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B X=X
B step( b ) step( — .
1 ______
11= x>0 412 ¢ 12
L
step(x)=1—, x=0 > -
2 0 0 .
KO, x <0 X0 0

function y=step(x)

%STEP step function.

%

% step(x) =0 ifx< O
% = 1/2ifx ==
% =1 ifx>0
y = (x>0).*1;

y(find(x==0)) = 0.5;
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sgn( _b ) sgn( - )
(1, x>0 L
sgn(x)=40, x=0° X, X
-1, x<0 0 ’ g 0 * ”

%SIGN Signum function.

%
%
%
%
%
%

For each element of X, SIGN(X) returns 1 if the element
IS greater than zero, O if it equals zero and -1 if it is

less than zero. For the nonzero elements of complex X,
SIGN(X) = X ./ ABS(X).

Copyright 1984-2002 The MathWorks, Inc.

$Revision: 5.8 $ $Date: 2002/04/08 20:11:24 $

% Built-in function.
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a
rect(2) = L x| 9
a 0,
function y = rect(t,Tw)
%RECT Sampled aperiodic rectangle generator.
% RECT(T) generates samples of a continuous, aperiodic,
% unity-height rectangle at the points specified in array T, centered
% about T=0. By default, the rectangle has width 1.

% RECT(T,W) generates a rectangle of width W.

rect{x/30,y/20)

error(nargchk(1,2,nargin));
if nargin<2, Tw=1; end

% Returns unity in interval [-Tw/2,+Tw/2)
t = abs(t);
y = (t<Tw/2)*1.0 ;
y(find(t==Tw/2)) = 0.5;
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8(x) = lim 1 rect(%)

b—0 b
rect(ij = ste (X + E) — ste (X — Ej
o) TP ) TP,
limlrect(éj = lim step(x +b)—step(x)
b—0 b b b—0

5(x) = g step(x)
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tri(x/30,y/20)

A
~
. X 1-—, ‘X‘ <a -
tri(—) =< F05 A0
LA K
a N OB
a @ . RN
O ' - ﬁi&":ﬂ*ﬁ‘;“tﬁ‘é‘:\ e
b) 20 ¥, ,p*l“*t"&*;‘ éﬂ‘ i)
\ 10 2L ::‘:,t.ﬁ‘;t‘t“s}.
function y = tri(t)

%TRI Sampled aperiodic triangle generator.

% TRI(T) generates samples of a continuous, aperiodic,
% unity-height triangle at the points specified in array T, centered
% about T=0.

% Returns non-zero in interval [-1,+1)

t = abs(t);

y = zeros(size(t));

idx = find(t<1.0);

y(1dx)=1.0-t(idx);

2006-3-1 6




2D

>>
>>
>>
>>

[Xx,y] = meshgrid(linspace(-4,4,251));
z = tripuls(xX/3) .*tripuls(y/3);
imwrite(z, “tri.jpg°);

mysurf(x,y,z);

2006-3-1
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2D

0.8

0.6

0.4 .

0.2

>> [x,y] = meshgrid(linspace(-4,4,251));

>> r = sqre(X.*x+y.*y);
>> z = tripuls(r/3);

>> imwrite(z, “cone.jpg”);
>> mysurf(x,y,z);

2006-3-1
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— Sinc

function y=sinc(x) :

sinc(x/15,y5)

AR
%SINC Sin(pi*x)/(pi*x) function. N mﬁﬂ “\E{\ﬁ{
J—I “:“\5 I|II

% SINC(X) returns a matrix whose "o N

%elements are the sinc of the elements of X, 1.e. 95
% y = sin(p1*x)/(pi*x) ifx~=0
% =1 if x ==

=20 20

y ¥

% where X 1s an element of the input matrix and y is the resultant

% output element.

