
A

Addition of Multiple Coherent Waves

There are many instances throughout the text where the simplification of a
sum of coherent sine and cosine terms is necessary. Sine and cosine terms that
are coherent have the same oscillatory frequency ωt but may have different
amplitudes and phases. These waves can be combined into a single sine, cosine,
or complex exponential expression. This appendix shows how to make the
reductions.

A sum of N coherent exponentials is

S =
N∑

n=1

anej(ωt±φn) (A.1)

Expanding the sum makes∑
ane±jφn =

∑
an cos φn ± j

∑
an sin φn

= A ± jB (A.2)

where,

A =
N∑

n=1

an cos φn , B =
N∑

n=1

an sin φn

Converting to polar form, the sum S simplifies to

N∑
n=1

anej(ωt±φn) =
√

A2 + B2 exp
(
j(ωt ± tan−1(B/A))

)
(A.3)

The simplifications for sine and cosine sums requires an additional step of
exponential expansion. Thus, with

S′ =
N∑

n=1

an sin(ωt − φn) , (A.4)
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Table A.1. Identities for Coherent Wave Addition

N∑
n=1

anej(ωt±φn) =
√

A2 + B2 exp
(
j(ωt ± tan−1 B/A)

)
N∑

n=1

an sin(ωt ± φn) =
√

A2 + B2 sin
(
ωt ± tan−1(B/A)

)
N∑

n=1

an cos(ωt ± φn) =
√

A2 + B2 cos
(
ωt ∓ tan−1(B/A)

)

where A =

N∑
n=1

an cos φn, B =

N∑
n=1

an sin φn

exponential expansion of the sine terms yields

S′ =
1
2j

{
ejωt

∑
ane−jφn − e−jωt

∑
anejφn

}
(A.5)

Substitution of (A.2) into (A.5) yields

S′ =
1
2j

{
A
(
ejωt − e−jωt

)− jB
(
ejωt + e−jωt

)}
= A sin ωt − B cos ωt (A.6)

Recognizing that (A.6) is similar to the equation for an ellipse, the final sim-
plification produces

N∑
n=1

an sin(ωt ± φn) =
√

A2 + B2 sin
(
ωt ± tan−1 B/A

)
(A.7)

In an analogous way, a sum of coherent cosine terms simplifies to

N∑
n=1

an cos(ωt ± φn) =
√

A2 + B2 cos
(
ωt ∓ tan−1 B/A

)
(A.8)

Table (A.1) summarizes the results.



B

Select Magnetic Field Profiles

Non-latching iron garnet Faraday rotation elements require the presence of
an external magnetic field to saturate the magnetic domains. To generate
the Faraday effect, the field lines are aligned predominantly in the direction
of optical propagation. A cylindrical magnet with the center bore gives the
required field profile and is also simple to analyze. This appendix gives analytic
and semi-analytic expressions for the field along the centerline of the bore and
in the plane perpendicular to the propagation direction, where the plane is
located half-way along the bore.

A permanent magnet is described by a magnetic dipole distribution within
the material and a magneto-quasi-static magnetic field. The relevant form of
Maxwell’s equations are then

∇× H = 0 (B.1a)

∇ · µoH = −∇ · µoM (B.1b)

Since the magnetic field is irrotational, the field can be defined as the gradient
of a scalar potential (cf. 1.2.2b):

H = −∇Ψ (B.2)

where Ψ is the scalar magnetic potential. Definition of the magnetic charge
density ρm as

ρm = −∇ · µoM (B.3)

and substitution of (B.2) into (B.1b) yields Poisson’s equation

∇2Ψ = −ρm

µo
(B.4)

A solution to Poisson’s equation is the superposition integral

Ψ =
∫

V ′

ρm(r′)
4πµo|r − r′| dV ′ (B.5)
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Fig. B.1. Geometry of cylindrical magnet. a) Cylindrical magnet with center bore.
Magnetic charges lie on the top and bottom annular surfaces. b) Top view showing
inner and outer radius. c) For in-plane calculation, position ro is offset from the z-
axis an can be related to angle φ (see text).

where the prime denotes a point on or within the magnetic medium and r is
a spatial coordinate. The integral is taken over the volume of the magnetic
solid. Figure B.1 illustrates the magnetic cylinder under consideration. Taking
advantage of the cylindrical symmetry, the superposition integral is evaluated
as

Ψ =
∫ 2π

o

dφ

∫ r2

r1

r′dr′
∫ L

−L

dz
ρm(r′)

4πµo|r − r′| (B.6)

The first evaluation of (B.6) is done along the z-axis. Integration of (B.6)
along z yields two magnetic sheets, one annulus at +L with positive “charges”
µoM and the other annulus at −L with negative charges −µoM . More-
over, the distance from any point on the annular sheets to the z-axis is
|r − r′| =

√
r′2 + (z ∓ L)2, where the minus sign corresponds to the top sheet.

The scalar potential, still in integral form, is

Ψ =
∫ r2

r1

2πµoMr′dr′

4πµo

√
r′2 + (z − L)2

−
∫ r2

r1

2πµoMr′dr′

4πµo

√
r′2 + (z + L)2

(B.7)

Integration and subsequently taking the gradient as prescribed by (B.2) yields
the magnetic field strength along the central axis [1, 2]:

Hz(z) = −M

2

(
(z − L)

[
1√

(z − L)2 + r2
2

− 1√
(z − L)2 + r2

1

]
−

(z + L)

[
1√

(z + L)2 + r2
2

− 1√
(z + L)2 + r2

1

])
(B.8)

Figure B.2(a) illustrates an evaluation of (B.8). A design goal would be to
achieve the highest possible magnetic field in the region of z = 0 while mini-
mizing the size of the magnet. The change in sign is due to the fields wrapping
around either magnet end to terminate on the surface charges.
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Fig. B.2. Axial and transverse magnetic field amplitude Hz of a cylindrical magnet.
a) Axial field strength of Hz under the conditions r2 = L and r1 = L/2. b) Transverse
field strength of Hz in plane located at center of magnet. Inset shows coordinates.

The purpose of the following transverse field calculation is to explore the
field uniformity within the bore but off-axis. Since an optical beam has finite
width, it is insufficient to saturate the center of an iron garnet but not the
outer edges. In order to keep the analysis quasi-analytic, only the field ampli-
tude in a plane normal to z and located half-way along the bore is calculated.

