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Abstract

A method of more precise determination of the focal length of equivalent thermal lens (TL) is presented in this paper. The method is
based on the diffraction theory of aberrations. By numerically calculating the optical path difference (OPD) distribution and the Strehl
ratio, the focal lengths for ‘‘top-hat’’ pumping and Gaussian pumping are obtained and the equations for the focal lengths are presented
by curve fitting. Also the equations for average pump radii are presented. The experiment on a fiber-coupled LD pumped Nd:YAG laser
is carried out. The experimental results verify the validity of the method.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Thermal effect in the gain medium is an important factor
influencing the characteristics of end-pumped solid-state
lasers. A convenient way of investigating the thermal effect
is to use an imaginary thermal lens (TL) with the equiva-
lent focal length.

Koechner is one of those who first studied the thermal
lens in solid-state laser rod analytically. He gave the analyt-
ical solutions and the equation of the TL focal length for
uniform heating in 1970 [1]. For Gaussian distribution of
the pumping beam, the expression of the TL focal length
was presented by Innocenzi in 1990 [2]. This expression
has been modified to include more effects by many authors
and has been widely used [3–7]. Cousins studied ‘‘top-hat’’
pump analytically and gave the temperature distribution [8]
and the optical path difference (OPD) distribution [9].
Many authors gave expressions of the TL focal length by
using the quadratic part of the OPD based on Cousins’
works [7,10–13]. We found that the actual TL focal length
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is larger than that calculated by these expressions and so
did some others [14–16].

We work out the cause leading to this difference and give
a revised expression of the TL focal length that is more pre-
cise. In Appendix A we provide some of the derivations in
order to clarify some of the assumptions and notations
used in this paper, and to derive some expressions. The
expression of the focal length that is more precise is pre-
sented in part II. The expression of the average pump
radius is presented in part III. In part IV, we give our
experimental evidence to show that the new results are clo-
ser to the experimental results than the old ones.

2. TL focal length with average pump radius

The pump profile of a fiber-coupled LD pumped laser is
usually regarded as ‘‘top-hat’’. As to the nonlinear crystal
in OPO, Raman medium, saturable absorber or lasers
pumped by other TEM00 mode lasers, the pump profile is
usually considered as Gaussian. The most popular cooling
scheme is the side cooling for it’s economical and easy to
set up [5]. So the boundary condition is set as copper heat
sink side-cooled scheme (with or without indium foil). The
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Fig. 1. An example of OPD distribution in the crystal and those of ideal
lenses. A: An example of actual OPD; B, C, D: OPDs of the ideal lenses. B
and C have the same OPD(0) and C and D have the same focal length.
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temperature distribution in the crystal is given by Eqs. (A9)
and (A10) (see Appendix A).

The optical path difference (OPD) theory is a bridge
between the imaginary lens and the thermal effect. The
OPD of an ideal lens is parabolic and is given by [17]

OPDðrÞ �OPDð0Þ ¼ � r2

2f
; ð1Þ

where f is the focal length of the lens, r is the radial
coordinates.

The thermally induced OPD is more complex. It
includes the change of refractive index with temperature,
the end-faces bulging out, and the stress-induced birefrin-
gence. The last one is about one tenth of the former two
parts taking YAG for example and may be neglected
[8,17]. Then the OPD distribution in the slice z to z + dz

is [10]

dOPDðr; zÞ ¼ on
oT
þ n� 1ð Þ 1þ tð ÞaT þ 2Crn3aT

� �
DT ðr; zÞdz;

ð2Þ
where t is the Poisson’s ratio, aT is the thermal expansion
coefficient, n is the refractive index of the medium, Cr is
the photo-elastic coefficient. Note that if the rear mirror
is the coating of the rod end face, (n � 1) in Eq. (2) should
be replaced by n.

The total optical path difference distribution OPD(r)
could be gotten by integrating Eq. (2) over z from 0 to l,
the length of the crystal. To make the integration simpler,
xp(z) is simplified as xpa, the average pump radius in the
crystal. The relation between xpa and xp(z) will be pre-
sented in part III. When considering the pump radius being
constant in the crystal, xpa is just the waist radius of the
pump beam. For simplicity, we define a parameter A0 as

A0 ¼
ghP abs

4pK
� on

oT
þ n� 1ð Þ 1þ tð ÞaT þ 2Crn3aT

� �
: ð3Þ

It can be seen that A0 is related to the characteristics of the
crystal and the pumping power. The total path difference
distribution OPD(r) can be written as