% See also SQUARE, SIN, COS, CHIRP, DIRIC, GAUSPULS,

PULSTRAN, RECTPULS,
% and TRIPULS.
% Author(s): T. Krauss, 1-14-93
% Copyright (c) 1988-98 by The MathWorks, Inc.
% S$Revision: 1.2 § $Date: 1998/07/13 19:02:12 $
y=ones(size(X));

=hingGe:
y(i)=sin(pi*x(i))./(pi*x();

=]

sin c(i) =

“ \\1\\\111m-----..=.
if.:q : N

20

x Bl

sin(_)

X



Gaus(x/15,y/10)

AR

1 AN
) fé{':..:“\:;‘\\\'i
X X 2 ED-E” ‘.1‘:2." ‘ M‘i
Gaus(—) =exp| —m(—)" | "o -'ﬁ'ﬁifé;f'}i‘;'i.\\\\\\\\\\ﬁ
d d 02 z) "ﬁﬁ. *éﬂ}g%{
“7 W
(-« ;' ': ﬁ@:ﬁ?@;ﬁ
2 SRS
0 o -10

20 -20 x 4l

function y=gaus(x) a
% GAUS exp(-p1*N*x.*x) function.
% By default, the GAUS d 1s 1.
y=exXp(-p1*x.*x);
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Xyl JX2+y?
circ( y )= LyX"+y" <,

function z = cyl(x,y,d)
%CYL Sampled aperiodic cylindrical step.

%o
%0
%o

%o
%o

| |:F|‘c_3;l;(x,y,10) |

Iy

CYL(X,Y) generates samples of a continuous, aperiodic,
unity-height cylinder at the points specified in array (X,Y)
about X=Y=0. By default, the cylinder has diameter 1.

CYL(X.,Y) is a cylinder of height 1 and diameter 1
CYL(X,Y,D) is a cylinder of diameter d

error(nargchk(2,3,nargin));

if nargin<3, d=1; end

r = sqri(x.*x+y. *y);
z = (r<d/2)*1.0;
ZPntlr==d/2))=0.5; 1



DrawCyl 1.m

>>[x,y] = meshgrid(linspace(-4,4,251));
>> 1 = sqrt(X.*x+y.*y); 77

>> 7 = cyl(x/3,y/3);

>> mysurf(x,y,z);

>> 1mwrite(z,‘cyl3.jpg");

12



>>
>>

z = rect(xX/3) .*rect(y/2);
imwrite(z,"ana rect.jpg”);

>>

2006-3-1

>>

cyl(xX/3,y/2);

Z:
imwvrite(z,"ana_cyl.jpg™);
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Somb DrawSymbol 2.m

1.2

>> [X,y] = meshgrid(linspace(-4,4,251));

>> r = sqrt(X.*x+y.*y);

>> z = somb(r); 2]1(7“’)
>> mysurf(x,y,z); Somb(l’) =

>> r = linspace(-4,4,251); 7wl

>> z = somb(r);
>> plot(r,z); 14




DrawPolyGonTriangle 7.m

F%+2

function z = polygon(x,y,p)

Fﬁ+1

1T nargin<3
p=[-10; 10; 01.517];
end

n = size(p,1l);
z = ones(size(X));
for 1=1:n,
u = p(mod(i,n)+1,:) - p(i,:); P;
= p(mod(i+1,n)+1,:) - p(i,:);
if ((u(l)*v(z) u(2)*v(1))<0)

u= -u; I)
end
s = u(L*y-p(1,2))-u2)*(x-p(i,1));

z = z.*(s>0);
end

2006-3-1 15



>>
>>
>>
>>

[X y] = meshgrid(linspace(-4,4,251));

z = polygon(x,y);
imshow(z) ;%??
imvrite(z, "triangle.bmp®);

2006-3-1

>>
>>
>>
>>
>>

theta = (pi1/3)*(0:5);

p = [cos(theta®) sin(theta®)];
z = polygon(X,y,3*p);
imshow(z);

imwrite(z, "hexagon.bmp®);
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)

8(x.y)
B ‘/Y _S(X,y)zo, x#z0 y=#0

0 7 ” o(x,y)dxdy =1

5(x) = lim Nrect(Nx)
5(x) = lim N exp(—-N°nx?) o(x,y) = lim —01rc(Nﬁ)
N—o0

3(x,y) = lim N’ sinc(Nx)sinc(Ny)

3(x,y) = lim Nzrect(NX)rect(Ny) 5(x.y) = lim N J,(2nNyx* +y7)
N—ow
o(X,y) = 11mN exp[~ N q;(x +y )] Nexp(- Nnct) X4y

2006-3-1 NN, 17
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) R
[ 80x=%0,y = yo)d(x, y)dxdy = #(%,, ¥,)

) / 1/]ab|
d(ax,by) = - 5(x,y)

b

h(x,y)8(x —Xg, y = ¥o) = h(xg, ¥ J3(x x4,y — y,)

x=linspace(-4,4,521);
z=100*gaus(10000*x);
plot(x,z/100);% 100 (wcy wey Job)

2006-3-1 18



DrawRing 3.m

>> [x,y] = meshgrid(linspace(-4,4,251));
>> r = sqrt(X.*x+y.*y);
>> z = gaus((r-2)/70.2);

>> imwrite(z, "ring.jpg"); VS.

