is the column-vector coefficient of the drift and σ is the column vector
coefficient of the Brownian motion – either are functions of length and the ran-
dom variable. Brownian motion is related to white noise by dBz = gzdz. The
expectation of a sufficiently smooth functional ψ on coordinates Xi evolves
according to

d 〈ψ〉
dz

= 〈Gψ〉 (9.2.5)

This is Kolmogorov’s backward equation (KBE). The generator G is the
probability generator of the Itô diffusion (see Foschini [17], Menyuk [62], Ok-
sendal [44] (esp. Theorem 7.3.3, and (6.1.3)), and Risken [55] for more details).
The importance of the probability generator is that it transforms a stochastic
differential equation into a partial differential equation (PDE). Many power-
ful analytic and numeric tools are available to solve PDEs, making problems
cast in this form more tractable. The polarization and PMD diffusions that
follow are prime examples of physical processes developed first in SDE form
to capture the differential behavior of the process and then solved in PDE
form to determine the global behavior subject to the boundary conditions.

The Itô-sense diffusion generator has two components: GI = Gd +Gs.
These components account for, respectively, the deterministic drift of the sys-
tem and the stochastic fluctuation. The Itô generator for (9.2.4) is

GI =
∑

i

bi(xi)
∂

∂xi
+

1
2

∑
i

∑
j

(
σσT
)
i,j

(x)
∂2

∂xi∂xj
(9.2.6)

The Stratonovich-sense GS generator makes a correction for the drift and,
while more complicated to express in general, for the present case it may be
written as

GS = GI − 1
2
σ2
∑

i

xi
∂

∂xi
(9.2.7)

The calculations in this section use the Stratonovich-sense generator.
While the derivations of the above equations are advanced, its application

is straightforward. The generator for (9.2.3) is

G = −βS̃3
∂

∂S̃2
+ βS̃2

∂

∂S̃3

+
σ2

θ

2

(
S̃2

2
∂2

∂S̃2
1

+ S̃2
1
∂2

∂S̃2
2

− 2S̃1S̃2
∂2

∂S̃1∂S̃2
− S̃1

∂

∂S̃1
− S̃2

∂

∂S̃2

)
(9.2.8)
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where the noise strength σ2
θ is related to the fiber autocorrelation length

via (9.1.10).
The evolution of the moments of S̃ are calculated using this generator

and the KBE. For instance, the functionals ψ(S̃) = S̃ and ψ(S̃) = S̃2 give the
evolution of the first- and second-moments of S̃. These results are used to
associate the polarization decorrelation length LE with the fiber parameters.

For the evolution of the mean values, the functional ψ is ψ(S̃i) = S̃i. Cal-
culation of Gψ generates the following system of equations:

d

dz

〈
S̃1

〉
= − 1

LC

〈
S̃1

〉
(9.2.9a)

d

dz

〈
S̃2

〉
= − 2π

LB

〈
S̃3

〉
− 1
LC

〈
S̃2

〉
(9.2.9b)

d

dz

〈
S̃3

〉
=

2π
LB

〈
S̃2

〉
(9.2.9c)

For a non-zero initial condition,
〈
S̃1(z)

〉
monotonically decays to zero and the

remaining mean values undergo a damped oscillation to zero. The long-range
values of the polarimetric means are all zero; the polarization state with re-
spect to the local birefringence ultimately becomes completely uncorrelated.
In the particular case when the initial state of the system is S̃1 = 1, that is, the
launch polarization is aligned to the local birefringent axis, the mean polari-
metric values of the remaining two coordinates are

〈
S̃2(z)

〉
=
〈
S̃3(z)

〉
= 0,

and the mean along the initial axis decays as〈
S̃1(z)

〉
= exp (−z/LC) (9.2.10)

This simple case is all that is necessary to associate the polarization decorrela-
tion length LE,local with the fiber autocorrelation length. Since the character-
istic length over which the mean polarization is preserved is by definition the
polarization decorrelation length, in light of (9.2.10) one makes the association

LE,local = LC (9.2.11)

In the local reference frame the two characteristic lengths are equal.
Wai and Menyuk detail the transformation to the fixed reference frame

from the local frame [62]. While their work may be consulted for the details,
the results are

〈S1(z)〉 =



S1(0) exp

(
−z/L′

E,fixed

)
LC � LB

S1(0) exp
(
−z/L′′

E,fixed

)
LC � LB

(9.2.12)

where
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L′
E,fixed =

LC

2π2 (LC/LB)2
(9.2.13a)

L′′
E,fixed = LC/ 2 (9.2.13b)

These equations reenforce the physical understanding developed in the intro-
duction of this chapter. With respect to the launched polarization state, when
LC � LB the polarization decorrelation length (9.2.13a) is much longer than
the fiber autocorrelation length. This is because the birefringence changes
too rapidly for the field to follow, which in turn makes the propagated field
correlate with the launched field over a longer distance. Conversely, when
LC � LB , the field follows the birefringence more faithfully, so the polariza-
tion state diffuses on a length scale more closely linked to the fiber autocor-
relation length. In particular, notice that L′′

E,fixed = LE,local/ 2, which makes
sense because the field follows the local birefringence, so the local-frame char-
acteristic length should indeed be longer than the fixed reference frame.

These associations between the fiber autocorrelation and polarization
decorrelation lengths are useful in a practical sense. While LC is central to the
statistical description of the optical field, the polarization decorrelation length
is the measurable quantity. Equation (9.2.12) provides a means in which to
determine LC through the measurement of LE,fixed.

For the evolution of the polarimetric second-momemts, the functional ψ
is set to ψ(S̃i) = S̃2

i and the generator (9.2.8) remains the same. Calculation
of Gψ generates the following system of equations:

d

dz

〈
S̃2

1

〉
= − 2

LC

(〈
S̃2

1

〉
−
〈
S̃2

2

〉)
d

dz

〈
S̃2

2

〉
=

2
LC

(〈
S̃2

1

〉
−
〈
S̃2

2

〉)
− 4π
LB

〈
S̃2S̃3

〉
d

dz

〈
S̃2

3

〉
=

4π
LB

〈
S̃2S̃3

〉
d

dz

〈
S̃2S̃3

〉
=

2π
LB

(〈
S̃2

2

〉
−
〈
S̃2

3

〉)
− 2
LC

〈
S̃2S̃3

〉
(9.2.14)

As before there are local- and fixed-reference frame solutions, and the solu-
tions differ for the two limits of LC/LB . The general form for the fixed-frame
solution is〈

S2
1,2
〉 � 1

3

(
1 ± 3

2
exp (−z/LE,1) +

1
2

exp (−z/LE,2)
)

(9.2.15a)

〈
S2

3
〉 � 1

3

(
1 − exp (−z/LE,3)

)
(9.2.15b)

where in the first equation the “+” and “−” signs refer to S̃1 and S̃2, respec-
tively. In the LC � LB regime, the length scales are

LE,1 = 2L′
E,fixed, and LE,(2,3) = 6L′

E,fixed (9.2.16)
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Conversely, in the LC � LB regime, the length scales are

LE,1 = 2
7L

′′
E,fixed, and LE,(2,3) = 2

3L
′′
E,fixed (9.2.17)

In either length regime, the stationary variances of the diffusions converge
to
〈
S̃2

k

〉
= 1/3. The convergence rate for all three variances is roughly the

same, but the small difference was studied by Wai and Menyuk in [61], where
they showed that the absence of chirality in the fiber imparts a short-range
anisotropy to the diffusions.

To summarize, polarization decorrelation happens with its own character-
istic length-scale LE in a single-mode fiber. That length scale is related to
the fiber birefringence parameters in either a local or fixed frame of reference.
In the local frame, the polarization decorrelation and fiber autocorrelation
lengths are equal. In the fixed frame, the relationship depends on the regime
in which the fiber is characterized: for LC � LB the diffusion occurs at a
rate related to LB ; for LC � LB the diffusion occurs at a rate related to LC .
The three polarimetric values all reach a mean of zero and a variance of 1/3
beyond the diffusion limit. The diffusions detailed in this section are for the
fixed-birefringence fiber model, but the results do not qualitatively change for
the Rayleigh-distributed birefringence model.

