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　　　　　　　　Abstract: Coup led rate equaiton fo r passive o r self2Q 2sw itched so lid2sta te lasers is studied in physics and

m athem atics m ethods. T he fo rm u la abou t rela t ionsh ip to repet it ion rate of the pu lses and op tical

param eters of the lasers has been derived, by m eans of the adiabat ic elim inat ion app rox im ation (A EA )

and the Hopf b ifu rcat ion condit ion. Fo r the type of C r: N d: YA G satu rab le abso rber Q 2sw itched lasers,

the theo ret ical calcu lat ions are agreem en t w ith the experim en tal resu lts.
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摘要:对被动或自调Q 激光器的速率方程运用绝热近似方法和Hopf分岔条件进行分析,导出光学参量

与脉冲重复频率之间的解析表达式。针对C r: N d: YA G调Q 激光器的实验数据进行了计算,所得出的理

论曲线与实验结果相吻合。
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1　 In troduction

　　T he tetrava len t ch rom ium doped garnets have

a t t racted a grea t dea l of a t ten t ion s and triggered a

series of experim en ta l invest iga t ion s in recen t years,

such as passive Q 2sw itch fo r N d: YA G, N d: YALO

(YA P) , o r self2Q 2sw itch of C r: N d: YA G laser[ 1 ] [ 2 ].

Becau se of la rge ab so rp t ion cro ss sect ion, m odera te

excited2sta te lifet im e, w h ich is m uch sho rter than

N d2ion ’s, h igh doped2ion concen tra t ion, good

therm al conduct ivity, chem ica l stab ility, C r: YA G o r

C r: N d: YA G is con sidered to be an idea l sa tu rab le

ab so rber as passive o r self2Q 2sw itch fo r h igh pow er,

h igh repet it ion ra te, a ll2so lid2sta te com pact lasers,

and the repet it ion ra te range of m u lt i2pu lses have

been ach ieved from tw o till hundreds of kH z.

How ever, it is im po rtan t to g ive theo ret ica l

exp lana t ion to the experim en ta l resu lts of repet it ion

ra te o r period icity, and to estab lish the rela t ion sh ip

of m u lt i2pu lses betw een differen t op t ica l

param eters. By m ean s of the ad iaba t ic elim ina t ion

app rox im at ion (A EA ) m ethod, the fo rm u la t ion of

repet it ive ra te o r period icity has been ob ta ined. It
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help s to understand the opera t ion p roperty of

passive o r self2Q 2sw itch laser.

2　Ana lysis

　　Becau se of the tran sversa l relaxa t ion t im e is

m uch sho rter than the longitud ina l relaxa t ion t im e,

the m o st of so lid2sta te lasers belong to the ca tego ry

of class2B. the po lariza t ion’s ra te equat ion can be

adiaba t ica lly elim ina ted. A cco rd ing to the A EA , tw o

ra te equat ion s are tho se fo r the spa t ia l average

fundam en ta l m ode in ten sity I and the popu la t ion

inversion den sity ∃n
[ 3 ]. In regards to the passive o r

self2Q 2sw itched YA G laser, the ra te equat ion of the

ab so rber popu la t ion den sity m u st be con sidered. T he

to ta l ab so rber popu la t ion den sity is

　　　　na0≈ na1+ na2 (1)

w here na1, na2 are popu la t ion s den sity of ground and

excited sta tes, respect ively, fo r the tw o levels

app rox im at ion. T he resonance ab so rber coefficien t is

defined as

　　　　ς a= Ρa (na1- na2) (2)

w here Ρa is ab so rp t ion cro ss2sect ion of sa tu rab le

ab so rber.

　　T he coup led ra te equat ion fo r I , ∃n and ςa can

be w rit ten as

　　　　d I
d t

= (ΛΤΡ∃n- ΛΤ
la

l
ς a-

1
Σc

) I (3a)

　　　　d∃n
d t

= - Β Ρ
hΜ∃n I +

∃n i- ∃n
Σu

(3b)

　　　　
dς a

d t
= - 2

Ρa

hΜςa I +
ς a0- ςa

Σa
(3c)

w here Ρ is the st im u la ted em ission cro ss2sect ion of

lasing m edium , the Λ is f illing facto r [ 4 ]

　　　　Λ=
ln

ln+ lana+ [L - ( l+ la) ]
(4)

w here L is the geom etrica l leng th s of resonato r, l, la

and n , na are geom etrica l leng th s and refract ive

ind ices of lasing, and ab so rber m edia, respect ively. Τ
is the velocity of ligh t in m edium. Σc is the pho ton

lifet im e in side resonato r

　　　　Σc=
1

ΛΤ(Γ1+
la

l
Γa+ Γ2)

(5)

w here Γ1 and Γa are unfavo rab le lo ss coefficien ts, Γ2 is

the ou tpu t lo ss w h ich can be w rit ten as

　　　　Γ2=
1

2L
ln ( 1

R 1R 2
) (6)

w here R 1 and R 2 are the reflect ivity of tw o m irro rs.