>> colormap(jet); — —

>> mysurf(x,y,z); 6([‘ — r )
7006-3-1 0/ 19
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f(g(x))=f og(x)
f(ax+b)=f ol(x)
I(x)=ax+Db

linear[a,b]{x}=ax +b

f (ax+b)= f olinear[a,b{x}

20



(Comb=

iS(X —1n) = comb(x)

n=-—o0

S s(x-n0)=- 6(5 - nj = 1comb(§j
T T

n=-—0o0 n=—oo T T

T T

f(x)e 1comb(§j — if(nr)S(X 1)

n=-—oo

2006-3-1



MATLAB

function y =comb(x,p)

% comb function

% P

error(nargchk(1,2,nargin));

if nargin<2, p=1; end

y = 1000*gaus(1000000*sin(pi*x/p));

2006-3-1
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DrawComb 4.m

1.5
& _
0.5 ]
) 15 1 05 05 15 2
>> x = linspace(-2,2,401);
>> y = gaus(sin(pi*x)/0.2);
>> plot(x,y, k", "LineWidth",1.5);
>> axis([-2 2 0 1.5]);
gaus comb

2006-3-1
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g(x,y)=[[ f(&mh(x—&y-ndédn="f(x,y)*h(x,y)

AN
e

]

7'\ a )
r(-7)
< 1
_ 2
-1 0 _'z-
b}
i S ()
1
hix—1)
0 x i1
c)

a) I SCxIFAC(x) B

2006-3-1
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v

f(x,y)*h(x,y) =h(x,y) *f(X,y)

[V(x,y)+ w(x,y)]*h(x,y) = v(x,y) *h(xX,y) + W(X,y) *h(x,y)

v

[V(x,y) * w(x,y)]*h(x,y) = v(x,y) *[w(x,y) *h(x,y)]

v

[ \
£(x,y)*3(x,y) = [ £(&m)3(x—&y—m)dedn jlﬁ

£(x,y)*3(x,y) = [ F(&m)3(E—x,n—y)dedn=F(x,y)

(a)
F(X,y) #0(X =X, ¥ =¥o) = H(X =X, Y =¥, )

pji

(@)

2006-3-1



function y = f(x) )

y=zeros(size(x)); al

idx = find(x>0 & x<3): f(x)
y(idx) = 2*x(1dx)/3; ?

idx = find(x==3): il

y(1dx)=1;

functiony=h(x)|

y = rect(x-1,4); 2f n(x)

2006-3-1
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h(X-o)
f(a)

f (@)h(X—a)

jww f (e)h(x —a)da

2006-3-1
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2 ()

h(X-o) /\
. ‘ e
z f(a)h(x—a)

jw f (a)h(X—a)da
) 1 L[ ,
j —alda =—a :—(X+1)
2006-3-1 0 3 3 0 3 28
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, O = N w N
T T I

, O = N w B
T T I
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3 =4

| f(a)

| A h(X-o)
0 I \

2| f&ﬂMX—a}//ﬂ

fw f (a)h(X—a)da

1 2
=3-=(x-3
L3)
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function y = g(x)
y = zeros(size(X));

%region 1

1dx = find(x>-1 & x<2);

it ~isempty(idx)
t=x(1dx)+1;
y(idx)=t.*t/3;

end

%region 2

1dx = find(x>=2 & x<=3);

it ~isempty(idx)
y(1dx)=3;

end

%region 3
1dx = Find(x>3 & Xx<6);
ifT ~isempty(1dx)
t = x(idx)-3;
y(1dx)=3-t.*t/3;
end

2006-3-1

3.5

25

15

0.5

DrawfthConv_1.m

>> plot(x,g(x))
>> plot(x,g(Xx),"k","LineWidth",2);
>> axis([-8 8 0 4]);

31



Matlab conv

w = conv(u,V)

t m = length(u) n=length(v). w m+n-1
K

w(k) =Y u(jvck+1- j)

] u(g)  v(kt+l)
= max(1,k+1-n): min(k,m).