The key to evaluating the superposition integral in this case is an analytic
expression for |r′ − r| away from the z-axis. Referring to Fig. B.1(c), offset
position ro is related to r′ and φ as

|r′ − ro| =
√

R2 + (z ± L)2 (B.9)

where the in-plane length is

R2 = (r′ sin φ)2 + (r′ cos φ − ro)2 (B.10)

With this measure, the superposition integral is

Ψ =
∫ 2π

0

dφ

∫ r2

r1

r′dr′
µoM

4πµo

[
1√R2 + (z + L)2

− 1√R2 + (z − L)2

]
(B.11)

Even though (B.11) does not have an analytic form, an expression closer to
Hz(r, z = 0) can still be found. In particular,

Hz = − ∂

∂z
Ψ (B.12)
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Carrying through the derivative with respect to z first and then setting z = 0
yields

Hz(r, z = 0) =
∫ 2π

0

dφ

∫ r2

r1

2µoM

4πµo

r′dr′

[R2 + 1]3/2
(B.13)

This integral can be evaluated numerically. Applying the parameters from
Fig. B.2(a) to (B.13) generates the curve given in Fig. B.2(b). Note that
the z component of the magnetic field does not change sign but monotonically
decays to zero far away from the magnet. Also, the uniformity of the field, for
these parameters, remains within 10% of the peak within the inner radius.

A samarium-cobalt (SmCo) magnet can be an excellent choice for the
permanent around an iron garnet due to its high coercivity in a small size.
Length-diameter products of 1 mm2 can readily achieve the 100–250 Oe mag-
netic field required for Hsat in iron garnets.
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C

Efficient Calculation of PMD Spectra

Scalar and vector PMD spectra calculated in the Stokes-based PMD repre-
sentation is straightforward and efficient. The concatenation rules presented
in §8.2.4 starting on page 337 are derived for �τ and �τω by taking frequency
derivatives analytically; numerical derivatives are therefore not necessary.

This appendix gives a vectorized code fragment written in Matlab which
can be used as a core calculator for larger programs. Given the particular
vectorization that follows, the code works well when there are more frequency
evaluations than birefringent segments.

The differential-group delay |�τ |, magnitude second-order PMD |�τω|, and
polarization-dependent chromatic dispersion |�τ |ω scalar spectra are calculated
for each frequency ω by

|τ |2 = �τ · �τ (C.1a)

|τω|2 = �τω · �τω (C.1b)

|τ |ω =
�τ · �τω√
�τ · �τ (C.1c)

The output and input PSP vector spectra are

p̂out = �τ/τ (C.2a)

p̂in = R†p̂out (C.2b)

where R = RNRN−1 . . . R1. Each rotation operator is expanded in vector form
as

Rk = I cos (ωτk) + (1 − cos (ωτk)) (r̂kr̂k·) + sin (ωτk) (r̂k×) (C.3)

where τk is the DGD of a single birefringent segment and r̂k is the Stokes direc-
tion of its birefringent axis. The concatenation equations (8.2.34) on page 337
are used to compute the cumulative first- and second-order PMD vector.
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function [tau2, tauw2, pdcd, PSPout, PSPin] = CalcPMDSpec_1(w_vec, r_vec, tau_vec, phz_vec)

% Inputs :
% /w vec/ (Trad/s) 1 x wlen vector of radial frequency range

5 % /r vec/ ( scalar ) 3 x Nseg matrix, each column is a unit Stokes vector of tau k
% /tau vec/ (ps) 1 x Nseg vector of DGD for each segment
% (not to be confused with the PMD vector tau)
% /phz vec/ (rad) 1 x Nseg vector of residual birefringent phase
% for each segment.

10 %
% Outputs:
% /tau2/ (psˆ2) 1 x wlen vector of DGDˆ2(w)
% /tauw2/ (psˆ4) 1 x wlen vector of SOPMDˆ2(w)
% /pdcd/ (psˆ2) 1 x wlen vector of PDCD(w)

15 % /PSPout/ ( scalar ) 3 x wlen matrix of output PSP Stokes vectors
% /PSPin/ ( scalar ) 3 x wlen matrix of input PSP Stokes vectors

% Defs
DEG2RAD = pi / 180; RAD2DEG = 180 / pi;

20 I2 = diag([1,1]);
I3 = diag([1,1,1]);

% Input−specific Defs
wlen = length(w_vec);

25 Nseg = length(tau_vec);

% Calculate rrdot and rcross for each segment up front
% Note: rrdot and rcross matrix has the following structure :
%

30 % rrdot vec = [ rrdot (1) rrdot (2) ... rrrdot (Nseg)]
% ˆ
% |
% im
%

35 % where each rrdot is a 3x3 matrix itself . Same with rcross .
%

% Calculate rrdot and rcross for each segment
for k = 1: Nseg,

40

im = 3 * (k - 1) + 1; % column index into rrdot vec
rrdot_vec(:, [0:2]+im) = r_vec(:,k) * r_vec(:,k)’; % rrdot from dyadic

% rcross is sum over cross−products of r vec w/ S1, S2, and S3
45 for i = 1: 3,

rcross_vec(:, (i-1)+im) = cross(r_vec(:,k), I3(:,i));
end

end

50 % Precalculate the trig tables , row −> segment #; column −> freq
coswt = cos(tau_vec’ * w_vec + phz_vec’ * ones(size(w_vec)));
sinwt = sin(tau_vec’ * w_vec + phz_vec’ * ones(size(w_vec)));

% Define the tau vectors
55 for k = 1: Nseg,

tauvec(:,k) = tau_vec(k) * r_vec(:,k);
end
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60 % Now calculate the frequency response
for iw = 1: wlen,

% Set the frequency for the concat
w = w_vec(iw);

65

% Initialize cumulative tau and tauw vectors .
tau_cat = tauvec(:, 1); % tau(1) = tau 1
tauw_cat = zeros(size(tauvec(:, 1))); % tauw(1) = 0;

70 % Initialize cumulative R operator
R_cat = I3;

% We need R1 to find PSPin
Rseg = coswt(1, iw) * I3 + ...