T he Σu and Σa are the relaxa t ion t im es of the excited2
sta te in lasing and ab so rber m edia, respect ively, ∃n i

is the pum p ing param eter, and Β equals 1 o r 2 fo r

fou r o r th ree level lasing m edia. Coup led ra te

equat ion s ( 3a, b, c ) a re com p lex non linear

d ifferen t ia l equa t ion s, the accu ra te ana lyt ica l

so lu t ion is too diff icu lt to derive now. A s is w ell

know n, in the passive o r self2Q 2sw itched lasers, no t

on ly the relaxa t ion t im e Σu of lasing m edium shou ld

be longer, bu t a lso the relaxa t ion t im e Σa of the

sa tu rab le ab so rber shou ld be sho rter, in favo r of

enough accum u la t ion fo r the inverse popu la t ion and

fast t im e fo r the Q 2sw itch. T herefo re Σu ough t to be

m uch longer than Σa. Fo r the C r: YA G crysta l, Σu is

abou t tw o m agn itude t im es than Σa,w h ile, Ρa≈ 8. 8×

10- 19 cm 2, is the sam e m agn itude as Ρ[ 2 ] , the

condit ion of A EA ,

　　　　ΣaöΣuν ΒΡö2Ρa (7)

is a lw ays m et. T he ab so rber coefficien t ςa is a fast

relaxa t ion param eter, the steady2sta te so lu t ion of

equat ion (3c) can be sub st itu ted in to equat ion (3a) ,

con sequen t ly [ 5 ]. Tw o dim en sion coup led ra te

equat ion s of an au tonom ou s system is ob ta ined.

　　　　d I
d t

= [ ΛΤΡ∃n- ΛΤla
ς a0öl

1+ I öI b0
-

1
Σc

] I (8a)

　　　　d∃n
d t

= - Β Ρ
hΜ∃n I +

∃n i- ∃n
Σu

(8b)

w here I b0 is co rresponding to the sa tu ra t ion in ten sity

of sa tu rab le ab so rber.

　　 If the ga in exceed lo ss, the sta t ionary po in t of

(8a, b) is abou t a t ( I 2, ∃n tm )

　I 2= (
∃n i

∃n tm
- 1) hΤ

ΒΡΣu
= B I s, Ρ∃n tm =

la

l
ς a0+

1
ΛΤΣc

(9)

w here I s is co rresponding to the sa tu ra t ion in ten sity

of lasing m edium ; B is the d im en sion less po sit ive

num ber and rela t ive to pum p in ten sity and lo ss. By

u sing Hopf b ifu rca t ion m ethod, one can define B

rep resen t the b ifu rca t ion param eter of the system.

A s soon as B > B 0 > 0 is rea lized, the system w ill

show the period ica l o scilla t ion from the steady2
sta te, and B 0 is the crit ica l b ifu rca t ion value. T he

lim ited cycles, tha t ro ta te around the sta t ionary
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po in t ( I 2, ∃n tm ) on phase2p lan of I and ∃n , rep resen t

a series of pu lses em erg ing from the Q 2sw itched

laser. In con sidera t ion of equat ion s (8a, b) and (9)

as w ell as ΣaöΣu ν ΒΡö2Ρa, J acob ian m atrix near the

sta t ionary po in t ( I 2, ∃n tm ) is rep resen ted as

　　　　J 2=
ΛΤ la

l
ςa0B

I s

I b0
ΛΤΡI sB

-
ΒΡ
hΜ∃n tm -

B + 1
Σu

(10)

　　T he condit ion of Hopf b ifu rca t ion dem ands tha t

eigenvalues m u st be a pa ir of con juga te com p lex

num bers.

　　　　Κ1, 2= Α(B )±iΞ(B ) (11)

and

　　　　Α(B ) =
1
2

(ΛΤ
la

l
ςa0B

I s

I b0
-

B + 1
Σu

) (12)

Ξ(B ) =

1
Σu

ΛΤΡ∃n tm ΣuB -
1
4

[B (1+ ΛΤ la

l
ςa0

I s

I b0
Σu) + 1 ]2 (13)

w here Αand Ξ are am p litude and angle frequency of

the lim it cycle ind ividua lly.

　　L et Αequal to zero , the crit ica l b ifu rca t ion value

B 0 can be determ ined as

　　B 0=
1

ΛΤ la

l
ςa0

I s

I b0
Σu- 1

, ∃n0= (1+ B 0) ∃n tm (14)

w here ∃n0 is ca lled the th resho ld condit ion of

p roducing Q 2sw itch pu lses. O n ly if, ∃n i≥∃n0 o r B ≥

B 0, is sa t isf ied by the pum p , a series of Q 2sw itch

pu lses w ill be genera ted. T he repet it ion ra te F

equals Ξö2Π. U nder con sidera t ion of equat ion s (13)

and (14) , one can find

F (B ) =
1

2ΠΣu
ΛΤΡ∃n tm ΣuB -

1
4

[B (2+
1

B 0
) + 1 ]2 (15)

specia lly

　　F (B 0) =
1

2ΠΣu
ΛΤΡ∃n tm ΣuB 0- (1+ B 0) 2 (16)

w here F ( B 0 ) ind ica tes the p rim e o r crit ica l

repet it ive ra te fo r the beginn ing of Q 2sw itch pu lses

genera t ion.

