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Modeling  and CW Operation of a  Quasi-Three-Level 
946 nm Nd: YAG Laser 

Abstruct-A model is developed for an end-pumped quasi-three-level 
laser with population in the lower laser level at equilibrium such as for 
transitions to the manifolds 419/z in Nd3+, 4115/2 in Er3+, 'I8 in Ho3* 
and 3H6 in Tm3". It is shown that the effect of residual lower laser level 
population on laser operation can he treated as a saturable loss. Room 
temperature operation on the 4F3/2-419/z transition in Nd :YAG under 
CW dye laser pumping has been demonstrated with a threshold as low 
as 11.5 mW incident power and a slope efficiency of 7 percent with 0.3 
percent output coupling. Performance is limited by the low output cou- 
pling and diffraction loss. 

N 
I. INTRODUCTION 

d3+-DOPED solid-state lasers  have  been  demon- 
strated on  four transitions from  the  4F3 / 2  manifold in 

the wavelength regions 0.93,  1.05,  1.32, and 1.8  pm cor- 
responding to lower  manifolds of 419/2, Ill/z,  113/2, and 
4115/2, respectively. The vast majority of these lasers op- 
erate on  either  the  4F3 /2-4111 l2 or F3/2- 113/2 transitions. 
One difficulty with the 4F3/2-419/2 transition is a  lower 
gain leading to parasitic oscillation on the higher gain 
transitions, 4F3 /2-4111 / 2 ,  especially when operating in a 
pulsed  mode.  Another difficulty is that the lower  laser 
level is in the ground-state manifold. The  degeneracy of 
the ground-state manifold  energy levels is lifted by the 
crystal field splitting,  but the total splitting is typically 
only 800 cm-'  for garnet materials and less in other crys- 
tals.  For  a  lower  laser level at 800 cm-', there is still 
significant lower  laser level population at room tempera- 
ture which increases the  threshold.  To suppress parasitic 
oscillation, dichroic coatings [ 11 and intracavity prisms 
[2], [3],  have  been  used.  In  addition, the crystal has  been 
cooled to reduce  the  lower  state population [l], [2] and 
thereby reduce the threshold for  the  4F3/2-419/2 transi- 
tion. 

Three  continuous  wave  (CW)  room  temperature lasers 
on this transition have  been  demonstrated.  One is 
Nd: CAMGAR [4] which was end-pumped by  an Ar' 
laser operating at 514.5 nm with  a threshold of approxi- 
mately  400 mW absorbed  power  with  1 percent transmit- 
ting output mirror  under  quasi-CW excitation. However, 
using the  same  apparatus,  laser action on this transition 
in Nd : YAG could not be  achieved  because of the high 
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gain at 1.06  pm. CW operation was recently demon- 
strated in a  Nd: glass single-mode fiber laser  pumped by 
a  rhodamine  6G  dye  laser  with  a threshold of - 8 mW 
[5]. This  low threshold was  obtained by confining the 
pump  and  laser modes to small cross-sectional areas.  More 
recently, diode  laser  pumped operation of a fiber laser was 
achieved  with  a 4 . 3  mW absorbed  power threshold 161. 

There  has Been much recent interest in using semicon- 
ductor diode lasers as pump sources for Nd-doped lasers 
[7], [8]. It  is interesting to see whether  diode laser pump- 
ing is possible at  or near  room  temperature on  the 419/2 
transition in a  nonguided  wave  device.  This transition may 
be particularly interesting for  diode  pumping  because of 
the small quantum  defect (i.e., small difference between 
the pump  photon  and  laser  photon energies) which may 
ultimately allow  higher  overall efficiencies and the poten- 
tial to intracavity double this wavelength to the blue as 
has been recently demonstrated in the  green [9]-[ 121. 

In this paper,  we  model CW laser threshold and output 
on transitions with significant lower  laser level popula- 
tions. These  include the 946 nm  Nd : YAG transition as 
well as many other transitions in other rare-earth ion  doped 
materials such  as the 517-518 transition in Ho3+, the 3F4- 
3H6 transition in Tm3+, and the 4113/2-4115/2 transition in 
Er 3 f .  In  some  cases,  even the 4F3/2-411 / 2  transition in 
Nd3+  is in this category although it  is typically considered 
to  be  a four-level system [13]-[15]. We also demonstrate 
experimentally that the  laser threshold for the 4F3/2-419/2 
transition in Nd : YAG  at  946  nm is low enough to permit 
diode  laser  pumping. 