75 (1-coswt(1, iw)) * rrdot_vec(:, [0:2]+1) + ...
sinwt(1, iw) * rcross_vec(:, [0:2]+1);

% Make first concatenation
R_cat = Rseg * R_cat;

80

% Accumulate tau, tauw, and Rseg through each segment
for iseg = 2: Nseg,

% column index into rrdot vec and rcross vec
85 im = 3 * (iseg - 1) + 1;

% Construct R iseg(w)
Rseg = coswt(iseg, iw) * I3 + ...

(1-coswt(iseg, iw)) * rrdot_vec(:, [0:2]+im) + ...
90 sinwt(iseg, iw) * rcross_vec(:, [0:2]+im);

% Accumulate R
R_cat = Rseg * R_cat;

95 % Accumulate tau cat
tau_cat = tauvec(:,iseg) + Rseg * tau_cat;

% Accumulate tauw cat
tauw_cat = cross( tauvec(:,iseg), tau_cat ) + Rseg * tauw_cat;

100

end

% Calculate the input PMD vectors tau and tauw
Radj = conj( transpose( R_cat ) );

105 tau_in = Radj * tau_cat;
tauw_in = Radj * tauw_cat;

% Calculate scalar spectra (could do this outside the loop , too)
tau2(iw) = tau_cat’ * tau_cat;

110 tauw2(iw) = tauw_cat’ * tauw_cat;
dgd = sqrt(tau2(iw));
pdcd(iw) = tau_cat’ * tauw_cat / dgd;

% Calculate the vector spectra
115 PSPout(:, iw) = tau_cat / dgd;

PSPin(:, iw) = tau_in / dgd;

end

The point-of-view of the preceding code is that operators r̂kr̂k· and r̂k×
as well as the ωτk product can be evaluated outside the main loop. In this
way the core loop is mainly a multiply-and-accumulate register.
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After an initial setup, the operators r̂kr̂k· and r̂k× are evaluated for each
PMD segment in the loop between lines 39-48.

line 42: (r̂kr̂k·) = r̂kr̂T
k

lines 45-47: (r̂k×) = r̂k × ŝ1 + r̂k × ŝ2 + r̂k × ŝ3

Matrices rrdot vec and rcross vec store the 3× 3 operator associated with
the kth segment in a 3 × 3k matrix that is indexed as a row vector on k.

The sine and cosine of the ωτk product are computed before the concatena-
tion loop. These calculations are stored in tables coswt and sinwt on lines
51-52. There is an important point that needs to be highlighted. Strictly
speaking, the birefringent phase of a segment is ωτk. The radial frequency
can certainly be used, such as (2π)194.1 THz. As an alternative, the birefrin-
gent phase of a segment is written (ω − ωo)τk + φk, where ωo is an arbitrary
frequency and φk is a measure of the residual birefringent phase at ωo. This
form is useful when investigating the role of the birefringent phase on a PMD
spectrum. The trigonometric terms on lines 51-52 provide for a vector of
residual birefringent phases that are added to ωτk, which if the vector is non-
zero should be interpreted as (ω − ωo)τk + φk.

Finally, the segment PMD vectors �τk are calculated in advance:

lines 55-57: �τk = τkr̂k

The main frequency loop runs from lines 60-118. For each frequency
the respective coswt and sinwt values are recalled, the Rk operators are
constructed, vectors �τ and �τω are calculated, and the scalar and vector PMD
spectra are computed and stored. The vectors �τ and �τω are generated by the
nested loop that runs from lines 82-101; this loop runs the concatenation
equations (8.2.34) on page 337. The inner loop is initialized with

lines 67-68: �τ(1) = �τ1, and �τω(1) = 0

and line 71: R = I. Each iteration of the accumulation loop generates the
PMD vectors from

line 96: �τ(k) = �τk + Rk�τ(k − 1)

line 99: �τω(k) = �τk × �τ(k) + Rk�τω(k − 1)

Note that the running product of line 93: R(k) = RkR(k − 1) is recorded.
This operator is used to find the input PSP’s from the output PSP’s. In
particular,

lines 104-106: �τs = R†�τt, and �τsω = R†�τtω
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With these preliminary calculations in place, the vector and scalar PMD
spectra are computed on lines 109-116, following (C.1-C.2).

Figures C.1-C.2 are calculated for four equal-length stages using the above
code fragment. The input and output PSP vector spectra are shown as are
the DGD, magnitude SOPMD, and PDCD scalar spectra. The DGD spectra
in Fig. 8.33 on page 362 were calculated in the same way.

Not included in the code but easily added is the calculation of U(ω). Di-
rect calculation of U(ω) is ideal due to the difficulty extracting U from jUωU†.
While calculating U(ω) one should concurrently calculate Uω(ω) so that jUωU†

can be checked against �τ · �σ, the latter being calculated from concatenation
rules on �τ by R as above. The product rule for U(ω) is trivial:

U(N) = UNUN−1 . . . U1 (C.4)

The frequency derivative is calculated analytically and accumulated using a
recurrence relation. Matrices U and Uω are expressed as

Uk = I cos (ωτk/2) − j (�τk · �σ) sin (ωτk/2) (C.5a)

Uωk = −τk/2 (I sin (ωτk/2) + j (�τk · �σ) cos (ωτk/2)) (C.5b)

As with Rk, �τk · �σ, sin (ωτk/2), and cos (ωτk/2) can be calculated in advance
of the frequency loop. The recurrence relation for Uω(k) is

Uω(k) = UωkU(k − 1) + UkUω(k − 1) (C.6)

A quick test to verify that U and Uω are correctly calculated is to check
that jUωU† is Hermitian.

Calculation of U(ω) is useful, for instance, when calculating the time re-
sponse of a signal that transits a PMD medium. The polarization transfer
matrix in frequency and time domains are given by (8.2.41) and (8.2.42) on
page 343.
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Fig. C.1. Vector and scalar spectra for four birefringent sections:
τ = {10, 10, 10, 10} ps, φ = {0, 45, 45, 0}◦, r̂ = {0,−45,−90,−135}◦ × 1.5 lying
on the equator. The center frequency ωo is indicated on both vector and scalar
plots. The period of the scalar spectra is 100 GHz and the spectra have been shifted
by one-eighth period.
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Fig. C.2. Vector and scalar spectra for four birefringent sections:
τ = {10, 10, 10, 10} ps, φ = {0, 22.5, 67.5, 0}◦, r̂ = {0,−45,−90,−135}◦ × 1.25
lying on the equator. The center frequency ωo is indicated on both vector and
scalar plots. The differential phase shift of 22.5◦ in the center sections about the
common phase shift 45◦ distorts the PMD spectra.