9.3 RMS Differential-Group Delay Evolution

The equation of motion for polarization evolution (9.1.5) was recast in the pre-
ceding section into a stochastic differential equation whose solutions showed
the behavior of the statistical moments of the polarization state. In parallel
with this procedure, the equation of motion for polarization-mode dispersion
evolution is studied. Recall from (8.2.39) on page 339 that the differential
equation of motion for the PMD vector �τ is

∂�τ

∂z
= �βω + �β × �τ (9.3.1)

where �β is the local birefringence vector and �βω is its frequency derivative.
The solution to (9.3.1) for the mean-square magnitude of �τ in the diffusion

limit is 〈
τ2(z)

〉
= 2
〈
τ2
c

〉 (
e−z/LC + z/LC − 1

)
(9.3.2)

where
〈
τ2
c

〉
is the mean-square DGD for a segment LC long. The mean-square

solution is written at this point in the discussion because it is apparently inde-
pendent of any reasonable derivation. Poole [48, 49] first derived this equation,
shortly followed by Curti [7], Foschini [17], and Gisin [23, 24], and later by
Wai and Menyuk [60]. Gisin [24] showed that (9.3.2) is the mean-square de-
viation of the probability density that solves the Telegrapher’s equation (a
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Fig. 9.5. The rms growth of 〈τ 〉 with length and its asymptotic limits. a) Log-log
scale shows long-range behavior. For z � LC the rms growth is linear with length,
while for z � LC the rms growth goes as root-length. The crossover is in the range
z ∼ LC . b) Linear scale of the same. PMD fiber statistics are derived in the strong
mode-coupling regime.

second-order parabolic PDE). While the details depend on which report is
consulted, all of these researchers apply a gaussian-correlated noise to the
fiber birefringence.

The root-mean-square growth of the DGD, defined by 〈τ〉rms =
√〈τ2(z)〉,

shows two asymptotic limits:

〈τ〉rms (z) =




(z/LC) 〈τc〉rms weak coupling: z � LC√
2z/LC 〈τc〉rms strong coupling: z � LC

(9.3.3)

where 〈τc〉rms =
√〈τ2

c 〉. The cross-over between these two limits is z ∼ LC .
The two limits of the rms evolution function are shown in Fig. 9.5.

At one limit, the so-called “weak” mode-coupling limit, 〈τ〉rms grows lin-
early with length z. In this regime the local birefringence is nearly aligned
along the fiber, making the cumulative birefringence additive. At the other
limit, the “strong” mode-coupling limit, 〈τ〉rms grows as root-length: z1/2. In
this regime the fiber length is well beyond the fiber autocorrelation length, so
the cumulative birefringence grows statistically. Given that the birefringence
of fiber segments LC long are uncorrelated, the birefringence variances across
segments add, resulting in a standard deviation that grows as root-length.
This behavior was already seen in the probability density (9.1.11) for the
angular distribution of birefringence.

The analytic calculation of the PMD probability densities are made in the
strong-coupling regime. The weak-coupling regime poses few novel problems
because the statistics will closely match that of the local birefringence. The
intermediate region that connects the weak- and strong-coupling regimes can
be treated one of two ways. For the case of fiber the PMD statistics evolve
through the intermediate region toward their stationary end-points. Tan et al.
have studied these transient statics and show that the Maxwellian distribution
is achieved by approximately z ∼ 30LC , but that the distribution tails take
longer to mature [58, 63]. Another case is for PMD emulators, where a fixed
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number (3–20) of sections is used. These statistics have also been investigated
and shown to exhibit deviation from the stationary forms [30, 34].

Equation (9.3.2) is derived here following the diffusion formalism. Use of
the fixed-birefringence model of §9.1.1 makes for a simpler calculation; the
result is easily extended to Rayleigh-distributed birefringence. As with the
polarization calculations, the PMD diffusion equation is simpler when con-
verted to a local reference frame. Define τ̃ = R(z)�τ , where R(z) is as in (9.2.1).
The resulting stochastic differential equation for (9.3.1) in component form is
(cf. (9.2.3))

d

dz


 τ̃1
τ̃2
τ̃3


 =


 βω

−βτ̃3
βτ̃2


+


 τ̃2

−τ̃1
0


 gθ (9.3.4)

The infinitesimal probability generator is

G = βω
∂

∂τ̃1
− βτ̃3

∂

∂τ̃2
+ βτ̃2

∂

∂τ̃3

+
σ2

θ

2

(
τ̃2
2
∂2

∂τ̃2
1

+ τ̃2
1
∂2

∂τ̃2
2

− 2τ̃1τ̃2
∂2

∂τ̃1∂τ̃2
− τ̃1

∂

∂τ̃1
− τ̃2

∂

∂τ̃2

)
(9.3.5)

Finally, the functional of interest is ψ = τ̃2 = τ̃2
1 + τ̃2

2 + τ̃2
3 . A requisite auxil-

iary functional ψ′ = τ̃1 is also needed. CalculatingGψ andGψ′, and combining
the results, yields the equation of motion(

d2

dz2 +
1
LC

d

dz

)〈
τ̃2〉 = 2β2

ω (9.3.6)

The solution to this equation is (9.3.1). A few details need clarification. The
length of the PMD vector is invariant under rotation, so |τ̃ | = |R(z)�τ |. The
product βωLC is the characteristic DGD per segment LC long. To see this,
simply expand the terms: τc = βωLC = ∆ngLC/c. Finally, the replacement
of τ2

c in the solution of (9.3.6) with
〈
τ2
c

〉
as reported in (9.3.2) comes with the

Rayleigh-birefringence derivation detailed by Wai and Menyuk [62].

9.4 PMD Statistics

The PMD statistics that yield to analytic study are those related to the first-
and second-order PMD vectors (�τ , �τω) and the autocorrelation of the PMD
vector �τ with frequency. The statistics that have been analytically solved are
for �τ and its components τi; �τω and its components τω,i; and the perpendicular
and parallel components of the second-order vector: depolarization |�τω,⊥| and
polarization-dependent chromatic dispersion |�τ |ω, respectively. Additionally,
the relation between depolarization and PDCD conditional on the DGD has
been determined. The joint density of the magnitudes (τ, τω), however, is not
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analytic but has been solved using importance sampling (IS) and, separately,
special numerical techniques.

A remarkable property of PMD statistics is that they scale with a single
scaling factor: the mean fiber DGD τ̄ . The mean fiber DGD is itself related to
the fiber length, fiber autocorrelation length, and birefringence variance. That
association is clarified below, but once made the mean fiber DGD becomes
its own “unit.” The mean fiber DGD is so ubiquitous in the statistics and
measurement of PMD that a corruption of terms has entered the literature
where “PMD” is defined as the mean fiber DGD. There should be no confusion,
however, between PMD as a vector and mean DGD as a statistical unit.

The expression for the rms DGD evolution in the strong coupling limit
connects the microscopic scale of the birefringence variation with the macro-
scopic properties of PMD statistics. This expression is therefore the gateway
between micro- and macroscopic views of the same process. While this ex-
pression was derived above, the derivation of the PMD probability densities
requires analytic tools that are well beyond the scope of this text. Instead,
the results, principally of Foschini, will be quoted and the ambitious reader is
referred to the cited papers.

The mean fiber DGD is connected to the stochastic model of PMD evolu-
tion in the following way. In the z � LC limit, the mean-square DGD grows
as 〈

τ2(z)
〉

= 2
〈
τ2
c

〉
z/LC (9.4.1)

As discussed in the following, the cartesian components of the PMD vector
are i.i.d. gaussian random variables. The probability density of the length of
the PMD vector is therefore Maxwellian. The first and second moments of this
density are related (see Table D.1 on page 507), so (9.4.1) may be rewritten
for the mean DGD:

τ̄ ≡ 〈τ(z)〉 =

√
8
3π

2
〈
τ2
c

〉
z

LC
(9.4.2)

There is some variation in the literature on the interpretation of 2
〈
τ2
c

〉
/LC .