3　D iscuss ion

　　T he fo rm u la t ion of determ in ing the repet it ion

ra te passive o r self2Q 2sw itched laser has been

derived. T he condit ion of F (B 0 ) > 0 and B 0 > 0,

p rovides the rest rict ion of sm all signa l t ran sm ission

T 0 and gain coefficien t Ρ∃n tm to the passive o r self2
Q 2sw itch. T hat is

　　　　T 0= exp (- laςa0) < exp (-
lΒΡ

ΛΤΣaΡa
) (17)

　　　　Ρ∃n tm >
(1+ B 0) 2

ΛΤΣuB 0
(18)

In the case of flash lam p cw 2pum ped passive Q 2
sw itched N d: YA G laser [ 2 ] , L = 82. 0 cm , l = 10. 4

cm , l = 0. 2 cm , R = 80 % , T 0 = 81 % , T hese

co rrespond to B 0≈ 10- 3, Ρ∃n tm×5. 5×10- 2öcm , and

F (B 0 )≈ 2. 7 kH z. If the experim en ta l da ta are

in troduced in to equat ion s ( 9 ) , ( 17 ) , etc, it is

con sisten t w ith the experim en ta l resu lt in R ef. 2.

T he diagram of the repet it ive ra te F vs the rela t ive

pum p in ten sity B is show n in F ig. 1.

F ig. 1　Rela tion between F and B. Sol id l ine

—theoretica l ca lcula tion using equation (15) ,

open c ircles—exper im en ta l m easurem en ts[2 ]

　　 In the case of LD pumped self2Q 2sw itched m icroch ip

laser, experim en tal setup is show n in F ig. 2.

F ig. 2　Exper im en ta l setup of the d iode pum ped

self -Q - switched m icroch ip la ser

H ere,L = 3. 5 cm , l= la= 0. 2 cm , R = 98. 0 % , T 0=

93. 8 % , these co rrespond to B 0≈ 10- 4. Ρ∃n tm≈ 33×

10- 2öcm , and F (B 0)≈ 1. 6 kH z. T he diagram of the

repet it ion ra te F vs the rela t ive pum p in ten sity is

show n in F ig. 3.
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F ig. 3　Rela tion between F and B. Sol id l ine

—theoretica l ca lcula tion using equation ,

full squares—exper im en ta l m easurem en ts[3 ]

In com parison w ith F ig. 1, the F (B 0 ) in F ig. 3 is

sm aller, and the increase ra te of F w ith the rela t ive

pum p in ten sity B is slow er near the 8 kH z. F rom

F igs. 1, 3, the fo llow ing conclu sion s can be draw n.

T he values of B 0 and Ρ∃n tm decide the p rim ary and

m ax im um repet it ive frequencies F (B 0 ) and Fm ax of

passive of self2Q 2sw itched lasers in genera l. T he

h igher reflect ion R of the ou tpu t m irro r is, the less

is Fm ax a t ta inab le to , and vice versa. Fo r the sm all

rela t ive pum p in ten sity, the repet it ive ra te F

increases w ith the pum p pow er in an app rox im ate

linear rela t ion, ju st as m any art icles have repo rted.

Bu t w hen F is clo se to the Fm ax , it s increase ra te

w ith pum p ing is obviou sly slow. T hese seem to be

effect of the ga in sa tu ra t ion in the period ica l sta te.

　　T he analyt ica l fo rm u la of repet it ive ra te has

been ob ta ined fo r passive o r self2Q 2sw itched lasers.

It is ab le to p rovide the d ist inct rela t ion sh ip betw een

the param eters concerned, to p red ict the p rim ary

and m ax im um repet it ive frequencies F (B 0) and Fm ax

as w ell as the opera t ion sta te, and ou tpu t pow er. Fo r

exam p le, one can est im ate the op t ica l param eters

from the determ ined F by equat ion ( 17 ). If the

passive o r self2Q 2sw itched laser is opera ted near

Fm ax , no t on ly the laser ou tpu t pow er is m o re, bu t

a lso the stab ility of Q 2sw itch pu lses is bet ter,

becau se the dF ödB≈ 0 in th is area. T he theo ret ica l

stud ies on the passive o r self Q 2sw itched laser are of

benefit fo r its op t im izing design, enhancing

stab ility, increasing ou tpu t pow er and ex tending

app lica t ion s.
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