11. THEORY 
A. The Quasi-Three-Level Laser Model 

The goal of this paper is to  model  laser operation for 
end-pumped  lasers  with significant lower  laser level pop- 
ulation. We  refer to this system as  a quasi-three-level 
laser.  There  are  a  number  of calculations of  a  similar type 
which  have  been  made  for four-level lasers [16]-[23] 
which  can  be  used  to  develop this model.  The  approach 
taken in this paper involves using the  overlap  between the 
laser cavity mode  and the pump  mode  and parallels that 
of Kubodera  and  Otsuka [ 181 and  Kubodera et al. [19]. 
These  earlier  works  assumed four-level laser operation 
with  an  unpopulated  lower  laser  level; in this work  we 
account  for population in the  lower  laser level at equilib- 
rium. 
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where u, is  the  absorption  cross  section,  and 6 is the 
round-trip cavity loss.  The  stimulated  emission cross sec- 
tion, o b ,  is related to  the  absorption  cross section by a b  = 
cr,g,/gb. In Nd: YAG, each level has a degeneracy of 2 ,  
so the degeneracy factor  cancels. For the purpose of this 
model we  set cr, = crb = a. Substituting (4) into ( 5 )  and 
performing the  integration,  the condition for threshold be- 
comes 

where Rth is the threshold pump rate. Rth is related to the 
absorbed threshold pump power by PA = R*hvp / q p  where 
hv, is the  pump photon energy, and qp is  the pump quan- 
tum efficiency, the  number of ions in the  upper  last  level 
created by each  absorbed  photon.  Performing  the integra- 
tion,  solving  for R t h  in (6 ) ,  and using the relation between 
P(h and Rth, one  obtains 

P t h  = P&/[ 1 - exp ( - a ~ ) ]  (7b) 

where P& is the  absorbed  power,  and P t h  is the incident 
pump power  at  threshold.  Equation (7) is the same as that 
for  a  four-level  laser [19] except  for  the  additional term 
f ,NoL which is due  to  the need to overcome  lower  laser 
level population. 

P t h  and p& can  be differentiated with respect to L to find 
the  crystal  length which give  the  lowest  threshold. When 
P& is differentiated a positive constant is obtained which 
means  that  the minimum absorbed pump power  for 
threshold is  for L = 0 because  the number of lower  laser 
ions in the cavity mode volume approaches 0. However, 
as L approaches 0 the  incident threshold pump power, P t h ,  

approaches infinity since no power is absorbed. If instead 
P t h  is differentiated with respect to L and minimized,  one 
obtains the condition 

for minimum incident threshold power. This condition 
gives  a finite L for  the minimum in  terms of the absorption 
coefficient at  the pump wavelength,  the  lower  laser level 
population, the round-trip loss, and the stimulated  emis- 
sion cross section.  This  optimum length is a  balance be- 
tween two conditions: l) if the  laser medium is too  short 
in end-pumping,  little pump light is absorbed, and 2)  if it 
is too  long,  a  large portion of the medium remains un- 
pumped with no population inversion.  This  optimum 
length is also important  because it helps to minimize the 
parasitic oscillation problem in Nd3+  lasers. 

Fig. 2 shows the optimum  length  and  incident threshold 
power  for  the 946 nm transition  at room temperature  in 
Nd : YAG as  a  function of a and 6 .  It was assumed that 7 
is 230 ps, f, is 0.0074, fb is 0 . 6 ,  qp is 1, the cavity mode 
and pump radii are both 20 pm,  the pump wavelength is 
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Fig. 2. (a) Optimum length and (b) calculated  thresholds for a 946 nm  at 
300 K Nd : YAG laser  as  a function of the round-trip losses and absorp- 
tion coefficient at  the pump wavelength.  Solid  lines  in (b) are  for the 
optimum length and dashed lines are for a  crystal  length of 1 /a. 
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Fig. 3. Same as  Fig. 2 except  for -250 K. 