Curti, for instance, writes τ̄ =
√

8z/πLC dτ [7]. Since (9.3.2) was derived
using a Rayleigh statistic for the birefringence, the mean segment DGD is
related to its second moment by

〈
τ2
c

〉
= 4 〈τc〉2/π. Association with Curti

gives dτ =
√

8/3π 〈τc〉, which is an 8.5% difference. Separately, Poole and
Favin [52] write τ̄ =

√
8N/3π∆τp, where ∆τp is the fixed birefringence of a

retardation plate and N is the number of plates. The connection to (9.4.2)
requires N = 2z/LC . This interpretation is used below to develop a dis-
crete waveplate model. Other researchers reproduce (9.4.2) in the continuous
limit [17, 23, 51, 62].

Armed with the definition of the mean fiber DGD τ̄ , the statistics of PMD
are presented below. The principal contributors to this field are Curti [7],
who first derived the Maxwellian DGD distribution; Foschini [14–17], who
derived the remaining PMD distributions; Karlsson [31], and Shtaif and
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Mecozzi [56, 57], who derived the PMD autocorrelation functions; Ibragimov
and Shtengel [28], who derived a conditional expression; and Fogal, Biondini,
and Kath, who developed the IS methods [2, 11, 12].

9.4.1 Probability Densities

The expressions for the probability densities of the first- and second-order
PMD vector are tabulated in Table 9.1. The vectors �τ and �τω are statistically
dependent on one another. Plots of these densities are shown in Fig. 9.6 on
linear scale, to emphasize the distribution about the mean, and semi-log scale,
to emphasize the fall-off of the distribution tails.

The probability density for the DGD τ , which is the magnitude of the
PMD vector τ = |�τ |, is Maxwellian. The origin of the Maxwellian distribution
comes from the distribution of the radius of a sphere, where the cartesian co-
ordinates of the sphere are i.i.d. gaussian random variables (see Appendix D).
An important relation between the mean and mean-square for a Maxwellian
distribution is 〈

τ̄2〉 =
(

8
3π

)
〈τ̄〉2 (9.4.3)

The 8/3π factor appears frequently in the discussion of PMD statistics. The
Maxwellian and gaussian distributions scale linearly in τ̄ . That is, the mea-
sured DGD values from any fiber can be normalized by the mean fiber DGD
(τ/τ̄) to produce a unit-scaled statistic.

The probability density for the magnitude SOPMD τω = |�τω| is sech-tanh
in form. The origin of the sech-tanh distribution comes from the distribution of
the radius of a sphere, where the cartesian coordinates of the sphere are i.i.d.
hyperbolic secant (sech) random variables. In contrast to the Maxwellian and
gaussian distributions, the sech-tanh and sech distributions scale quadratically
with τ̄2: measurements can be normalized to a unit statistic by τω/τ̄2.

The second moments of the τ and τω magnitudes are related by

〈
τ2
ω

〉
=

1
3
〈
τ̄2〉2 (9.4.4)

Moreover, a comparison of the tails of the Maxwellian and sech-tanh distribu-
tions (Fig. 9.6), shows that eventually the Maxwellian falls off faster. This is
because the underlying gaussian distribution falls off quadratically (on a log
scale) while that of the sech fall off linearly.

The cartesian components of the SOPMD vector are i.i.d. random vari-
ables, so their variance is one-third that of the vector length. Yet, the cartesian
components are not directly or easily related to the distortion PMD imparts
on a signal. However, the projections of the SOPMD vector onto the first-order
vector are directly related, so one asks about the conditional dependence of
these projections.
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Fig. 9.6. Probability densities of first- and second-order PMD statistics, linear and
semi-log scales. The log scale is in log10.

The second-order PMD vector is projected onto the direction of the first-
order vector (�τω · p̂) to produce parallel and perpendicular components. This
action conditions the SOPMD vector to p̂. Expanding �τω from �τ = τ p̂ makes

�τω = τωp̂+ τ p̂ω (9.4.5a)

= �τω,‖ + �τω,⊥ (9.4.5b)

The parallel component is the polarization-dependent chromatic dispersion.
This component changes the chromatic dispersion of the fiber from D to
Deff = D ± τω,‖ and, accordingly, induces pulse compression or expansion [15,
50]. Nelson gives the wavelength dependence of this component [42]. The
PDCD magnitude has two synonymous notations: |�τ |ω = τω,‖. The perpen-
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Fig. 9.7. Measurements of DGD τ and depolarization component |�τω,⊥| of SOPMD
from high-PMD fiber spool. Courtesy G. Shtengel [28].

dicular component is the depolarization, which is the tendency for the PMD
vector to change direction. The effects of this component were treated in §8.2.

There is a strong tendency for �τω to point away from �τ . The mean-square
value of the PDCD and depolarization components in relation to that of the
second-order vector are〈

τ2
ω,‖
〉

=
1
9
〈
τ2
ω

〉
, and

〈
τ2
ω,⊥
〉

=
8
9
〈
τ2
ω

〉
(9.4.6)

(Note that the rms of both components scale as τ̄2, as does the full SOPMD
vector.) Even in comparison to a cartesian component, the PDCD component
is diminished: 〈

τ2
ω,‖
〉

=
1
3
〈
τ2
ω,i

〉
(9.4.7)

Depolarization is clearly the dominant component of SOPMD and is therefore
the dominant impairment on an optical signal.

One may ask how do the SOPMD-projected components vary with a par-
ticular sample value of DGD for a fixed mean DGD. This question comes
about when testing PMD compensators: when the DGD value is high, what
form of SOPMD in a fiber can one expect? The answer is that the higher the
DGD, the higher the expected depolarization. Ibragimov and Shtengel [28]
show that the conditional expectations scale as〈

τ2
ω,‖|τ
〉

=
1
9
〈
τ2
ω

〉
(9.4.8a)

〈
τ2
ω,⊥|τ〉 =

2
9

(
τ2
√

3 〈τ2
ω〉 +

〈
τ2
ω

〉)
(9.4.8b)

When the sample value τ2 equals its mean-square value (9.4.4), the conditional
expression (9.4.8b) reduces to (9.4.6). These expressions show that the rms
PDCD magnitude is determined solely by the mean fiber DGD, while the rms
depolarization magnitude scales with sample DGD. These relations are borne
out in experiment. Figure 9.7 illustrates DGD and magnitude-depolarization



9.4 PMD Statistics 405

% #% '% )% (% !%%
%

+%%

!%%%

!+%%

#%%%

#+%%

-2-�
���

���#�$�0��
&
�
��
��

,�
-
�
�

�#
� 45�	���	�


6 	��7 ���#�$�0��

Fig. 9.8. Measurements of mean-square PDCD and depolarization as a function of
DGD. Data taken on a single fiber with fixed mean DGD. Courtesy G. Shtengel [28].

measurements taken on a high-PMD fiber; the correlation is evident. Fig-
ure 9.8 shows an analysis of the data superimposed with the conditional dis-
tributions.

Finally, the joint probability distribution function (JPDF) of (τ, τω) is
a distribution central to the characterization and validation of receiver per-
formance against PMD. The JPDF is not analytic, but can be calculated
via brute force, special numerical techniques, or using importance sampling
methods. A brute-force example of the JPDF is shown in Fig. 9.9. The lines
indicate contours of constant probability. This calculation by P. J. Leo took a
week running on a distributed computer network; the code formalism used the
Stokes-based PMD concatenation rules for �τ and �τω, thereby saving an order-
of-magnitude in time compared to the equivalent Jones-matrix calculation.
For comparison, a JPDF from measured field data is shown in Fig. 9.10.

The importance-sampling methods developed by Fogal, Biondini, and
Kath [2, 3, 11, 12] also calculate the PMD vector in Stokes space, but with the
innovation that a bias is added to the scattering of the polarization state from
section to section. The bias can be made to accumulate preferentially large
DGD values, large SOPMD values, or both. Importance sampling provides the
formalism to rescale the resulting statistics by the probability of the underly-
ing bias. Contours that extend to 10−20 have been demonstrated. Moreover,
IS methods have been adopted to the expedient estimation of system outage
probabilities due to PMD [33].