D

Multidimensional Gaussian Deviates

Consider the gaussian random variable X. The probability density is

ρX(x) =
1√

2πσ2
x

exp
(
− x2

2σ2
x

)
(D.1)

The expectation and variance are

E [X] = 0, and var (X) = σ2
x

(D.2)

Consider now a two-dimensional distribution composed of two independent
identically distributed (i.i.d.) gaussian random variables (g.r.v.); denote the
two deviates X1 and X2, and a vector defined as X = (X1, X2). While we may
be interested in the distribution of these cartesian components, an alternative
is the distribution of the corresponding polar coordinates. A polar deviate is
defined as P = (R, θ). A one-to-one map g relates the two coordinates such
that

g(x1, x2) = (r, θ)

=
(√

x1 + x2, tan−1 x2/x1

)
The inverse map h = g−1 given in polar form is

h(r, θ) = (x1, x2)

= (r cos θ, r sin θ)

The joint density of the polar coordinates is related to the joint density of the
cartesian coordinates through the Jacobian:

ρP(r, θ) = ρX (h (r, θ)) Jh (D.3)

where
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Jh =

∣∣∣∣∣∣∣∣
∂h1

∂r

∂h1

∂θ
∂h2

∂r

∂h2

∂θ

∣∣∣∣∣∣∣∣ (D.4)

In the present case, Jh = r. The polar joint distribution is therefore

ρP(r, θ) =
r

2πσ2
x

exp
(
− r2

2σ2
x

)

where the argument of the exponential is x2
1 + x2

2 = r2(cos2 θ + sin2 θ). Now,
the random variables R and θ are independent, so the joint distribution is
the product of the two individual distributions. The angular distribution is
uniform over 2π, so the product is written as

ρθ(θ)ρR(r) =
(

1
2π

)(
r

σ2
x

exp
(
− r2

2σ2
x

))
The resultant radial distribution, known at the Rayleigh distribution, is

ρR(r) =
r

σ2
x

exp
(
− r2

2σ2
x

)
, r ≥ 0 (D.5)

The moments of the Rayleigh distribution are

E [ρn
R(r)] = 2n/2σn

xΓ
(
1 +

n

2

)
, n ∈ Z

where Z is the set of integers greater or equal to zero. Denoting the nth moment
as 〈rn〉 and var (r) = σ2

r , the basic Rayleigh distribution parameters are

〈r〉 =
√

π

2
σx,

〈
r2
〉

= 2σ2
x (D.6a)

σ2
r =

(
2 − π

2

)
σ2

x (D.6b)

Note in particular the relation between the first and second moments:

〈
r2
〉

=
4
π
〈r〉2 (D.7)

Next consider the three-dimensional distribution of three i.i.d. gaussian
random variables X = (X1, X2, X3), each with variance σ2

x, and its polar
equivalent P = (R, θ, φ). In the polar coordinate system, θ ∈ [0, π] is the dec-
lination angle from X3 and φ ∈ [−π, π] is the azimuth angle. The polar to
cartesian transformation h is

h(r, θ, φ) = (x1, x2, x3)

= (r cos φ sin θ, r sin φ sin θ, r cos θ)
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Table D.1. Key Relations for Multivariate Gaussian Distributions

Distribution ρR(r) 〈r〉 〈
r2
〉

var (r) ratio

Gaussian(a)
1√

2πσ2
x

exp

(
− r2

2σ2
x

)
0 σ2

x σ2
x

Rayleigh(b)
r

σ2
x

exp

(
− r2

2σ2
x

) √
π

2
σx 2σ2

x

(
2 − π

2

)
σ2

x

〈
r2
〉

=
4

π
〈r〉2

Maxwellian(b)

√
2

π

r2

σ3
x

exp

(
− r2

2σ2
x

) √
8

π
σx 3σ2

x

(
3 − 8

π

)
σ2

x

〈
r2
〉

=
3π

8
〈r〉2

(a) r ∈ (−∞,∞), (b) r ∈ [0,∞)

The corresponding Jacobian is

Jh = r sin θ

The polar joint distribution ρP(R, θ, φ), written as the product of three inde-
pendent polar random variables, is

ρφ(φ)ρθ(θ)ρR(r) =
(

1
2π

)(
sin θ

2

)(√
π

2
r2

σ3
x

exp
(
− r2

2σ2
x

))

The resultant radial distribution, known at the Maxwellian distribution, is

ρR(r) =
√

π

2
r2

σ3
x

exp
(
− r2

2σ2
x

)
(D.8)

The moments of the Maxwellian distribution are

E [ρn
R(r)] =

2√
π

2n/2σn
xΓ
(

3 + n

2

)

Therefore, the basic parameters of the Maxwellian distribution are

〈r〉 =
√

8
π

σx,
〈
r2
〉

= 3σ2
x

(D.9a)

σ2
m =

(
3 − 8

π

)
σ2

x (D.9b)

The relation between the first and second moments is〈
r2
〉

=
3π

8
〈r〉2 (D.10)
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Fig. D.1. Probability densities for Gaussian, Rayleigh, and Maxwellian distribu-
tions. The gaussian distribution is symmetric about the origin while the Rayleigh
and Maxwellian distributions, associated with the radius of a circle and sphere, re-
spectively, are one-sided with r ≥ 0. All distributions are completely determined by
the component variance σ2

x.