808 nm, and No is 1.5 x lo2' crnp3.  The stimulated  emis- 
sion cross section as well  as  the  absorption  cross  section 
were taken to be 4 X lop2' cm2 although there is evidence 
that the  former  is  up  to 25 percent larger  than  the  latter  in 
Nd : YAG 1241. The absorption coefficient at the pump was 
varied from 2 to 8 cm-' and  the  loss from 0.1 to 2.4 per- 
cent.  The  incident  threshold  power if the length of the 
crystal is taken to be 1 /a is plotted in  the dashed lines 
for  comparison  in  Fig.  2(b). 
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Fig. 4. Threshold as a function of temperature and round-trip cavity loss 
for  946  nm Nd:  YAG transition. 

Fig. 3 shows the same  calculation if fa is taken to be 
0.0037 which corresponds  to  a  temperature of about 250 
K. While u and f b  also change with temperature, they are 
taken to be the  same at this reduced temperature  since 
their changes are small compared to that forf,. These plots 
indicate that for low threshold, it is important to have high 
absorption at  the  pump. They also  indicate that a  laser 
medium length one  inverse  absorption long at the pump 
wavelength gives a reasonable approximation to the op- 
timum length for Nd: YAG 946 nm transition.  Fig. 4 
shows the calculated incident threshold power as a  func- 
tion of temperature  for  a fixed value of a = 8 cm-' and 
various values of cavity loss. The  length of the gain me- 
dium is  taken to be 1 / a, and  the cavity mode and pump 
are taken to have Gaussian beam radii of 20  pm. From 
the plots in  Figs. 2-4 it is clear  that thresholds are low 
enough that  diode pumping this transition is  a realistic 
possibility. All the  calculations  for threshold assume that 
the pump radiation is only single-passed through the gain 
medium, but it may be  possible in some  cases  to double 
pass the pump by retroreflection. Significant lowering of 
threshold can be expected in this case.  For  example, if 
the pump is double-passed and  the  gain medium is made 
half as long as for the single-pass case,  the contribution 
to the threshold due  to  the  lower  laser level population is 
halved. 

C. Output Modeling 
We next model the quasi-three-level output  above 

threshold. For this calculation,  a mode overlap approach 
is taken [ 181. Under the  assumptions  that  the populations 
of the  energy  levels within each manifold can be taken to 
be in quasi-thermal equilibrium at all  times, in steady state 
the  rate  equations  for  the populations of the  upper and 
lower  laser  levels and the cavity photon number are 

where 

c = speed of light 
S = cavity photon number 
n = index of refraction 

Nz,  Ng = populations of levels a and b at thermal equi- 
librium. 

The first two of these  equations can be combined into  one 
equation in terms of the population inversion 

d A N ( r 2  = (fb + f,) Rrp( r ,  2) - A N ( r ,  Z )  - AN" 
dt 7 

where A N  = Nb - Nu, and A No  is the equilibrium pop- 
ulation inversion.  This  equation differs from the tradi- 
tional three-level  laser calculation in  that  the  pump  rate is 
not considered to  be proportional to the lower state pop- 
ulation. This is a  consequence of assuming no saturation 
of the ground state  manifold. Another equation describes 
the cavity photon number, S ,  and is given by 

dS - = o  
dt 

where 6 is the cavity loss including output coupling. Solv- 
ing (10) for A N  and substituting into (1 l), one obtains 

n " \  I , 

which gives a relation between the pump rate R and the 
cavity photon number S .  Equation (12) is identical to  the 
four-level laser equation except that the second integral 
containing AN" is an  additional  term.  This can be seen 
by setting AN" = 0 which is the  four level laser  case.  We 
consider only the  case wp 5 wo since  for wp > wo the 
slope efficiency and therefore  overall efficiency decreases 
rapidly [20] .  For this case,  the first integral in (12) can be 
solved analytically if ( wo/ wp)2 is an  integer. The second 
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integral can also  be solved analytically. It is convenient 
to define 

t 13) 

where S f  is  equivalent  to a saturation photon number. 
Solving the  integrals in (12) and using (13) yields 