2006-3-1
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Matlab conv
w(l) =u(1)*v(l)

w(2) =u(D)*v(2)+u2)*v(l) (u 12 u 21)
w(3) =u(l)*v(3)+u(2)*v(2)+u(3)*v(l) u 123 v 321
w(n) = u(1)*v(n)+u(2)*v(n-1)+ ... +u(n)*v(1) U:23...m

vin...321
w(2*n-1) = u(n)*v(n)

(7<-1)v u(1->7)

[l
|

.,
an,n o

I
I
I




Matlab convn

N-D
C = convn(A,B)
C = convn(A,B, "shape”)
C = convn(A,B) A and B N-D
size(A)+size(B)-1.
C = convn(A,B, “shape”) N-D shape
“full”’ (default).
e “same”’ A.
«“valid’ 0 : max(size(A)-size(B) + 1, 0)

2006-3-1

size(A) >= size(B)
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convn vs.

) A DrawthConvn_2.m
3.5 |
30 ™~ i
2.5 _
20 _
1.5 _
10 _
0.5 _
Og 6 4 2 0 2 4 6 5
f (x)*h(x) = convn( f (x),h(x),'same')AX 31
3.05
x = linspace(-8,8,321);
dx = x(2)-x(1); Al
gl = 9(x);
g2 = convn(F(x),h(x), "same")*dx] 2.95
plot(x,01,%x,92);
2.9
2006-3-1
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rect(X)srect(X) = trigx)

1.5 ]

1 _

0.5 B

2 -1.5 -1 -0.5 0 0.5 1 15 2

2
1.51 n
1r _|
05 [ /\ _|
0-2 -15 -1 -0.5 0 0.5 1 15 2

>> x = linspace(-2,2,321);

>> dx=x(2)-x(1);

>> subplot(2,1,1)

>> plot(Xx,rect(x), "k","LineWidth*,1.5);
>> axis([-2 2 0 2]);

>> g = convn(rect(x),rect(x), "same”)*dx;
>> subplot(2,1,2);

>> plot(x,qg, "k","LineWidth",1.5);

2006-3-1 >> axis([-2 2 0 2]); 36




rect(X)*rect(X)

-15 1 0.5 i 0.5 1 1.5 2
-15 1 0.3 i 0.5 1 1.5 2
-1.5 1 0.5 i (1.5 1 1.5 4

2006-3-1
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o) = [[ FEMEE-x,n-y)dedn = f(x,y) ®F(x,y)

‘rff (Xa Y)‘ < 1‘ff (070)
I (X, y) = 13 (—X,—Y)
L (Xo Y) = Iy (_ Xa_Y)

2006-3-1

8= xy)

| e
1
|

{
{

//—t”(x WREE SR
f(x,y) |

f(x.y)

I (X, ¥) = e (—%,-y)
I.fg (X9 Y) # I.fg (X9 Y)
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Fx)®@g(x)=[ fE)gE-xde=| —x)

f(x,y) g(x,y) a(x,y) f(x,y)

-
(a)

2006-3-1 39




2D

A cos(x:2m1/N) B cos(y-2nj/M) A cos(x-2nfx) Becos(y-2nt)

f,=u=VUN, f,=v=/M
A
\ : The ratio & determines the Direction.

U242

y

The size of u,v determines the Frequency.

-’“L,J \ X > u=0 i — i direction of waves
\\ . {:I ‘ ‘ ‘ ‘
* —= direction of waves

The spatial frequency of 1=1and j=1

2006-3-1 40
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(real) value 1




2D

, y o —j27(nk+ml)/N
ﬂ, , Base-functions are waves
£
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N

u=-2 =z

\\

u=-2, v=1

IJ ‘

u==2, w=0

/!

u==2, y=-1

Tv
QEZA

u=-1, v=2 u-D|'-.r—2 u=1, v=2 u=2, y=2

u=-1, v=1 =2, v=1
u=sq, w=0 u=1, v=0 u=2z, yv=0
u=-1, v=-1 =0 w=-1 u=1, v=-1 u=2, y=-1