Finally, Forestieri has developed special numerical techniques to evaluate
the PDCD component density and, subsequently, the joint first- and second-
order density [13]. The author reports an efficient algorithm for fast evaluation
of the JPDF, and shows that in comparison to the IS method the tails of the
distribution fall more slowly.

The JPDF of (τ, τω) is universal because of the scaling rules for DGD
and SOPMD. In particular, the DGD and SOPMD axes scale as τ̄ and τ̄2,
respectively. Therefore, once the JPDF is calculated for some τ̄ , it can be
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Courtesy P. J. Leo.

Fig. 9.10. Measured joint first- and second-order PMD magnitudes from fiber de-
scribed in 9.11.
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Fig. 9.11. Field measurements of differential-group delay and magnitude second-
order PMD over 10 nm and 160 hrs. Notice the general adiabatic evolution is dis-
rupted at about 145 hr. Courtesy D. Peterson, MCI [45].
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arbitrarily rescaled to associate with any fiber. Such scaling, especially with
the range available using IS, can be exploited to make solid predictions of the
outage probability due to PMD in lightwave systems.

The nature of the JPDF also reveals the fallacy of the “PMD is DGD” con-
cept in testing receivers and PMD compensators, whether optical or electrical.
At almost any level of DGD there is nearly zero probability that SOPMD is
zero, or even small. Yet most receiver testing at the time of this writing is
done by introducing only DGD. Such results can significantly underestimate
the receiver operation in real-world environments (but they glorify product
performance to the parties that fund the work).

An example of rather adiabatic temporal behavior of first- and second-
order PMD is shown in Fig. 9.11. The data was taken over 160 hrs in half-hour
increments on installed fiber from a particularly old link [45]. At any time the
wavelength variation is high, but the temporal evolution for this buried cable
is slow. An exception exists at about 145 hrs where the fiber was disturbed
(unintentionally). The disturbance must have been small because the spectra
before and after the event are well correlated. A large disturbance will erase
all memory of the past and set the fiber in a new state. This data also shows
that for channels that fall on high first- and/or second-order states, the high
PMD levels may persist for a long time before there is a change. A detailed
study of the temperature dependence of PMD in installed cables is reported
by Brodsky et al. [5].

9.4.2 Autocorrelation Functions

The autocorrelation function of the PMD vector is an essential descriptor
for the characterization of PMD behavior. There are four properties that the
autocorrelation function reveal:

• PMD is a wide-sense stationary process in frequency. The autocorrelation
function is the only demonstrated method to connect ensemble averages
with frequency averages.

• The PMD-vector correlation bandwidth depends only on the mean DGD τ̄ .
• The variance of an estimated value of τ̄ derived from measurement depends

inversely on the total measurement bandwidth.
• All moments of the PMD vector depend only on τ̄ and the moment order.

The autocorrelation function tells how large a frequency separation is nec-
essary for two PMD vectors �τ(ω) and �τ(ω′) to become statistically indepen-
dent. Physically, PMD is generated by the fiber birefringence β(z, ω). The
longitudinal evolution of the birefringence β(z) is modelled as white noise or
a concatenation of waveplates, while the frequency dependence β(ω) is linear:
β(ω) = w∆n/c. Recall from the PMD concatenation rules §8.2.4 that com-
ponent PMD vectors precess about one another with frequency. For small
frequency variation the output PMD vector retains its length and pointing
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Table 9.2. Autocorrelation Functions for PMD Vector �τ and DGD Squared τ 2

Parameter Form Expression

PMD vector(a,b) 〈�τω′ · �τω〉 R�τ (W) = sinhc (W/6) exp (−W/6)

DGD squared(c)
〈
τ 2

ω′τ 2
ω

〉
Rτ2 (W) =

3
5

(
1 +

2
3

(1 − R�τ (W))
W/6

)

Estimator uncertainty(a,b,d,e) τ̄est(Bf ) 	 τ̄

(
1 ± 0.9√

Bf τ̄

)

Bias error of statistic
moments(f )

τ̄ (Bf ) =

√
8
3π

〈τ̄ 2〉 ± 8
9
√

2
1

2πBf

W = ∆ω2 〈τ̄ 2〉 , ∆ω2 〈τ̄ 2〉 =
3π3

2
(∆f τ̄ )2 , Rτ =

√
Rτ2 , Rτ̂ = R�τ/Rτ

∆ωPMD−ACF
√

〈τ̄ 2〉 	 4.4, ∆fPMD−ACF τ̄ 	 2
π

Note: Terms such as τω denote τω = τ (ω), not a frequency derivative.
(a,c) Shtaif and Mecozzi [39, 56, 57], (b) Karlsson and Brentel [31],
(d) Gisin et al. [22], (e) The Poole and Favin coefficient was 0.66 rather than 0.9 [52],
(f ) Boroditsky et al. [4].

direction. As the frequency is further detuned, the PMD vector takes on a
different length and pointing direction. The PMD autocorrelation function
tells how large, on average, a frequency separation is necessary for two such
PMD vectors to become statistically uncorrelated.

The normalized autocorrelation functions for the PMD vector R�τ (W) and
the DGD squared Rτ2(W) are given in Table 9.21. Both functions are even
functions of the argument, continuous, dependent only on frequency differ-
ence ∆ω and not absolute frequency, and have a maximum at ∆ω = 0. These
properties are characteristic of a wide-sense stationary process in frequency.

The PMD vector autocorrelation function originates with the dot-product
of the PMD vector at two different frequencies, averaged over frequency:

〈�τ(ω′) · �τ(ω)〉 =
〈
τ̄2〉R�τ (W) (9.4.9)

Figure 9.12(a) plots R�τ (W) as a function of cyclic frequency ∆f τ̄ . The prod-
uct ∆ω2

〈
τ̄2
〉

(or ∆f τ̄) alone determines the form of the ACF. In an extensive
study Lin and Agrawal have connected this and higher-order ACFs to pulse
broadening and distortion [35].
1 The function sinhc is a sinh function divided by its argument. In general a trigono-

metric function followed by the letter “c” is to be divided by its argument. At
the origin, sinhc(0) = 1.
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Fig. 9.12. Autocorrelation function and log variance. a) Autocorrelation func-
tion R�τ of the PMD vector as function of ∆f τ̄ . FWHM is ∆f τ̄ 	 2/π. The PMD-
vector ACF is dominated by depolarization, Rτ̂ (dashed curve). The root-mean-
square DGD ACF has a secondary effect. b) Normalized log10 variance of estimated
value

〈
τ 2(Bf )

〉
as function of measurement bandwidth (in Hertz) Bf . Variance is

well approximated by 16
√

2/ (9πBf τ̄ ) for Bf τ̄ > 5.

Especially important is the autocorrelation function bandwidth, defined
as the full-width half-maximum (FWHM) of the function. In cyclic frequency
the FWHM for the PMD vector is

∆fPMD−ACF τ̄ � 2
π

(9.4.10)

This is a useful relation to know. For instance, with τ̄ = 30 ps, the correlation
bandwidth is ∆f � 21 GHz, or ∆λ � 0.16 nm. Measurements of high-PMD
fiber should at least have a 20 GHz resolution to capture the variation, but
any higher resolution creates correlated measurements that oversample the
PMD. Statistical estimates should be made only after the sample points of a
high-resolution measurement are decimated (or are treated with other signal-
processing methods) down to the autocorrelation bandwidth.

Another example is the failure of estimating mean DGD on installed fiber
when the measurements are taken through a narrowband optical filter such
as one port of a multiplexer. A typical channel bandwidth for such a filter
is 40 GHz. The mean fiber DGD must be 32 ps or greater to have more than
one statistically independent measurement within the filter passband.

As R�τ is the autocorrelation of the PMD vector, the question is which
component of that vector, the DGD or the pointing direction, dominates the
decorrelation. In the preceding section it was determined that depolarization
dominates PDCD, which is representative of the strong tendency for the PMD
vector to change direction. The autocorrelation function also reflects this be-
havior.