a AN'S' In (1 + $) 
2oL 2s 

- - - 2 ( h  + f,&P 
awiL 

+ ( -1)P+'  In (1 + $)I 
(2S/S')Pf1 

where p = ( wo / w,,)~. The term with AN" in (12) has 
been brought to  the left-hand side.  The only difference 
between this solution and the four-level laser solution is 
this term. Rewriting the LHS of the equation in  the form 

a AN"S' In (1 + g) 
2aL 2s 

A N"LoS 
2oL S In (1 + $)] (15) 

we can see  that  the extra term  due to the  lower  laser level 
population can be  interpreted  as  a  saturable  loss.  This sat- 
urable loss term can  be written in terms of the saturation 
intensity, Isat, for  the  transition which is 

and the circulating intensity, I ,  averaged over  the Gauss- 
ian beam 

where hv is the photon energy of the  laser. Taking into 
account that  the  power flows both directions in the  cavity, 
the saturable  loss  term, 6,, becomes 

6, = - A N " L a S f  In (1 + $) 
S 

- - -  
I 

This  additional  variable  loss  term  causes  a  decrease in 
slope efficiency, q, which is proportional to the ratio T /  ( 6  
+ 6,) where Tis the  output  coupling,  compared  to  that in 
a four-level laser in which 6, is 0. 

There  are  two important limits  for 6,. For low-circulat- 
ing intensity, 2Z/Zsat << 1, this loss can be approximated 
as 

6, 5: -26AN"L. (19) 

So the  saturable  loss  is  equal  to  the residual absorption 
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Fig. 5 .  Normalized  output  for  zero and finite  lower  laser  level  populations. 

Dashed  lines  are  for no lower  level  population.  Parameters  assumed  are 
that  for  the 946 nm transition  in Nd: YAG. (a) 300 K. (b) 250 K. 

due to the  lower  laser  level  population  at  low-circulating 
intensities.  The second important limit  is  the  case where 
this saturable  loss is negligible  or 

6 >> 6, (20) 

and the slope efficiency is essentially  the  same  as  for a 
four-level laser. 

The  output of this laser  can  be  calculated and compared 
to that for  the  four  level  laser  case.  The  number of output 
photons per unit time, So, in terms of the cavity photon 
number is 

TSc so = - 
2nL 

It is convenient to define a normalized pumping parame- 
ter, R,,,, which is given by 

This is the pump rate for threshold if the  pump  spot  size 
is infinitesimally small.  Then,  a normalized pump rate, F 
= R/R,,,, and a normalized output, s = So /R,,,, can 
be defined [2 11, [23]. 
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TABLE I 
QUASI-THREE-LEVEL  LASER TRANSITION IN YAG 

Wavelength Terminal  level 
Ion  Transition (pm) (cm-') fa @ 300 K Ref. 

Nd3' 4F3/2-419/2 0.946 857 0.0074 (2.51 

E?' 4113/2-4115/2 1.632 426 0.036 [28], [29] 
Tm3+ 3F4-3H6 2.019 - 600 0.012 [30], [31] 

H O ~ +  5 ~ 7 - 5 ~ 8  2.129 532  0.012  [26], [27] 

Fig.  5(a) shows a comparison the  output  for  a  laser with 
some  lower  laser  level population to that with AN" = 0 
using the parameters  for  the  946 nm transition of 
Nd : YAG at room temperature.  Fig. 5(b) is the  same ex- 
cept at 250 K. The  output coupling is 0.3 percent and is 
taken to be the only cavity loss, the spot size in the cavity 
is taken to be 20 pm, and  the  length of the gain medium 
is taken to be  0.15  cm. Clearly,  the  slope efficiency is 
reduced by the residual lower  laser level population. 
However,  as seen in Fig.  5(b),  device performance can 
be improved by cooling. 

These results are valid for quasi-three-level laser sys- 
tems where N 1 ,  the population in  the upper laser level 
manifold, is small compared to the total doping level No. 
This is generally  true  for transitions to ground-state man- 
ifolds in which the  lower  laser  level has a relatively small 
thermal occupation. Table I lists some laser transitions of 
ions in YAG where this model would be  applicable.  Some 
of the numbers for fa are  estimates  because  the  entire  en- 
ergy level diagram for  the  ground-state manifold is not 
entirely known. 