/7RI IS INN

u=-2, v=-2

2006-3-1

u=-1, v=-2 u=q, fy=-2 u=1, y=-2 U=z, y=-2
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(19

29

cosInes
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N

g(x)= [ G(f)e**df G(f)=[" g(xe*™dx
G(f) a9 g(x) G(f)
G(f)=A(f)e)

AMD=I6(D . 9(x) o(f) 9g(x)

2006-3-1 44



N

1.
g(x) = '_OO G( f )ej2ﬂfxdf 2. a(x,y)
G(f)=| ge " dx 3 g«y)
Delta FT
g(Xx,y)=1lm rect(ﬁjrect(lj ~
S Pu Lt (e 3\}=6(f,, f,)

v

S{rect(ﬁ) rect(lj} =7” sinc(df, ) sin ¢(df ) I
T T

2006-3-1 ——3{g(x, y)}=lim ¢’ sinc(d, ) sinc(d, ) = 56 f,, f,)



g(X,y) = ﬂo G(f,, f,)exp|j2z(f x+ f y)lf df, =3 {G(f,. 1)}

G(f,. f,) = [[g(x. y)exp|- 27 f x+ f,y)fdxdy

flx, y)
2006-3-1 46



S

G(f)= f; g(x)e *™dx = f g(X) cos 2fxdx — jf g(X)sin 27fxdx
g(x) =g, (x)+ jg;(x)
G(f)= D: d, (X) cos 2afxdx +f:o g;(X) sin27zfxdx}

+ j[ f; g: (X) cos 2afxdx — .[: g,(x)sin 27zfxdx}
=R(f)+ JI(f)
(1) g(x) 0; (X) =0,9(X) =9, (X)

G(f)= j°° g(X) cos 27fXdX — j j‘” g(x)sin 27zfxdx
R(F) = g(x)cos2zfxdx
I(f)=~[" g(x)sin2fxdx

2006-3(T) G(f)=G=*(-1) 47



I

(2)a(x)

G(f)= [ j“; g, (X) cos 27fxdx + j“; g. (X) sin27zfxdx}

+ J|:j: g: (Xx) cos 2zfxdx — [: g,(X)sin 27zfxdx}

=R(f)+ JI(T)
G(f):zj:g(x)cosznfxdx
G(f)=G(-f)

G(f)

2006-3-1

)ax)
G(f)=-2j j:g(x) sin 27fxdx
G(-f)=-G(f)

G(f)

48



-

G(f)= U_Z d,(X)cos2afxdx + fw g (X) sin27zfxdx}

+ j[ f; d: (X) cos 2zfxdx — fw g,(X)sin 27zfxdx}

:R(f)+jl(f)I

g(x.y)

G(f,,f))

g(x.y)

G(f,,f))

2006-3-1
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Jlag(x,y) + A(x, y)j=aG(f,, f,)+ pH(f,, f,)

2006-3-1 50
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S{g(s—a,y—b)}=G(f,, f,)exp|- j2x(f.a+ f,b)]

52
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4. (Parseval)

[ leoyaxdy=[[ lacr g f arar,

Transient Functions Are Space-limited Therefore
Have Finite Energy As Represented in Either Time
or Frequency Domain

Ll) /

__»

f e

-——
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N

5, 319(X, V) *h(x, ) }=G(f,, f,,)eH(f,, f,)
g(x, y)h(x,yy g G(fx’fy) H(fxa y)

Proof:

Flf+gl f f e 2wk f(a)g (2 — 2) de de

@ f f [F—mikm’f{f} ﬁ:][e—hik{m—m’}gim _ m’}ds]

- [ [ e g }m:*] [ [ e g

@ F[f1F), ' Er—x

Convolution in One Domain Corresponds to Multiplication
in the Other Domain

Application??
2006-3-1 o




6. ( )

3fg(x.y) ® g(x.y)}=|G(L,.£,)[

Correlation of Two Signals in the Spatial Domain
Corresponds to Multiplication in the Frequency Domain
by the Complex Conjugate of One Signal

Application ??