The autocorrelation function of the mean-square DGD was derived by
Shtaif and Mecozzi [57] to answer just this question. As the DGD-squared
is the dot-product of the PMD vector with itself τ2(ω) = �τ(ω) · �τ(ω), the
correlation between τ2(ω′) and τ2(ω) is
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〈
τ2(ω′)τ2(ω)

〉
=

5
3
〈
τ̄2〉2Rτ2 (W) (9.4.11)

where Rτ2 is listed in Table 9.2. The autocorrelation functions Rτ for the DGD
and Rτ̂ for the pointing-direction of the PMD are then extracted as shown in
the table. These two functions are also plotted in Fig. 9.12(a). The correlation
bandwidths are all about the same (with ∆fACF−DGD τ̄ � 4/9) but the DGD
ACF falls from Rτ (0) = 1 to Rτ (∞) =

√
3/5, or about 22%. The PMD-vector

ACF is dominated by the unit-vector ACF Rτ̂ , consistent with the tendency
of the PMD vector to change direction, or depolarize. The autocorrelation
function for the PSP has been recently reported by Bao et al. [26].

The PMD-vector autocorrelation function can be modified to determine
the weights of all moments of the PMD vector relative to the mean-square
DGD [56]. Unlike the preceding ACFs, the moment relations apply to a single
frequency. The two moment relations are〈

�τ (n−k) · �τ (n+k+1)
〉

= 0 (9.4.12a)
〈
�τ (n−k) · �τ (n+k)

〉
= (−1)k (2n)!

3n(n+ 1)!
〈
τ2〉n+1

(9.4.12b)

where �τ (n) refers to the (n+1) order of �τ . While even/odd moments vanish, like
moments (k = 0) grow quickly with n. This is another reflection of the disorder
and complicated structure of the DGD spectrum. Recall from the Fourier
analysis of the DGD spectrum that an increase in the number of elementary
PMD segments in a concatenation increases the number of Fourier components
in the spectrum. Since

〈
τ2
〉 ∝ z, higher moments grow increasingly quickly as

the fiber length increases, consistent with the Fourier picture.
The factorial-function coefficient to

〈
τ2
〉

in (9.4.12b) grows very quickly
with n. The origin of this coefficient is the white noise that underlies the model.
The moments of a Brownian motion are Hermite polynomials evaluated at
the origin. The resulting Hermite coefficients grow as (2n)!/n!; this growth
is reflected in the moments of the PMD vector since it is a derived process
from Brownian motion of the birefringent vector. The relative growth of the
coefficient for successive moments is〈

�τ (n) · �τ (n)
〉〈

�τ (n−1) · �τ (n−1)
〉 =

2n(2n− 1)
3(n+ 1)

� 4
3
n

For large n the growth is linear in n, again consistent with Hermite polynomial
behavior.

Autocorrelation Function Derivations

The PMD-related ACFs can be derived exclusively using a stochastic-calculus
treatment of the birefringence and PMD vector [37]. The PMD evolution
equation (9.3.1) on page 397 may be rewritten in SDE form as
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d�τ = d �Bz + ω d �Bz × �τ (9.4.13)

where

d �Bz = �βωdz, d �Bz · d �Bz = γ2dz, and 〈dBz,j dBz,k〉 = 0 j �= k (9.4.14)

The differential d �Bz is a three-entry column vector of i.i.d. Brownian motions
that are the driving force in the evolution of d�τ . The Brownian motion repre-
sents the local birefringence vector. The subscript z denotes that this motion
is longitudinal in z and defines the domain over which averages will be taken.
Brownian motion grows as

√
z, so according to the rules of stochastic cal-

culus terms up to order z are included, thus d �Bz · d �Bz = γ2dz, where γ2 is
the strength of the motion. (White noise is the formal derivative of Brownian
motion: dBz = gzdz.)

The SDE (9.4.13) is in the Stratonovich form and must be translated
into the Itô form. That translation generates an additional term, which when
included makes

d�τ = d �Bz + ω d �Bz × �τ − γ2ω2

3
�τdz (9.4.15)

This correction term shifts the drift of �τ but not the random behavior.
The first calculation is the mean-square of the DGD, or τ2. Treating �τ as

a stochastic variable, the differential of τ2 using Itô’s chain rule is

d(τ2) = 2�τ · d�τ + d�τ · d�τ (9.4.16)

The clarify the following calculations, the Stratonovich form of d�τ (9.4.13) is
first substituted into (9.4.16). Keeping only terms that survive an average,
this partial solution gives

d(τ2) = 2�τ · d �Bz + γ2dz + ω2(d �Bz × �τ)2

= 2�τ · d �Bz + γ2dz + ω2
(
γ2τ2dz − (d �Bz · �τ)2

)
= 2�τ · d �Bz + γ2dz +

2
3
ω2γ2τ2dz

where

(d �Bz · �τ)2 =
3∑

k=1

dBz,k · dBz,kτ
2
k + cross-terms

and dBz,k · dBz,k = γ2dz/3. Now, adding the Itô drift correction from (9.4.16)
back into d�τ and keeping terms only up to order dz gives

d(τ2) = 2�τ · d �Bz + γ2dz (9.4.17)

Averaging this expression over z eliminates terms of order d �Bz. Subsequent
integration over length results in the mean-square evolution of the DGD
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τ2(z)

〉
= γ2z (9.4.18)

Identification with (9.3.2) on page 397 gives γ2 = 2
〈
τ2
c

〉
/LC .

The ACF for the PMD vector can now be calculated. Denoting �τω = �τ(ω)
(rather than the frequency derivative of �τ), the Itô differential of the dot
product �τω · �τω′ is

d (�τω · �τω′) = (d�τω) · �τω′ + �τω · (d�τω′) + d�τω · d�τω′

Substitution of (9.4.15) and keeping terms only up to order dz gives

d (�τω · �τω′) = d �Bz · (�τω + �τω′) + ∆ω �τω′ ·
(
d �Bz × �τω

)
+ γ2dz

− 1
3
γ2(ω2 +ω′2)(�τω ·�τω′)dz+ωω′

(
γ2(�τω · �τω′)dz −

(
d �Bz · �τω

)(
d �Bz · �τω′

))
Subsequent averaging over z eliminates many terms. The average over the
product of inner products in particular gives〈(

d �Bz · �τω
)(

d �Bz · �τω′
)〉

=
1
3
γ2 (�τω · �τω′) dz (9.4.19)

Completing the average over all terms gives the differential form of the auto-
correlation

d 〈�τω · �τω′〉 =
(

1 − 1
3

∆ω2 〈�τω · �τω′〉
)
γ2dz

Integration gives

〈�τω · �τω′〉 =
3

∆ω2

(
1 − exp

(
−∆ω2γ2z

3

))
(9.4.20)

Replacement of
〈
τ̄2
〉

= γ2z and normalization by
〈
τ̄2
〉

results in the normal-
ized autocorrelation function listed in Table 9.2:

R�τ

(
∆ω2 〈τ̄2〉) = sinhc

(
∆ω2
〈
τ̄2
〉

6

)
exp

(
−∆ω2

〈
τ̄2
〉

6

)
(9.4.21)

The limits of the ACF are R�τ (0) = 1 and R�τ (∞) = 0. It is remarkable that the
only terms that enter the ACF are the frequency difference ∆ω and the mean-
square DGD

〈
τ̄2
〉
. The mean-square DGD in turn is directly proportional to

the square of the mean fiber DGD. Once again the mean fiber DGD is the
“unit” by which a PMD-related statistical quantity is governed.