111. EXPERIMENTAL RESULTS 
We  have demonstrated CW laser  oscillation on the 946 

nm  Nd : YAG transition by end-pumping. As previously 
mentioned,  there have been a number of difficulties in  op- 
erating this laser  because of the relatively low gain of this 
transition compared to that  at 1.06  pm and  the residual 
lower  laser  level population at room temperature. These 
difficulties can be  overcome with appropriate  design of 
the  laser. A rhodamine 6G  dye  laser at 588 nm was chosen 
as  the pump source  to  emulate  a  diode  laser. Threshold is 
highly dependent on the absorption coefficient at the pump 
wavelength as indicated by the previous calculations, but 
the absorption coefficients at  588  and  808 nm are nearly 
equal. 

A schematic diagram of the  experimental  apparatus is 
shown in  Fig.  6.  The  crystal used in the experiment was 
polished with a 1.8 cm radius of curvature on one  face 
and a flat on  the  other.  The curved face was coated with 
a high reflector mirror and the flat with a  single-layer 
antireflection coating both at 946  nm.  The rod was 1.5 
mm long, and the Nd-doping was 1.1 at mole percent. 
The doping level is not critical in the  end-pumping ge- 
ometry since both the  absorption coefficient and lower 
state population scale proportionately with doping, so the 
rod length can  also be scaled accordingly.  However, 
higher doping does allow the  design of shorter resonators 

Fig. 6 .  Diagram of the  experimental  apparatus. 
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Fig. 7. Incident  threshold  pump  power and lower laser  level  fractional oc- 
cupation  as a function of temperature for Nd : YAG 946 nm transition. 
The  individual  data  points are  the threshold  measurements and the line 
is  the occupation. 

with smaller  mode  volumes.  The  absorption coefficient 
was measured to be - 8.5 cm-' at the pump wavelength. 
The cavity was formed by this rod and an  output coupler 
with a 10 cm radius of curvature and nominally 0.3 per- 
cent transmittance.  The space between the rod and output 
coupler was nominally 10 cm, which made the Gaussian 
beam radius in the rod to be -20 pm. The  pump beam 
was focused into the rod with a 3.5 cm focal length lens, 
which led to -20 pm radius spot in the rod.  For  these 
measurements,  the  pump beam was chopped to reduce 
heating effects although true CW operation was obtained. 
Typically,  the duty cycle was 10-25 percent, and the on 
time was 5 ms. 

Fig. 7 shows a plot of the incident threshold pump 
power as well as  the  fractional  occupation of the lower 
laser level as  a  function of temperature.  The threshold at 
room temperature is slightly higher than the 8.6 mW pre- 
dicted by (7) if the  loss  is assumed to be  due  to  the output 
coupling only.  This is probably due to a small amount of 
other cavity losses. The close fit  of the temperature de- 
pendence of threshold with lower  laser  level occupation 
indicates that  the population in the  lower  laser level as 
opposed to the  other cavity losses is  the dominant term in 
determining threshold given in (7). This is in agreement 
with the model because in (7), the term ufaNoL is 0.0067 
and 6 / 2  is near 0.0015 if the  output coupling is the  larg- 
est  other  loss.  These threshold numbers should be indic- 
ative of what should be  possible under diode laser pump- 
ing, so the demonstrated threshold is certainly low enough 
that diode  laser pumping of this transition is possible [ 3 2 ] .  

Fig.  8  shows  output  power at 946 nm as a function of 
absorbed pump power at room temperature  for  this  laser. 
Up to 4 mW  of output for 82 mW of absorbed power was 
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Fig.  8. Output power  at  946 nm as  a function of absorbed pump power  at 
588  nm. 

demonstrated  and  a  least squares fit to  the highest five data 
points gives a slope efficiency of 7 percent.  The slope ef- 
ficiency appear  to be limited by the low value of output 
coupling. Since the contribution to threshold is  dominated 
by the  lower  laser  level  term  and cavity losses other than 
output coupling, the output coupling  could  be raised to 
increase slope efficiency with  only  a small increase in 
threshold. The  laser operated in a  TEMoo transverse mode. 