OPDðrÞ ¼ A0 � 1� r2

x2
pa

þ ln
r2

0

x2
pa

 !" #
H x2

pa � r2
� �(

þ ln
r2

0

r2

� �
H r2 � x2

pa

� ��
ðfor “top-hat” pumpingÞ; ð4Þ

OPDðrÞ ¼ A0 � ln
r2

0

r2

� �
þ E1

2r2
0

x2
pa

 !
� E1

2r2

x2
pa

 !" #

ðfor Gaussian pumpingÞ: ð5Þ

As is shown in Fig. 1, surface A is an example of the OPD
in an actual crystal for ‘‘top-hat’’ pumping. The central
part (r < xp) is just parabolic (see Fig. 1 and Eq. (4)) and
the rest is logarithmic. B is one of the reference surfaces
(here the reference surfaces mean the parabolic OPDs of
the imaginary ideal lenses, as Eq. (1)), and is coincident
with the parabolic part of surface A. Many authors used
B to get the expression of TL focal length [7,10–13]:

fT0 ¼
x2

pa

2A0

ðfor “top-hat” pumpingÞ: ð6Þ

For Gaussian pumping, Eq. (A10) can be expanded into a
power series. Only considering the r2 term [2], the focal
length was obtained as

fT0 ¼
x2

pa

4A0

ðfor Gaussian pumpingÞ: ð7Þ

These two equations are widely used for they are simple
and convenient. And we call them the old expressions in
this paper. Considering when an actual beam distribution
is modeled as Gaussian or ‘‘top-hat’’, the radius of the
‘‘top-hat’’ beam is 2�1/2 of that of the Gaussian beam,
Eqs. (6) and (7) are substantially consistent with each
other. Eqs. (6) and (7) were obtained using only the central
part of the actual OPD or using only the r2 term of the
power series, they are precise enough only in the case of
x2

l � x2
p. But the pump radius is usually about the same

as the laser mode radius, and the actual OPD is para-
bolic-logarithmic for ‘‘top-hat’’ pumping and nonparabolic
for Gaussian pumping.

The difference between the actual OPD and that of an
ideal lens is aberration. So according to the diffraction the-
ory of the aberrations [18], the focus of the equivalent lens
is the point of maximum normalized intensity, which can
be estimated by the Strehl ratio weighted by expð�r2=x2

l Þ
for TEM00 mode [19,20]:

SR ¼

R r0

0 exp �i 2p
kl

OPDA �OPDrð Þ
n o

exp � r2

x2
l

� �
r dr

			 			2R1
0

exp � r2

x2
l

� �
r dr

			 			2 ;

ð8Þ
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where kl is the wavelength of the laser; OPDA is the
OPD(r) � OPD(0) caused by the actual thermal effect, cor-
responding to the OPD A in Fig. 1; OPDr is the OPD(r) �
OPD(0) of the reference surface and is �r2/(2f), f is the
focal length of ideal lens. Different reference surfaces result
in different values of the SR.

C in Fig. 1 is the parabolic reference surface of the
equivalent thermal lens. The OPD(r) � OPD(0) of C is
�r2/(2fT), fT is the actual TL focal length. Surface C and
the value of fT are gotten by making SR maximum. It is
clear that any aberration from the reference surface will
result in the diffraction loss. When the aberration is absent,
the actual OPD is parabolic and the maximum value of SR
is 1.

D in Fig. 1 is another parabolic surface with the same
focal length with C, but different OPD(0), which means
OPDC(r) � OPDD(r) is a constant. It can be proved with
Eq. (8) that the value of OPD(0) of the thermal lens will
benefit nothing to the value of the Strehl ratio. This means
Fig. 2. The relationship of the new TL focal length and the old one under
‘‘top-hat’’ pump (a) and Gaussian pumping (b). Upper line: A0 6 10�5;
lower line: A0 = 10�4.
it does not matter whether choosing C or D in Fig. 1 as the
reference surface. Thus the only variable in Eq. (8) is the
focal length. So we just need to find the right value of fT

to make SR maximum.
As Eq. (8) has no analytical solution, the numerical cal-

culation has been done to find the correct values of fT,
which should make SR maximum. To make full use of
the old equations which have been used for so many years
and to accentuate the difference between the new and old
values of the focal length, we give the calculation results
by using a ratio rf called correction factor, defined as the
ratio of the new value of TL focal length to the old one, i.e.:

rf ¼ fT=fT0: ð9Þ
The numerical results are given as Fig. 2(a) and (b) for
‘‘top-hat’’ pumping and Gaussian pumping respectively.
The correction factor is a function of xl/xpa and the larger
xl is, the larger the correction factor is. When A0 is smaller
than 10�5 mm, the correction factor remains the same
(upper line in Fig. 2(a) and (b)). When A0 increases to
10�4 mm, the correction factor decreases a little (about
5%, lower line in Fig. 2(a) and (b)). And when A0 is even
larger, the correction factor is even smaller (not plotted),
and the diffraction will be strong and may a circularly sym-
metric TEM10 mode or some higher mode oscillate, as ob-
served in experiments in part IV. Also should be noted is
that when the radius of the rod radius r0 is large enough
(r0 > 7xpa), the value of r0 will not affect the value of the
correction factor. Considering when an actual beam distri-
bution is modeled as Gaussian or ‘‘top-hat’’, the radius of
the ‘‘top-hat’’ beam is 2�1/2 of that of the Gaussian beam;
Figs. 2, 3 will give results not far from each other. It is easy
to understand the difference, as ‘‘top-hat’’ and Gaussian
beam are different distribution, so the focal length for them
should not be perfectly the same.

The expressions of the correction factor for A0 6 10�5

mm are given by curve fitting (x here is xl/xpa):
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Fig. 3. Experimental results using the first LD pumping source with the
cavity length 105 mm.
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rfðxÞ ¼ 1:1� 0:74xþ 1:22x2

ð2 > x P 0:4; for “top-hat” pumpingÞ; ð10Þ
rfðxÞ ¼ 1þ 2x2 ð2 > x > 0; for Gaussian pumpingÞ: ð11Þ

Eqs. (11) and (12) can be used to estimate the focal length
when A0 is not very large (the error is small, when A0 is lar-
ger than 10�5 mm and smaller than 10�4 mm). Note again
that when xl/xpa < 0.4 for ‘‘top-hat’’ pumping, the old
Eq. (6) or (7) can be used with good precision.

So the thermal focal length is (when A0 6 10�5 mm):

fT ¼
x2

pa

2A0

� 1:1� 0:74
xl

xpa

� �
þ 1:22

xl

xpa

� �2
" #

ð2 > xl=xpa P 0:4; for “top-hat” pumpingÞ; ð12Þ

fT ¼
x2

pa

4A0

� 1þ 2
xl

xpa

� �2
" #

ð2 > xl=xpa > 0; for Gaussian pumpingÞ: ð13Þ
3. Analysis on average pump radius

If the pump radius cannot be approximated as a con-
stant in the crystal, we divide the crystal into infinite slices
and in each slice the pump radius can be considered as con-
stant. The holistic focal lens is equivalent to these infinite
thermal lenses are pressed together when the length of
the cavity is much larger than that of the crystal. So the
holistic focal length is [18]:

1

fT

¼
Z

d
1

fT zð Þ

� �
: ð14Þ

In the slice z to z + dz, the focal length satisfies the follow-
ing relations:

d
1

fT zð Þ

� �
¼ d

1

fT0ðzÞ � rfðxl=xpðzÞÞ

� �
; ð15Þ

d
1

fT0 zð Þ

� �
¼ 2

x2
pðzÞ

A0ae�a�z

1� e�a�l dz ðfor “top-hat” pumpingÞ;

ð16Þ

d
1

fT0ðzÞ

� �
¼ 4

x2
pðzÞ

A0ae�a�z

1� e�a�l dz ðfor Gaussian pumpingÞ:

ð17Þ
We use rf(xl/xp(z)) in this format (x = xl/xp(z)):

rfðxÞ ¼ Ca þ Cbxþ Ccx2: ð18Þ
So Eq. (14) can be changed to:

1=fT ¼
2 � A0 � a
1� e�a�l �

Z l

0

e�a�z

Cax2
pðzÞ þ CbxlxpðzÞ þ Ccx2

l

dz

ðfor “top-hat” pumpingÞ; ð19Þ

1=fT ¼
4 � A0 � a
1� e�a�l �

Z l

0

e�a�z

Cax2
pðzÞ þ CbxlxpðzÞ þ Ccx2

l

dz

ðfor Gaussian pumpingÞ: ð20Þ
Comparing Eqs. (19) and (20) with Eqs. (12) and (13), the
average pump radius can be gotten as

1

Cax2
pa þ Cbxlxpa þ Ccx2

l

¼ a
1� e�a�l �

Z l

0

e�a�z

Cax2
pðzÞ þ CbxlxpðzÞ þ Ccx2

l

dz: ð21Þ

Then the expressions (A4)–(A8) are substituted into Eq.
(21) to get the average pump radius.