Lastly, the autocorrelation of the DGD squared is calculated. The kernel
of the calculation is τ2

ωτ
2
ω′ where τ2

ω = �τω · �τω. Treating τ2
ω as a stochastic

variable, the differential is

d
(
τ2
ωτ

2
ω′
)

=
(
dτ2

ω

)
τ2
ω′ + τ2

ω

(
dτ2

ω′
)

+
(
dτ2

ω

) (
dτ2

ω′
)

(9.4.22)
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Substitution of (9.4.17) into (9.4.22) and keeping terms only up to order dz
gives

d
(
τ2
ωτ

2
ω′
)

= 2τ2
ω′

(
d �Bz · �τω

)
+ 2τ2

ω

(
d �Bz · �τω′

)
+
(
τ2
ω + τ2

ω′
)
γ2dz + 4

(
d �Bz · �τω

)(
d �Bz · �τω′

)
Averaging over z and using (9.4.19) leaves

d
〈
τ2
ωτ

2
ω′
〉

= 2γ4zdz +
4γ2

3
〈�τω · �τω′〉 dz (9.4.23)

where an Itô isometry removes the random component in
〈
τ2
ω

〉
:

〈
τ2
ω

〉
=
〈∫

d(τ2
ω)
〉

=
〈∫

2�τω · d �Bz + γ2dz

〉

=
∫
γ2dz

This average is no longer a function of ω. Substitution of the PMD-vector
ACF into (9.4.23) makes for a straightforward integration, resulting in

〈
τ2
ωτ

2
ω′
〉

=
〈
τ̄2〉2 +

4
〈
τ̄2
〉

∆ω2 − 12
∆ω4

(
1 − exp

(
−∆ω2

〈
τ̄2
〉

3

))
(9.4.24)

Subsequent normalization as shown in (9.4.11) and rearrangement of terms
produces the normalized ACF for the DGD squared:

Rτ2

(
∆ω2 〈τ̄2〉) =

3
5

(
1 +

2
3

(
1 −R�τ

(
∆ω2
〈
τ̄2
〉))

∆ω2 〈τ̄2〉 /6

)
(9.4.25)

As with the PMD-vector ACF, the DGD-squared ACF depends only on the
frequency difference and mean fiber DGD. The limits of this autocorrelation
are Rτ2(0) = 1 and Rτ2(∞) = 3/5.

9.4.3 Mean-DGD Measurement Uncertainty

The PMD ACF gives the minimum bandwidth over which two neighboring
PMD vectors are statistically independent. The PMD ACF can also be used
to determine the uncertainty of an estimator of the mean DGD of a fiber.
This important application has been studied by Gisin et al. [22], Karlsson
and Brentel [31], Shtaif and Mecozzi [57], and Boroditsky et al. [4].

There is a difference in framework between the first three reports and the
most recent. In particular, the relation between the mean-square DGD and
average DGD is τ̄2 = 8/3π

〈
τ̄2
〉

is considered exact in the former reports while
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Boroditsky et al. explain that equality holds only over infinite bandwidth (or
ensemble averages). In fact, in the limit of zero bandwidth there is an 8%
systematic error between mean-square and average DGD. In the broadband
regime B

〈
τ̄2
〉
> 30 (discussed below), the error between the DGD moments

is

τ̄ =

√
8
3π

〈τ̄2〉 ± 8
9
√

2
1
B

(9.4.26)

where B is the full measurement bandwidth in radians. Measurements of low-
PMD fibers are susceptible to this error.

Putting aside this systematic error for the moment, there are two ways to
estimate the mean DGD from a measurement: average the DGD values across
frequency, or average the DGD-squared values across frequency and take the
square-root. The former is a straight average, while the latter is gives the rms
value. The studies show that the rms average gives a slightly better estimate.
The variance of the rms estimate is detailed here, and Shtaif and Mecozzi give
a brief comparison.

Consider the estimate of the mean-square DGD over a radian bandwidth
B = ω2 − ω1:

τ̄2
est(B) =

1
B

∫
B

τ2(ω)dω (9.4.27)

The variance of τ̄2
est(B) is, by definition,

var
(
τ̄2
est(B)

)
= E
[
τ̄2
est(B)τ̄2

est(B)
]− E2 [τ̄2

est(B)
]

=
1
B2E

[∫
B

dω

∫
B

dω′τ2(ω)τ2(ω′)
]

− 〈τ̄2〉2
=

1
B

∫
B

dω′ 〈τ2(ω)τ2(ω′ − ω)
〉− 〈τ̄2〉2

where the double integral reduces to a single integral since the integrand
depends only on the frequency difference and not absolute value. The last
integrand has already been calculated, see (9.4.24). Additionally, it is more
relevant to look at the normalized variance so comparisons can be made. Thus,
normalizing the variance by

〈
τ̄2
〉2 and computing the integral gives

var
(
τ̄2
est(B)

)
〈τ̄2〉2 = 16

(
4 −B2

〈
τ̄2
〉

B4 〈τ̄2〉2
)

+
32
3

(
B2
〈
τ̄2
〉− 6

B4 〈τ̄2〉2
)

e−B2〈τ̄2〉/12

+
16

√
3π

9
1

B
√〈τ̄2〉 erf

(
B
√〈τ̄2〉
2
√

3

)

This function is plotted in Fig. 9.12(b). The asymptotic limit for B
〈
τ̄2
〉
> 30

is
var
(
τ̄2
est(B)

)
〈τ̄2〉2 � 16

√
3π

9
1

B
√〈τ̄2〉 (9.4.28)
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Translation to bandwidth in Hertz and average DGD gives

B
√

〈τ̄2〉 =

√
3π3

2
(Bf τ̄) (9.4.29)

where B = 2πBf . Thus,

var
(
τ̄2
est(Bf )

)
〈τ̄2〉2 � 16

√
2

9π
1

Bf τ̄
, Bf τ̄ > 5 (9.4.30)

Comparison of this approximate variance formula is given in Fig. 9.12(b).
The expected error is estimated by removing the normalization in ex-

pression (9.4.28). Since the estimated quantity is the mean-square of the
DGD, plus and minus one standard deviation from the “true” value is
τ̄2
est � 〈τ̄2

〉±
√

var (τ̄2
est). Substitution of the variance by (9.4.28), translation

to cyclic frequency (9.4.29), and converting both sides to mean DGD gives
the expression for the estimator uncertainty:

τ̄est(Bf ) � τ̄

(
1 ± 0.9√

Bf τ̄

)
(9.4.31)

where the coefficient in the numerator comes from
√

16
√

2/(9π). This coeffi-
cient agrees with Gisin [22]. Moreover, the expression shows that reduction of
the standard deviation of the estimated value of τ̄ is a slow function: 1/

√
Bf .

For example, consider an uncertainty of ±10%: Bf τ̄ � 110. For a mean
DGD of 10 ps, the required measurement bandwidth is ∼ 11, 000 GHz,
or ∼ 90 nm. To halve the uncertainty the bandwidth must be quadrupled.
It is an open question whether an estimator with a faster convergence can
be found. The square-root form for the mean-square estimator suggests an
estimator based on the fourth-power of the DGD spectrum. This requires a
higher-order autocorrelation function. Another way to increase the certainty
of the mean DGD is to take multiple uncorrelated measurements over time.
That uncertainty goes as 1/

√
N with N measurements; again a slow function

but useful nonetheless.
Returning to Boroditsky et al., the authors show that average DGD esti-

mated from the magnitude SOPMD spectrum gives both an unbiased estima-
tor and reduces the measurement uncertainty by 30%. The reduction in mea-
surement uncertainty is equivalent to effectively doubling the measurement
bandwidth. They further show that average DGD estimated from the PDCD
spectrum along yields a better estimate of average DGD compared to direct
mean-square DGD spectrum analysis. However, the magnitude SOPMD spec-
trum fluctuates roughly twice as fast as the corresponding DGD spectrum,
which in turn requires greater care in measurement. The vector MPS tech-
nique should produce sufficiently accurate measurements. Moreover, the width
of the PDCD density is only 1/9 that of the magnitude SOPMD spectrum,
so again, care must be used in obtaining a sufficiently accurate measurement
to effectively employ these techniques.
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9.4.4 Discrete Waveplate Model

The analytic developments of this chapter are derived from a Brownian mo-
tion model of the local birefringence vector. The powerful tools of stochastic
calculus and partial-differential equations are then employed to derive statis-
tical properties of polarization and PMD. However, the cascaded waveplate
model is very often used instead. The waveplate model concentrates differen-
tial delay into homogeneous segments and then abruptly mode-mixes between
adjacent segments. The waveplate model is suitable as a good approximation
in certain regimes as long as it is correctly constructed. While there are several
variations, the model below converges to the correct statistics.