Index

Abbe number 94
α-BBO 150, 176

group-index temp. co. 170
material properties 148
temperature compensation 173

ABCD matrices
from q-transformation 224
GRIN lens 231
optimal lens coupling 241
plane-wave limit 227

achromats
Koester 184
MgF/quartz 184
Pancharatnam 186
Shirasaki 189

Ampère’s law 2, 82
anisotropic media 85, 136, 139, see

birefringent media
attractor-precessor method (APM)

436, 446
autocorrelation bandwidth

PMD 410
autocorrelation function see DGD

autocorrelation function, see PMD
vector

connection between ensemble and
frequency averages 408

derivations 411
mean-square DGD 409
PMD vector 409

Becquerel formula 133
bi-circulator 294
bi-isolator 294

Bi:RIG see iron garnet

bianisotropic media 85, 136, see
optical activity

biaxial crystal 105

Biot’s law 141, 149

birefringent beat length 121, 179, 389

of crystalline quartz 150

of SMF fiber 385, 450

of YVO4 465

birefringent crystal

effective index 109, 268

high and low birefringence 147

positive and negative uniaxial 106

Poynting vector direction 109

properties 148

refraction 112

susceptibility tensor 106

temperature dependence 163, 170

walkoff angle 110

waveplate cut 116, 120

birefringent media see fiber birefrin-
gence

constitutive relation 107

ordinary and extraordinary axes
107

birefringent phase 72, 120, 130, 179,
329, 467, see residual birefringent
phase

control of 185

Evans phase shifter 464

frequency dependence 182

relation to DGD value 122

relation to PMD spectrum 474



510 Index

temperature compensation 172
temperature dependence 166, 171

birefringent walkoff see walkoff angle,
see walkoff block

compensation 174
crystal cut 116, 202
effective index 117
total internal reflection 118

birefringent wedge see prism
BK7 glass 159, 161, 184, 464

material properties 147
bra and ket vectors

duality 40
bracket notation 39
Brewster’s angle 100, 102

birefringent separation 118, 204, 275
Brownian motion 394

density function 390
Karhunen-Loève expansion 419
sample paths 392, 421

C-band 144
calcite 274, 278

group-index temp. co. 170
material properties 148
temperature compensation 173

Cayley-Klein unitary matrix 51, 332
characteristic admittance 5
characteristic impedance 5
chiral media 80, 135, 150

constitutive relation 138
optic fiber 389, 422
wire model 136

chirality parameter 138
circular polarization 15, 35, 53, 430

and Fresnel rhomb 196
eigenstates 129, 139

circulators see bi-circulator
classification 273
deflection type 285

Kaifa type 286
performance specs 294
Shirasaki-Cao type 290
Xie-Huang type 286, 292

displacement type
ladder type 282
quartz-free 283
strict-sense type 281

historical examples 277

polarzation dependent 274

coherency matrix 23, 35

coherent PMD 465

collimator see dual-fiber collimator,
see fiber-to-fiber coupling

assemblies 214

air gap 216

epoxy joint 213

fused joint 217

C-lens example 236

C-lens type 212

comparison chart 219

design goals 213

GRIN-lens example 236

GRIN-lens type 212

pointing direction 217, 230, 237

complete gap 284

component DGD see residual
birefringent phase

circulator 283, 292

delay crystals 172, 177, 456

isolator 258, 263, 266, 268, 270

Kaifa prism 204

Rochon prism 201

Wollaston prism 201

component PDL

circulator 277, 282, 294

isolator 259, 263

off-axis delay crystals 174

confocal parameter 222, 225, 262

conservation of energy 6, 138, see
Poynting’s theorem

constitutive relations 3, 85, 90

birefringent 107

chiral media 138

Drude-Born-Fedorov model 138

gyrotropic materials 126

isotropic 94

losslessness 86

optically active media 138

coupling coefficient 242

critical angle 101, 118, 198

crystal classes 107

crystalline quartz 147, 179, 455, 464

and MgF2 achromat 184

material properties 149

Curie temperature see iron garnet

current density 2, 7
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data folding 443

degree of polarization (DOP) 22, see
repolarization

from coherency matrix 23

from intensity 34

from Stokes parameters 23

PDL surfaces 306

depolarization

connection to partial polarization
23, 31, 324

connection to PDL 306

density conditional on DGD 404

effect on pulse 346, 356

entangled states 344

probability density 402

programmable generation 454

relation to mean-square SOPMD
404

relation to PMD autocorrelation
411

relation to second-order PMD 323

depth of focus 223, 239, 262

DGD see component DGD, see PMD

and impulse response 325, 359

anomalous see PMD and PDL
combined

impulse response verses input
polarization state 354

relationship to birefringent phase
122

DGD autocorrelation function 410

DGD component of PMD

length of PMD vector 314, 330, 333

DGD in fiber

diffusions limits 398

examples 324, 407

DGD measurement 443, 445

DGD spectrum 321, 443, 461, see
coherent PMD

effect of spectrum 322

DGD statistics see mean fiber DGD

Maxwellian density 402

mean-square equation of motion
399

mean-square growth 397

diamagnetic media 123

electron equation of motion 124

susceptivility tensor 125

differential attenuation slope (DAS)
371, 374, 447, 449, see PMD and
PDL combined

differential-group delay see DGD
diffraction angle 223
diffusion equation

PDL 422
PMD 399
SOP 393

diffusion process 388
dispersion relation 4, 92, 95, 108, 128,

156
Drude’s equation 141
Drude-Born-Fedorov model 138
dual-fiber collimator 198, 201

divergence angle 238
example 238
for circulator 284, 290
for polarization-beam splitter 285

DWDM channel spacing 143
filter tolerancing 145, 159

ECHO source 454, see coherent PMD
birefringent phase control 465
calibration 464
common and differential phase

control 475
comparison with JPDF and PMDS

477
design criteria 471
frequency shift of PMD spectrum

475
independent control of 1st and 2nd

order PMD 473
instrument bandwidth 478

eigenstates 46
electric charge density 2
electric dipole moment 80
electric field 2, 12
electric-flux density 81

continuity condition 83
including media interaction 91

electromagnetic dissipation 7
electromagnetic stored energy 6, 87
electron equation of motion 90, 105,

124
elliptical polarization 15, 35, 127
epoxy

heat cure 213



512 Index

UV cure 215
Euler rotations 71
evanescent field 102, 196

penetration depth 104
Evans phase shifter 184, 464, 475
evolution equation see diffusion

equation
PDL 310, 380
PMD 339, 380
PMD and PDL 377, 380
SOP 339, 380

extinction coefficient
from permittivity 92

extraordinary axis see birefringent
media

Fabry-Perot interferometer 154, 163,
215

frequency response 157
temperature dependence 161

Faraday angle 132, see specific
rotation

Faraday rotation 129, 132, 197, 251,
493, see nonreciprocal polarization
rotation

comparison to optical activity 141
operator expression 207

Faraday rotator 189, see Shirasaki
achromat

for circulators 273, 277, 286
for isolators 247, 255, 259
garnet 135, 150
linear 197, 207