For Gaussian pumping, it is easy to give the analytical
result:

x2
pa ¼

1� e�a�l

a
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1 � m2
p

expð�a � z0Þ � ða1 � b2 þ a2 � b1Þ
� 2x2

l

ðfor Gaussian pumpingÞ; ð22Þ

where

m1 ¼
M4k2

p

p2n2x2
p0

; m2 ¼ 2x2
l þ x2

p0; ð23Þ

a1 and a2 is the real and the image part of exp(ia(m2/m1)1/2)
respectively, and b1 and b2 is the real and the image
part of E1(a(l� z0 + i(m2/m1)

1/2))� E1(a(�z0 + i(m2/m1)
1/2))

respectively.
When the laser is pumped by a ‘‘top-hat’’ beam, it is

very difficult to give the analytical result for all the condi-
tions as there is an absolute value calculation. So we only
give the result when the pump beam waist is set on the
input face of the crystal:

xpa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4:4m3 � 4:82
p

þ 1:74xl

2:2
ðfor “top-hat” pumpingÞ;

ð24Þ
where,

m3 ¼
1� e�a�l

a
2:1955xlhp

2ða1b2 þ a2b1Þ
; ð25Þ

where a1 and a2 is the real and the image part of exp(am4)
respectively, and b1 and b2 is the real and the image part of
E1(a(l + m4)) � E1(am4) respectively where

m4 ¼
2:2xp0 � 0:74xl þ i2:1955xl

2:2hp

: ð26Þ

The exponential integral function (A11) is an existing pro-
gram and runs fast in a normal personal computer. So Eqs.
(22) and (24) provide a fast way to calculate the TL focal
length.
4. Experimental evidence

We employed a plane–plane cavity using a B4 mm ·
4 mm Nd:YAG crystal as the gain medium pumped by a
fiber-coupled laser diode. As the laser beam radius changes
along with the thermal lens when the pumping power
changes, we can easily find the relation between the TL
focal length and the laser beam radius. The output mirror
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is coated with reflectivity of 92% at 1064 nm. The rear mir-
ror is the coating on the Nd:YAG. Two LDs coupled by
different type of fibers are employed to obtain different
pumping radii. The beam radii are measured by the knife
edge method (KEM) and the focal lengths are calculated
by using the beam radii at different positions. The average
pump radius is estimated to be 0.35 mm and 0.30 mm for
the first and the second LD used respectively. Calculations
show that the average pump radius changes about ±5.0%
and ±6.5% along with the laser radius for the first and
the second LD respectively in the experiments. So we treat
them as constants in calculations. Fig. 3 gives experimental
results using the first LD pumping source with the cavity
length of 105 mm. Figs. 4 and 5 give experimental results
using the second LD pumping source with the cavity length
of 105 mm and 220 mm respectively. Also the theoretical
curves are presented to show the differences between the
new theory, the old theory and the experiments. It can be
seen from these figures that the new theoretical values are
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Fig. 5. Experimental results using the second LD pumping source with the
cavity length 220 mm.
closer to the experiments than the old ones. The theoretical
lines are calculated using the method provided in this paper
and the ABCD law simultaneously. Fig. 6 gives depen-
dence of the correction factor on the ratio of the laser
radius to the pump radius. The solid triangles are experi-
mental results calculated using the experimental results in
Figs. 3–5. The line is obtained by using Eq. (10). It can
be seen that the experimental and the theoretical results
fit well. The parameters are taken from [21], as follows:
K = 10.46 W/(Km), gh = 0.35, n = 1.82, a = 2.85 cm�1,
dn/dT = 7.3 · 10�6 K�1, aT = 7.5 · 10�6 K�1, m = 0.3, Cr =
0.0195. Note that the circularly symmetric TEM10 mode
is observed when the pump power is increased, and an
aperture in the cavity is used to limit the laser beam to
be TEM00 mode.

5. Conclusion

A method of more precise determination of the focal
length of equivalent thermal lens (TL) has been presented
in this paper. The method is based on the diffraction theory
of aberrations. By numerically calculating the optical path
difference (OPD) distribution and the Strehl ratio, the focal
lengths for ‘‘top-hat’’ pumping and Gaussian pumping
have been obtained and the equations for the focal lengths
have been presented by curve fitting. Also the equations for
average pump radii have been presented. The experiment
on a fiber-coupled LD pumped Nd:YAG laser has been
carried out. The new result is closer to the experiment than
the old theory.
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Appendix A

The Poisson equation is usually used to describe the tem-
perature distribution in the crystal in the classical theories.
So the result only fits for continuously pumped solid-state
lasers such as laser pumped or laser diode (LD) pumped
ones. We consider that the heat flow is radial as the axial
heat transfer coefficient on the two end faces is much smal-
ler than the radial heat transfer coefficient on the side face
(about one thousandth) [8]. And a constant-temperature
boundary condition may be used as an excellent approxi-
mation. Considering with axisymmetric symmetry, the
Poisson equation is as follow [3]:

r2T r; zð Þ ¼ �Qðr; zÞ
K

¼ o2

or2
T r; zð Þ þ 1

r
o

or
T r; zð Þ; ðA1Þ

where T(r,z) is the temperature distribution in Kelvin,
Q(r,z) is the heat source density that is a function of the
pump power density, K is the heat conductivity in the solid,
r is the radial coordinates.