In the regime L � LC � LB , where L is the fiber length, the wave-
plate model illustrated in Fig. 9.13(a) gives a reasonable approximation for
the PMD. In particular, the rms DGD statistics follow (9.4.1). The model
uses N equal-length waveplates where each plate is LC/2 long and there are
Nc = 2L/LC waveplates in total. The statistics track for Nc � 30. The phys-
ical waveplate orientation is uniformly distributed on [−π/2, π/2] and zero
chirality is asserted. The birefringence (magnitude) of each plate is a random
variable selected from a Rayleigh distribution.

There are two aspects to be worked out. One relates to the frequency band-
width and step size and the other to the gaussian distributions of the cartesian
components of the birefringence. First the frequency grid. To derive a good
statistic, uncorrelated DGD values over a sufficiently wide bandwidth must
be calculated. At the discrete level, the total bandwidth Bf comes from Nf

points of step size ∆f : Bf = Nf∆f . The minimum uncorrelated bandwidth
for an average DGD τ̄ is ∆f τ̄ = 2/π, so the bandwidth-mean-DGD product
is Bf τ̄ = 2Nf/π. Substitution into the mean-DGD estimate (9.4.31) gives

τ̄est(Nf ) � τ̄

(
1 ± 1.13√

Nf

)
(9.4.32)

This is the basis on which Nf is set. For instance, Nf = 500 gives a standard
deviation of 5%.

Next the birefringent distribution is determined. The mean-square DGD
as a function of length (9.4.1) is rewritten as〈

τ2(Nc)
〉

=
〈
β2

ω

〉
L2

CNc (9.4.33)

where Nc = 2z/LC and τc = βωLC . The PMD distribution is Maxwellian, so
a 3π/8 scale factor relates its first and second moments. The birefringent dis-
tribution is Rayleigh, so the second-moment

〈
β2

ω

〉
is a factor of two larger

than the variance of the underlying i.i.d. gaussian cartesian-component distri-
butions. Putting these together gives the variance of the component gaussian:

σ2
β,k =

3πτ̄2

16L2
CNc

(9.4.34)
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Fig. 9.13. Waveplate model of a fiber, good for the L � LC � LB regime. a) Wave-
plates have uniformly distributed e-axis orientations and are each LC/2 long. There
are Nc = 2L/LC segments in total. The DGD per segment is determined from
a Rayleigh distribution. b) Realization of a DGD spectrum for Nc = 512 and
Nf = 600, given 〈τ 〉 = 10 ps. The DGD distribution is shown to the right. The
calculation uses large-enough frequency steps so that DGD values are statistically
uncorrelated.

Each cartesian component of the birefringence is randomly picked from a nor-
mal distribution with density ρβ,k = N

(
0, σ2

β,k

)
. The segment birefringence

magnitude is then βω =
√
β2

ω,1 + β2
ω,2, with a corresponding segment DGD of

τc = βωLC .
Finally, the average Stokes-vector rotation per frequency step ∆ωτ̄c is esti-

mated by combining (9.4.33) recast in terms of τ̄ and τ̄c, and the uncorrelated
frequency step ∆f τ̄ . The result is

∆ω τ̄c =

√
3π2

2Nc
(9.4.35)

For instance, with Nc = 512, the average Stokes rotation per frequency step is
∆ω τ̄c � 9.7◦. This is a good check because a single step in excess of ∆ω τ̄c > π
creates an ambiguity as to whether the PMD completed more than a half-
revolution in one direction or less than half in the other direction.

A cropped spectral window of a DGD spectrum constructed in the manner
outlined is illustrated in Fig. 9.13(b). The waveplate cascade was made with
Nc = 512 waveplates calculated at Nf = 600 uncorrelated frequency points.
The resulting distribution and its Maxwellian fit are plotted on the right. One
instance of the concatenation using this number of waveplates and frequency
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points is not sufficient to derive high-quality statistics, especially on the tail of
the Maxwellian. But multiple runs of this cascade using different realizations
of the birefringence vector will build up the statistics as a rate of

√
N . Note

that varying the waveplate length as well as the aforementioned factors does
not improve the statistics and works only to lower the convergence rate.

9.4.5 Karhunen-Loève Expansion of Brownian Motion

Other than the waveplate model above, the derivations in this chapter have
relied on Brownian motion as the driving term for the evolution of various
parameters. Brownian motion is often modelled on a microscopic, step-by-step
level where the displacement for each step comes from choosing a random value
from a gaussian density. This approach works but has no analytic expression.

A useful alternative is the Karhunen-Loeve (KL) expansion of Brownian
motion [59]. The KL expansion gives a macroscopic view of the motion on an
interval and guarantees the proper covariance. For Brownian motion the KL
expansion on [0, 1] is

Bz =
∞∑

k=1

√
2

π
(
k + 1

2

) ξk sin
(
π
(
k + 1

2

)
z
)

(9.4.36)

where ξk are random variables with density N(0, 1). Each term in the summa-
tion spans the entire interval. Higher values of k produce higher oscillations
but with lower amplitudes. In practice the sum is taken large enough to fill
in the necessary spatial resolution and is thereafter truncated. Figure 9.14(a)
shows four sample paths generated by (9.4.36).

The KL expansion is the function-space analogue of a Markov process
at the discrete level. On this level a Markov process is determined purely
by its covariance matrix A. The eigenvectors and values are found from the
equation Ax = λx. The spectral theorem gives the entries in A in terms of
its eigenvectors and values: A =

∑n
k=1 λkvkv

T
k . On the continuous level, the

eigenvalue equation is ∫ 1

0
K(z, y)ϕ(y)dy = λϕ(z) (9.4.37)

where the covariance of the process is K(z, y) = z ∧ y. The symbol ∧ is means
the minimum of the two quantities. The spectral theorem says that the entries
of the covariance function, entries which are now functions not vectors, are

K(z, y) =
∞∑

k=1

λkϕk(y)ϕk(z) (9.4.38)

where λk are the eigenvalues of (9.4.37) and ϕk(z) are its eigenvectors.
The eigenvalue equation is solved by substituting in the covariance of

Brownian motion. This gives
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0
(z ∧ y)ϕ(y)dy = λϕ(z)

The integral is separated into two pieces to make an integral equation:∫ z

0
yϕ(y)dy +

∫ 1

z

zϕ(y)dy = λϕ(z) (9.4.39)

This is an integral equation which can be solved by taking successive deriva-
tives. Looking ahead a couple of steps, the differential equation produced by
the above integral equation is second order, and therefore requires two bound-
ary conditions to be solved uniquely. One boundary condition is found directly
from this integral equation: when z = 0 then ϕ(0) = 0.

Differentiating both sides of (9.4.39) with respect to z makes

zϕ(z) +
∫ 1

z

ϕ(y)dy − zϕ(z) = λϕ′(z)

where ϕ′(z) denotes the first derivative with respect to z. After cancelling the
two terms in the left, a second boundary condition is determined: for z = 1
ϕ′(1) = 0. Differentiating again gives

ϕ(z) = −λϕ′′(z) (9.4.40)

This ODE is solved subject to the boundary conditions ϕ(0) = ϕ′(1) = 0. The
general solution is

ϕ(z) = A sin(az) +B cos(bz)

where the derivatives yield

ϕ′(z) = aA cos(az) − bB sin(bz)

ϕ′′(z) = −a2A sin(az) − b2B cos(bz)

The boundary conditions restrict the four unknown coefficients in the follow-
ing way:

ϕ(0) = 0 −→ B = 0

ϕ′(1) = 0 −→ aA cos(a) = 0

Substitution of ϕ(z) into the differential equation (9.4.40) gives the definition
for a: a = 1/

√
λ. Summarizing these restrictions, the solution thus far is

ϕ(z) = Aλ−1/2 sin
(
zλ−1/2

)
(9.4.41)

subject to the condition that

Aλ−1/2 cos
(
λ−1/2

)
= 0



9.4 PMD Statistics 421

,���
���

�����	�,�
 ����������������
������
�	
��

 
�
�
8�
8�

!

%

�!