Faraday’s law 2, 82
ferrimagnetic garnet 123, 133, 150, see

iron garnet
ferrule 213, 232, 285, 290

tilt angle 215, 234
fiber autocorrelation length 385, 390,

395, 398
in relation to birefringence beat

length 396
fiber birefringence 385, 392

chirality 450
length scales 387
no chirality 389
origins 386
random birefringence model 391
random orientation model 389

fiber-to-fiber coupling 239, 261
optimal coupling 240

first and second order PMD
independent control of 473

first-order PMD see component DGD,
see DGD

focus error 244
four-states method

combined PMD and PDL measure-
ment 449

PDL measurement 432
PMD measurement 437, 447

free-spectral range
and group index 158
birefringent 121
Fabry-Perot 158, 165
PMD 336, 366, 460, 478
temperature shift 168

Fresnel rhomb 196
Frigo equation 372, 446
fused silica 183, 218

material properties 147

Gauss’ electric law 2, 80
Gauss’ magnetic law 2, 82
gaussian distribution 505
gaussian optics 219

beam waist 222
confocal parameter 222
diffraction angle 223

generator function 394, 399, 422
Stratonivich translation 394

Gires-Tournois interferometer 154
frequency response 161

Glan-Taylor prism 204, 274, 278, 280
Glan-Thompson prism 274, 278
Goos-Hänchen displacement 104
Goos-Hänchen phase shift 102
GRIN lens 211, 215, 237

ABCD matrix 231
index gradient constant 232
index profile 230
melt point 218
pitch 232
polish angle 217

group delay
GT interferometer 161
PMD 329

group index 93, 121, 158, 263
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in fiber 450
temperature dependence 163, 170

group velocity 93, 163
birefringent media 112

gyrotropic angle 127
gyrotropic media

constitutive relation 126
eigenvector orientation 127
nonreciprocal polarization rotation

129
permittivity tensor 122
precession angle 130

half-wave waveplate 179, 184, 254, 276,
279, 286, 434, 455, 464

achromat 184
bandwidth 182
operator expression 207
polarization control 193

Helmholtz equation 3, 91, 388
Hermite coefficients 411
Hermitian matrix see Mueller matrix

relation to PMD 332
Hermitian operator 47, see skew-

Hermitian operator
relation to PMD 327
relation to unitary 49
spin-operator form 62
spin-vector form 61

impermeability 86
impermittivity 86, 107, 126
importance sampling 405
indicatrix 110, 116

Poynting vector 112
inner product 41
interferometric (INT) method 436,

439
invar 153
iron garnet 150, 493, see Faraday

rotator
Bi:RIG 151, 248, 254, 279
Curie temperature 124, 152
design goals 151
dual 252
hysteresis 134, 152
latching 134, 153, 284, 290
saturation 134
YIG 151, 254, 276

isolators see bi-isolator
deflection type 254

isolation 257
PMD 258, 263
ray-trace 256, 267
technology comparison 259

displacement type
isolation 262
PMD 263
ray-trace 261, 265

insertion loss 249
isolation definition 250
lens systems 253
PMD compensated 266
polarization-dependent 247
polarization-independent 254, 259
return loss 258
temperature dependence 252
tolerancing 249
two stage 263
wavelength dependence 251

isomorphism 65
isotropic media

electron equation of motion 90
propagation in 95
reflection coefficient 98, 99
refractive index 94
susceptibility 91

joint probability distribution of PMD
453, 477

scales with mean fiber DGD 405
Jones matrix 18, 45, see Hermitian

matrix, see PMD operator, see
unitary matrix

from Stokes parameters 19
on-axis PDL 302
relation to Mueller matrix 19, 38
spin-matrix form 61

Jones matrix eigenanalysis (JME)
436, 442, see data folding

Heffner eigenvalue equation for PMD
442

LabView code 442
step size 444

Jones to Stokes 56
Jones vector 13, 52

from Stokes parameters 18
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Kaifa circulator 286
Kaifa prism 202, 284, 285
Karhunen-Loève expansion 419
kDB system 87

birefringent materials 108
defining coupled equations 89
Faraday rotation 129
gyrotropic materials 126
isotropic materials 95
optically active media 139

Kolmogorov’s backward equation 394
kovar 153

λ/4, λ/4 combination 192
λ/2, λ/4 combination 194
λ/4, λ/2, λ/4 combination 195
L-band 144
Lagrange multiplier method 433
Langevin process 391
lead molybdate (PbMoO4) 149
lens classification 211
lens equation, simple 229
linear polarization 15, 35

eigenstate 110
gyrotropic rotation 136, 141

LiNbO3 150, 185, 258, 456, 464
group-index temp. co. 170
material properties 148
temperature compensation 173, 177

local birefringence vector 329, 339,
392, 397

Lorentz force 90, 125
Lorentz gauge 9
Lyot depolarizer 31, 298

magnesium fluoride (MgF2) 149, 183
magnetic dipole moment 82, 123
magnetic field 2, 81, 90
magnetic flux density 82
magnetic material types 123
magnetization density vector 2, 82
magnification error 242
magnification, lens 229, 233, 239, 262
Maxwell’s Equations 137, 493

complete form 2
in terms of D and B 85
in vacuum 8
interaction with media 84
time-harmonic form 11