Diffraction loss  in  this cavity also limited slope effi- 
ciency. In  order  to  have  a small spot size in the rod, the 
spacing between  the  output mirror and  laser rod was  such 
that the resonator was  at the edge of cavity stability. The 
small spot size  reduces threshold and decreases the vari- 
able loss, A,, by raising the circulating intensity. How- 
ever,  as  the  spot  size decreased  at the rod it increased at 
the output coupler. At the  lowest threshold for 946  nm, 
this spot is  large  enough  for  some diffraction loss  to occur 
around the half inch diameter of the output coupler. It was 
possible to have  the cavity spacing such that even smaller 
spot sizes in the rod could  be attained in this cavity, but 
the threshold increased and slope efficiency decreased  due 
to increased diffraction loss. As the cavity length was ad- 
justed allow  even  smaller spot sizes in the  rod, parasitic 
oscillation at 1.06  pm was observed. Diffraction loss af- 
fects  946 nm operation more than 1.06 pm operation be- 
cause the gain to  loss ratio at  946 nm is reduced  more than 
at  1.06  pm  due  to  the lower stimulated emission cross 
section. Since it is the gain to loss ratio that determines 
threshold, when  the diffraction loss  becomes large 
enough, this ratio becomes  more favorable for  1.06  pm 
than for  946  nm, and  the  laser  begins  to operate at  1.06 
pm.  The diffraction loss can  be  avoided  with  a  larger out- 
put mirror,  for  example, so lower thresholds and higher 
slope efficiencies than those demonstrated here could  be 
expected. 

This parasitic oscillation at  1.06  pm is not a  fundamen- 
tal difficulty under CW oscillation and  can  be  avoided  with 
proper design. Round-trip losses in this cavity at  1.06  pm 
due to mirror transmission are estimated to  be 60 percent 
and with appropriate coating design this loss  can  be  in- 
creased. The needed round-trip loss  to hold-off 1.06  pm 
oscillation can  be  found  from (7) using the condition P t h  

(946 nm) < Pth  (1.06  pm).  However, it is  important to 
note that (7) is  only valid in the low-gain  approximation, 
so as the round-trip losses increase this  approximation  be- 

comes worse. Given the spectroscopic parameters  for  each 
transition and  the loss at  946  nm,  one  can  calculate the 
required loss  at  1.06  pm to avoid  1.06 pm  oscillation. 
The effective stimulated emission cross section at  946 nm 
in  Nd : YAG is estimated to be 1 / 10th that  at  1.06  pm 
[24]. Consequently, the losses at  1.06  pm must  be  at least 
10 times that at  946  nm.  This ratio does not account  for 
the lower  laser level population, so this required loss ratio 
between that at  1.06  pm  and  946 nm increases as the rod 
length increases.  This  shows  the  importance of high  pump 
absorption and  optimum length in holding-off 1.06  pm 
oscillation. 

IV. SUMMARY 

We  have  demonstrated  laser operation on  the 4F3/2- 
I9 / 2  transition in  Nd : YAG with  low  threshold,  and  we 

have  modeled the threshold and operation above threshold 
for this laser.  In modeling this laser  as well as  other  lasers 
with  lower  laser  level  population  at equilibrium, the  lower 
laser level population can  be treated as  saturable  loss 
which decreases as  the circulating intensity increases. 
Further improvement in laser operation should  be possible 
by designing the cavity mode  volume to be smaller which 
decreases threshold and increases the circulating inten- 
sity. In the future,  diode  pumping of this transition could 
be tried as well as intracavity doubling  to  the  blue.  Such 
a source could  be  a  replacement for  low-power argon-ion 
lasers. Other  Nd-doped materials may work better than 
YAG on this transition. For  example,  Nd : Lu3AlSOl2 has 
a larger ground  state splitting and therefore a smaller frac- 
tional occupation of the  lower  laser  level.  However,  we 
do not  know the other important spectroscopic parameters 
such  as the absorption coefficient at  the  pump  and  the 
stimulated emission cross section.  Modeling of this quasi- 
three-level laser applies to others such as the 3F4-3H6 tran- 
sition in Tm3+  or the s17-518 transition in Ho3+. These 
lasers  are often operated  at liquid nitrogen temperatures 
as four level lasers; this model provides us a tool in  un- 
derstanding room  temperature operation of these lasers. 
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