% %8#+ %8+% %8>+ !8%%

,���
���

�����	�,�
 �-	���
7$�#!%����
���	�

% %8#+ %8+% %8>+ !8%%

!

%

�!

#

*

�#

�*

����

Fig. 9.14. Sample paths of Brownian motion created by the Karhunen-Loeve ex-
pansion. a) Four sample paths on the interval [0, 1]. b) Density of 210 sample paths
on the interval. As expected, the density width increases as square-root of the length.

This boundary condition is satisfied when

1√
λk

= π
(
k + 1

2

)
, k ∈ Z

Rearranging, the eigenvalue is

λk =
(
π
(
k + 1

2

))−2 (9.4.42)

Finally, the coefficient A is determined from the orthogonality condition
of ϕ(z): ∫ 1

0
ϕ2

k(y)dy = 1

This is satisfied when A =
√

2. The eigenvector function is therefore

ϕk(z) =
√

2 sin
(
π
(
k + 1

2

)
z
)
, z ∈ [0, 1], k ∈ Z (9.4.43)

The KL expansion for a general gaussian process Gz is

Gz =
∞∑

k=1

√
λk ξk ϕk(z) (9.4.44)

where the random variable ξ is characterized by E [ξk] = 0 and E
[
ξ2k
]

= 1.
One can show that E [GyGz] reproduces the correct covariance (9.4.38). Sub-
stitution of (9.4.43) into (9.4.44) makes the expression (9.4.36) stated at the
beginning.

Figure 9.14(b) shows the density of Bz on the interval [0, 1] for 210 sample
paths. As expected the density grows as the square-root of the length.
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9.5 PDL Statistics

The statistics of polarization-dependent loss are derived in an analogous man-
ner as those for polarization and PMD. The local differential loss is modelled
as a white-noise process and the cumulative PDL is determined by the diffu-
sion of the PDL vector �Γ along the fiber. Concomitant with the assumption
of no chiral birefringence, circular dichroism is excluded from the PDL model.

When immersed in a random birefringence medium, the axes of minimum
and maximum transmission of a local differential loss element �α are scrambled
from one point to another. Recall the evolution of the cumulative PDL vector
in the presence of birefringence from (8.3.16) on page 377:

d �Γ
dz

= �β × �Γ + �α−
(
�α · �Γ
)
�Γ (9.5.1)

The cross-product term spins the cumulative PDL vector about the local bire-
fringent axis �β, scrambling its orientation. Propagation through multiple ran-
domly oriented birefringent elements drives the PDL vector toward isotropic
coverage of the Poincaré sphere. The second term pulls the cumulative PDL
vector toward the local element, while the last term governs the growth and
decay of �Γ.

The statistics for PDL reported in the literature are based on PDL im-
mersed in random birefringence [10, 19, 38, 64]. PMD statistics, by contrast,
were derived in the absence of PDL. The reason PMD is included in PDL
statistics is because a long concatenation of pure PDL is not likely in a
telecommunications link. The consequence of PMD inclusion is that the lo-
cal differential loss is treated as three-dimensional i.i.d. white noise in Stokes
space. The correlations of the white-noise vector �α are

〈αj(z)〉 = 0, 〈αj(z)αk(z′)〉 =
σ2

α

3
δj,k(z − z′) (9.5.2)

where σ2
α is the strength of the disturbance. A differential Brownian vector is

defined as d �Bz = �αdz such that d �Bz · d �Bz = σ2
αdz.

The evolution equation (9.5.1) with the cross-produce removed (as its effect
averages to zero in the isotropic PDL model) is rewritten in SDE form as

d �Γ =
(
I − �Γ�Γ·

)
d �Bz

This diffusion equation is interpreted in the Stratonovich sense and must be
translated to Itô form in order to use Itô calculus. The translation makes [38]

d �Γ = −σ2
α

3
(
2 − Γ2) �Γ dz +

(
I − �Γ�Γ·

)
d �Bz

The diffusion generator for this equation is
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Fig. 9.15. PDL probability density and Maxwellian approximation verses decibel
value, linear and semi-log scales. The log scale is in log10.

G = −σ2
α (2 − Γ2)

3


 3∑

i=1

Γi
∂

∂Γi
+

1
2

3∑
i=1

3∑
j=1

ΓiΓj
∂2

∂Γi∂Γj


+

σ2
α

6

3∑
i=1

∂2

∂Γ2
i

(9.5.3)

where
(
σσT
)

=
(
I − �Γ�ΓT

)(
I − �Γ�ΓT

)T

=
(
I − (2 − Γ2)�Γ�ΓT

)
. One can now

calculate expectations of the diffusion using Kolmogorov’s backward equa-
tion (9.2.5) on page 394.

It is an oddity of PDL that diffusions of Γk, Γn, �Γn and the like are difficult
to solve while those of the logarithm of Tmax/Tmin make closed solutions. It
would appear that the (2 − Γ2) coefficient is only cleanly removed when an
logarithmic function is used. Fukada does, however, succeed in expressing the
probability densities in linear terms [18]. For the present, the moments of the
PDL magnitude expressed in decibels are used. Recall the definition:

ρdB = 10 log10

(
1 + Γ
1 − Γ

)
(9.5.4)

It is particular to PDL that even though the cartesian components of the
local PDL vectors are modelled as isotropic i.i.d. Gaussian random variables
the cumulative distribution is not strictly Maxwellian. Shtaif and Mecozzi
show that for low cumulative PDL (25 dB or less, although indeed this
is extremely high for a lightwave system) the distribution is approximately
Maxwellian [38]. Galtarossa and Palmieri use the diffusion generator to cal-
culate the PDL distribution exactly and validate the Shtaif and Mecozzi ap-
proximation [19].

The details of the Galtarossa and Palmieri calculation are laborious but
indeed elegant. Central to their calculations are the functionals ψ = ρ2k and
ψ′ = ρ2k+1/Γ. From this they construct the characteristic function (CF) of
the ρ2 density and, after proof of convergence, inverse-Fourier transform the
CF to the density proper. Subsequent conversion to the density of ρ (= ρdB)
makes
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ρρ(p, z̃) =
2p2

γ3
√

2πz̃3

sinh (p/γ)
(p/γ)

exp
(

− p2

2γ2z̃

)
exp
(

− z̃

2

)
(9.5.5)

for p ≥ 0, where z̃ = zσ2
α/3 and γ = 20 log 10e � 8.868. This density is plotted

on linear and semi-log scale in Fig. 9.15. The first and second moments are

〈ρ(z̃)〉 = γ

(√
2z̃
π

e−z̃/2 + (1 + z̃) erf
(
z̃

2

))
(9.5.6a)

〈
ρ2(z̃)

〉
= γ2 (z̃ + 3) z̃ (9.5.6b)

In the limit of large z̃ the cumulative PDL grows linearly with z̃. The Shtaif
and Mecozzi second moment is, by comparison,

〈
ρ2(z̃)

〉
=

9γ2

2

(
e2z̃/3 − 1

)
(9.5.7)

Both expressions are equal to second order in z̃.
The Maxwellian approximation to the PDL density function (9.5.5) written

in terms of the second moment is

ρρ(p, z̃) � 2p2√
2π (〈ρ2(z̃)〉/3)3

exp
(

− p2

2 (〈ρ2(z̃)〉/3)

)
, p ≥ 0 (9.5.8)

Figure 9.15 shows a comparison between the Maxwellian approximation and
the precise PDL density. The cumulative mean PDL is 〈ρ〉 = 25 dB; for lower
mean PDL’s the approximation improves. However, the extreme case plotted
here indicates the divergence of the true distribution from the Maxwellian: the
tails of the precise distribution fall faster for high PDL values. This means
that the cartesian-component distributions of the logarithm PDL vector �ρdB

have slightly shorter tails that the Gaussian distributions of �Bz.
Finally, PDL and PMD are complementary regarding partial polarization.

PMD tends to depolarize a perfectly polarized input, while PDL tends to
repolarize a perfectly unpolarized input. While not presented here, the statis-
tics of PDL-induced repolarization are derived by Menyuk et al. and have an
approximate Maxwellian form as well [41].
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