Maxwellian distribution

derivation of 506

Maxwellian distribution of DGD 400,
417

Maxwellian distribution of PDL 423

mean fiber DGD

connection to waveplate model 417

def as statistical “unit” 400

measurement 436, see interfer-
ometric (INT) method, see
wavelength-scanning (WS)
method

measurement uncertainty 409, 414

relation to PMD vector measurement
444

mean outage duration 478

mean outage rate 478

mean-reverting process see Langevin
process

mean-square DGD

autocorrelation function 414

relation to mean fiber DGD 401

relation to pulse broadening 363

mean-square SOPMD

relation to mean fiber DGD 401

modulation phase-shift (MPS) method
436, 447

for combined PMD and PDL 449

Mueller matrix 23, 37, 449, see
four-states method

and trace of Hermitian 298

comparison between unitary and
Hermitian 19, 38

comparison between unitary and
traceless Hermitian 327

from Jones matrix 18, 66

on-axis PDL 304

PDL measurement 432

polarimeter 431

Mueller matrix method (MMM) 436,
444

PDL tolerance 437

natural light 22

nonreciprocal polarization rotation
122, 131, 150, 247

numerical aperture (N.A.) 211, 223,
292
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O(3) group 65, 327
off-axis delay

effective index 177
operators 44, 76

PMD 330
rotation

Jones form 67
Stokes form 68

optical activity see chiral media
bi-isotropic 138
comparison to Faraday rotation 141
polarization rotation 140
reciprocal and nonreciprocal 139

optical power 228, 230
optically active material 85, 135, see

tellurium dioxide (TeO2)
optically active rotator 189, 278, 282,

372
ordinary axis see birefringent media
orthogonal polarization states 59

and PDL 302
differential-group delay 326

orthonormal basis 43
outer product 42

P.A.M. Dirac 40
Pancharatnam achromat 186
paraxial wave equation 220
partial differential equation

connection to SDE 394
partial polarization

coherent light 24
incoherent light 28
natural light 22
pseudo-depolarization 31

Pasteur chirality parameter 139
Pauli spin matrices 54
Pauli spin operators 61

decomposition 61
exponential form 62

Pauli spin vector see spin vector
PDCD component

density conditional on DGD 404
probability density 402
relation to mean-square SOPMD

404
PDL 297, see component PDL, see

cumulative PDL vector, see
repolarization

depolarized transmission 309

equation of motion 310

polarization transformation 304

polarization-state pulling 305, 310,
373

separation from PMD 378

symbol definitions 301

transmission coefficient 301

transmission surfaces 303

PDL diffusion 422

PDL measurement

four-states method 432

maximum discrepancy 435

six-states method 435

PDL operator 300

PDL statistics

probability density

Maxwellian approximation 424

precise 423

stochastic differential equation 422

PDL value

connection between local and
cumulative 302

in terms of cumulative PDL value
302

in terms of Mueller entries 433

in terms of transmission 299

PDL vector

cumulative 301, 308

equation of motion 310, 377, 380

examples 311

local 300

permeability 86, 91

free-space 2

permittivity 86, 388

free-space 2

from susceptibility 91

phase velocity 4, 93, 101, 120

in kDB 89, 95, 128, 129, 139

phase-matching condition

birefringent media 113, 119

isotropic media 96, 101

plane wave 4, 220, 227

polarization 12

time-harmonic form 11

vector form 12, 92

PMD 297, see DGD, see mean fiber
DGD, see PSP
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comparison to PMD and PDL
combined 377

frequency SOP evolution 319
historical development 312
how hard can it be? 312
in relation to polarization transfor-

mation 319
is not DGD 346
physical definition 314
separation from PDL 378
single section 315
spectral decomposition 320
two sections 320, 336, 459

PMD and PDL combined 371, see
differential attenuation slope
(DAS), see separation of PMD
and PDL

anomalous pulse spreading 371
change in polarization state 373
equation of motion 377
Frigo equation 372
non-orthogonal PSPs 374
non-rigid precession 446
operator eigenvalue equation 374
spin-vector operator 376

PMD concatenation rules
and Fourier analysis 365
first-order 337
including waveplates 468
second-order 337

PMD diffusion
component probability density 402
Maxwellian density 402

PMD emulator 451
PMD evolution

equation of motion 380, 397
examples 336, 338, 341

PMD Fourier content 364, see
coherent PMD

examples 367, 466, 467
generator function 370
phase shift due to mode mixing 369

PMD impulse response 325, 358
connection with rms DGD 361
example 362
pulse broadening 363

PMD measurement see data fold-
ing, see mean fiber DGD, see
separation of PMD and PDL

classification 437

PDL tolerance 436

PMD operator

eigenvalue equation 329

spin-vector form 330

traceless Hermitian 327

PMD pulse distortion

distortion

first-order 345

moments analysis 352

second-order 347, 350, 351

vs. launch state 357

eye closure 363

field verse intensity response 440

inter-impulse interference 349

polarization transfer function 343

PMD source 451

multi-state source

calibration 456

control 459

precision servo motors 455

temperature compensation 456

wavelength-flat states 458

PMD spectrum

decomposition 320

efficient calculation of 497

examples 324, 407, 474

frequency shift 475

PMD statistics 402

waveplate model 417

PMD vector see PMD concatenation
rules

as Stokes vector 321

autocorrelation function 409, 413

cartisian components 332

comparison between length and
frequency increment 326

connection to PMD operator 330

governing eigenvalue equation 380

polarization precession in frequency
319

relation to DGD 319

relation to PSP 319

relation to unitary operator 333

statistical moments 402

stochastic differential equation 399

PMD vector measurement see
attractor-precessor method
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(APM), see Jones matrix eigen-
analysis (JME), see modulation
phase-shift (MPS) method, see
Mueller matrix method (MMM),
see Poincaré sphere analysis
(PSA)

Poincaré sphere
from Stokes parameters 20

Poincaré sphere analysis (PSA) 436,
446

polarimeter 430
fiber-grating type 432
for PDL measurement 432
for PMD measurement 443

polarization beam splitter
prism comparison 285

polarization control 191, see four-
states method

arbitrary-to-arbitrary 192, 195
electro-optic 313
linear-to-arbitrary 194

polarization decorrelation length 392
connection with fiber autocorrelation

length 395
local and fixed frame 396

polarization density vector 2, 80
birefringent media 105
chiral media 137
gyrotropic media 125
resonance expression 91

polarization diffusion
short-range anisotropy 397
stochastic differential equation 393

polarization ellipse
elliptical equation 13

polarization retarders see Fresnel
rhomb, see waveplate

polarization state 39, see circular
polarization, see elliptical polar-
ization, see linear polarization, see
orthogonal polarization states

convension for this text 13, 53
measurement of 430

polarization transfer function 343
polarization vector see Jones vector,

see Stokes vector
polarization-dependent chromatic dis-

persion component see PDCD
component

polarization-dependent loss see PDL
polarization-dependent optical

frequency-domain reflectometry
(P-OFDR) 450

polarization-dependent optical time-
domain reflectometry (P-OTDR)
450

polarization-mode dispersion see
PMD

polarization-mode dispersion compen-
sator 313

polarization-state evolution see
diffusion equation, see evolution
equation

polarization-state measurement see
polarimeter

polarization-state speed change 429
polarizing wedge 117
Poynting vector 6, 140

birefringent media 109, 114
gyrotropic media 128
isotropic media 95
relation to indicatrix 112
time averaged 8, 12
time-harmonic form 11
walk-off compensation 175