The boundary condition is:

T ðr0; zÞ ¼ T 0;
oT ðr; zÞ

or

				
r¼0

¼ 0;
oT ðr; zÞ

oz

				
z¼0;l

¼ 1;

ðA2Þ
where T0 is the temperature of the copper heat sink, r0 is
the radius of the rod, z is the axial coordinates.

The heat source in the crystal is a function of the pump
power as Q(r,z) = gh Æ P(r,z), where gh is the fractional
thermal load (the fraction of the absorbed pump power
converted into heat). As is given by Fan [22], gh can be
written as

gh ¼ 1� gp 1� glð Þgr

kp

kf

þ gl

kp

kl

� �
; ðA3Þ

where gp is the pump quantum efficiency, the fraction of
absorbed pumping photons contributing to inversion, gr

is radiative quantum efficiency for the upper level, the frac-
tion of excited atoms that decay by a radiative path (not
stimulated emission), gl is the laser extraction efficiency,
the fraction of excited ions that are extracted by stimulated
emission, kp, kl are the wavelengths of pump light and stim-
ulated emission respectively, and kf is the average wave-
length of fluorescence photons. It should be noted that
residual absorption of undoped crystal, multiphoton relax-
ation, concentration quenching could also be considered in
this equation if necessary. The difference in lasing and
nonlasing conditions results in different value of this
equation.

We assume that the pump power experienced an expo-
nential decay in the crystal, as the absorption saturation
does not exist on most conditions. So the pump distribu-
tions are:

P ðr; zÞ ¼ P abs � pðr; zÞ �
a

1� e�a�l � e
�a�z; ðA4Þ

where
pðr; zÞ ¼ 2

p � x2
pðzÞ
� exp � 2r2

x2
pðzÞ

 !
ðfor Gaussian beamÞ;

ðA5Þ
where

x2
pðzÞ ¼ x2

p0 1þ M2 � kp � ðz� z0Þ
p � n � x2

p0

" #2
8<
:

9=
;; ðA6Þ

or

pðr; zÞ ¼ 1

px2
pðzÞ

Hðx2
pðzÞ � r2Þ ðfor “top-hat” beamÞ;

ðA7Þ
where

xpðzÞ ¼ xp0 þ hp � jz� z0j; ðA8Þ
where P(r,z) is the absorbed pump power distribution,
p(r,z) is the normalized pumping radiation distribution,
Pabs is the total absorbed pump power, a is the absorption
coefficient, l is the length of the rod, H is the Heaviside step
function, xp(z) is the radius of pump beam at z, xp0 is the
waist radius of pump beam (to be consistent with the
radius of electric field, this radius xp0 and xl, which is
the radius of laser beam, are defined as 1/e2 of the maximal
intensity), n is the refractive index of the material, M2 is the
beam quality factor of the Gaussian pump beam, hp is the
far-field half-angle of the ‘‘top-hat’’ beam, z0 is the focal
plane in the rod.

By substituting Eqs. (A3)–(A8) into Eq. (A1) and using
Eq. (A2) as the boundary condition to solve the differential
equation, the temperature distribution can be gotten as
Eqs. (A9), (A10):

DT ðr; zÞ ¼ T ðr;zÞ� T ðr0; zÞ

¼ gh

P abs

4pK
ae�a�z

1� e�a�l 1� r2

x2
pðzÞ
þ ln

r2
0

x2
pðzÞ

 !" #(

�Hðx2
pðzÞ� r2Þþ ln

r2
0

r2

� �
Hðr2�x2

pðzÞÞ
))

ðfor “top-hat” pumpingÞ; ðA9Þ
DT ðr; zÞ ¼ T ðr;zÞ� T ðr0; zÞ

¼ gh

P abs

4pK
ae�a�z

1� e�a�l ln
r2

0

r2

� �
þE1

2r2
0

x2
pðzÞ

 !
�E1

2r2

x2
pðzÞ

 !" #

ðfor Gaussian pumpingÞ; ðA10Þ

where E1 is the exponential integral function defined as

E1ðxÞ ¼
Z 1

1

e�xt

t
dt: ðA11Þ
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