Poynting’s theorem 6, 86, see Poynting
vector

time-harmonic form 11
precession

about birefringent vector 69, 121,
131, 140, 316

about PMD vector 319, 331
birefringent and PMD comparison

326, 339
equation of motion 70
Evans phase shifter 184
non-rigid precession (PMD+PDL)

446
precession angle see birefringent phase
principal axis

Evans 184
Pancharatnam 186

principal state of polarization see PSP
prism see Kaifa prism, see Rochon

prism, see Shirasaki prism, see
Wollaston prism

birefringent 199
isotropic 198
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programmable PMD source see
ECHO source, see PMD source

projection matrix 16, 52
projectors 42

spin-vector form 56
pseudo-depolarization 31
PSP see PMD

calculation 497
comparison to one-stage eigen-system

326
effect of spectrum 322
evolution 340
fiber spectrum 324
four-section spectrum 473
non-orthogonal see PMD and PDL

combined
non-orthogonal overlap 375
pointing direction of PMD vector

330
stationary polarization transforma-

tion 318
two-section spectrum 320, 336, 443,

461
PSP spectrum 321

q-transformation 224, see ABCD
matrices

quarter-wave waveplate 179, 184, 189,
430, 434, 440, 464

operator expressions 207
polarization control 193

r̂r̂· matrix 70
r̂× matrix 70
Rayleigh distribution 392, 417

derivation of 505
Rayleigh length see confocal parame-

ter
receiver map 479
reciprocal polarization rotation 141
reflection coefficient 96
refractive index see Sellmeier equation

from permittivity 92
resonant model 93

relative permittivity 91
repolarization 424

surfaces 307
residual birefringent phase 341, 465,

500

Rochon prism 200, 273, 290
modified 201

rotary power
Faraday rotation 133
optical activity 141

rotation matrix
matrix form 67

rotation operator see PMD concate-
nation rules

connection to PMD vector 332
connection to Stokes rotation 64,

207
rutile (TiO2) 147, 149, 206, 259, 279

samarium-cobalt magnet 150, 496
scalar potential 9, 224, 493
scattering matrix

partially reflecting mirror 154
second-order PMD

calculation 497
concatenation 337
decomposition 324
evolution equation 380
examples 407
generation 454, 459, 470
joint-probability density with DGD

406
probability density 402
pulse distortion 346, 356
pulse spreading 358
refs to Jones matrix form 364
relation between depolarization and

PDCD densities 404
relation to PMD vector 323
simple impulse response 349

Sellmeier equation 94, 141
separation of PMD and PDL 437, 442,

446, 449
Jones theorem 378

Shirasaki achromat 189
Shirasaki circulator 279
Shirasaki prism 204, 279
Shirasaki-Cao circulator 290
similarity transform 50, 327
skew-Hermitian operator 61, 372
SMF-28

birefringent beat length 385
effective index 215
mode-field diameter 223
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N.A. 211
Snell’s law 96, 115, 233
specific rotation 135, 151

sensitivity 248
spectral coverage 146, 182
speed of light 4
spin vector 55

identities 57
matrix form 61
PMD operator 330

spun fiber 386, 389, 450
stochastic differential equation 388

Ito and Stratonovich forms 393
Stokes parameters

relation to ellipse 17, 430
Stokes to Jones 56
Stokes transformation

unitary 65
Stokes vector 17, 35, 432, 442

from coherency matrix 23
from Jones vector 56
of pseudo-depolarizer 32
orthogonal states 59

strong mode coupling 398
SU(2) group 51
susceptibility 107, 125, 130

linear relation between P and E 91


τ× 332
TE wave

reflection and transmission 97
Tellegen parameter 139
tellurium dioxide (TeO2) 149, 150
temperature compensation

crystal combinations 173
of birefringent phase 170, 458
of compound crystal 177

temperature dependence
measurement of group index 163
quadratic model 166

thermally expanded-core fiber 280
tilt error 243
TM wave

reflection and transmission 99
total internal reflection 101

asymetric 119
differential cutoff (birefringent) 118
retarder 196
Shirasaki prism 204

total outage probability 478
transformation matrix 18, 318, 378

Fabry-Perot 155
from scattering matrix 155

transmission coefficient 96, 155

uniaxial crystal 106
propagation in 109

unitary matrix see Mueller matrix
calculation 501
Cayley-Klein form 51
general form 51

unitary operator 48
connection to Hermitian operator

49
spin-operator form 68
spin-vector form 68

unitary transform see Mueller matrix,
see similarity transform

Jones-Stokes equivalence 64, 331
unspun fiber

fiber autocorrelation length 385
zero chirality 389, 450

vector potential 9
gaussian optics 220

Verdet constant 133

walkoff angle 110, 204, 259, 262, 268
maximum 117

walkoff block 119
for circulators 279, 281, 290
for isolators 259, 266

wavelength 4
in media 93

wavelength-division multiplexed grid
143

wavelength-scanning (WS) method
436, 438

relationship to INT method 440
wavenumber 4, 93, 110, 156, 220, 225

birefringent 120
gyrotropic 129
optically active 140

waveplate 120, 179, 207, see half-wave
waveplate, see quarter-wave
waveplate

combinations 184
extinction ratio 183, 457
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frequency dependence 181

polarization control 191

technologies 182

waveplate model of PMD fiber 417

weak mode coupling 398

Wollaston prism 199, 255, 273, 285

modified 201

Xie-Huang circulator 286, 292

YIG see iron garnet
YVO4 147, 165, 176, 185, 201, 206,

258, 262, 456, 464
group-index temp. co. 166, 170
material properties 148
temperature compensation 173
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