Relative Agreement between Two Functions as
a Function of Misalignment

2006-3-1 55



SS_I {g(X, Y)} — S_IS{g(X, Y)} — g(X9 Y)

FT
)

RFT

( g(x,y)

ﬂ

‘ f

;
§

f

2006-3-1

e
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D

8 FT

g(X,¥)=g,(x)eg,(y)

Slo0oyl= [ 906 yyexsl i2a(fx+ 1, y)kixdy

= [ g,00exp(~j2f,x)dxe | g, (y)exp(-j27,y)dy
= Sx{gx}.sy{gy}

2006-3-1 57



8 Rotation Theorem

F{f(xcos@+ysin@,—xsin@+ycosh )}=
F(ucos6’+Vsin6’,—Usin6’+Vcos«9)

2006-3-1
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[F(t,, 1))l

2006-3-1 high spatial frequencies 6



Table 10-3. Properties of the two-dimensional Fourier transform

Property

Spatial Domain

Frequency Domain

Addition theorem

Similarity theorem

Shift theorem
Convolution theorem
Separable product

Differentiation

Rotation

LaPlacian

Rayleigh’s theorem

f(x.y) +g(xy)
f(ax, by)

f(x—a,y—»b)
f(x,y) *g(x.y)
f(x)g(y)

d\m( d\»

(@) ) 7o)
f(xcos @ + ysin @,
-x sin @ + y cos 0)

2 2
V2(x, ) = (25 + 25)fxy)

F(u,v) + G(u, v)

1 u v
|ab| F(?' F)
e“f Zn(au'l'bv)F(U' V)

F(u,v)G(u, v)
F(u)G(v)

(j2ru)m(j2rv)"F (u, v)

F(ucos @ + vsin 6,
~usin @ + v cos )

—4n2(u? + v2)F(u, v)

J_Z _I.: |(x, y)|? dx dy = J.:o j: |F(u, v) |2 du dv

2006-3-1
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1 RECT

2006-3-1

f(x.rI

1l

1/2

y
112 ’S/

1 x| 172,y 1/2
flx.y) = rect(x.y) = 0 otherwise

F(u,v) = sinc(u) sinc(v) = sinc(u,v)

-1
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N

1 RECT The Window Function (rect):

- 1
¢ Let rect}é{x}={1 it x| <

0 otherwise
0.5 .
Fo)= fo ™ de=3")_ginc(ro)
0.5 T
f(x) R,
X )]
-0.5 0.5
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___

2 Delta function

g(x,y)=Ilm rect(ij rect(lj =1

T—>0 T T

S{rect(i) rect(l)} = 7” sinc(d, ) sinc(f )

T T

e

9(x, y)§=limz’ sinc(, ) sinc(d, ) = 5(f,, f,)

S{l}: o( fx9 fy)

Delta
[ 50x=x0.y = yo)p(x, y)dxdy = $(X,, ¥,)
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2 Delta function: further discussion

H — fox+f —j f, *0+f, *
J‘J‘ 5()(, y)e j2m(f x+ yy)dxdyze j2z (f,*0+f,*0) ~1

3(x) * const
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4 Let f(x)=cos(27e,x)

o)= [e %( 2ty griznen | gridaex g =%[5(ﬂ?-ﬂ?u}*§(ﬂ’+mu )

R,
Real
f(x) ‘ | ‘ ‘ ‘ ‘
Mg 0y v -y @y @
0, mag

L

2006-3-1
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F{cos(27 f,t)}=

(5=, )+8(s+f,)]
F {sin (27 fot)}=%[5(3+ £ )=5(s—1f,)]

Periodic Signals at £, in spatial Domain are Impulses in
Frequency Domain

\/\/A\/ ’\/A\/A\/ & T T -k

Pls tell me the difference between cos and sin FTs
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‘ 1

If f(x) is odd, so is F(w)

G(f)= [ jfo g, (X) cos 27fxdx + f‘; g.(X) sin27zfxdx}

+ JU: 9. (X) cos2afxdx — r:o g,(x) sinznfxdx}

“R(f)+ jI(F) /

2006-3-1 G(f)=-2 jj:g(x) sin 2 7zfxdx 68



f=e™"  Flw)=e™

f(x)
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6 Comb

g(x)_—comb( )—25(x nr)=— Zexp(j27znf X)—(f, = 1)
_ T

N=—oc

(1) (2) Delta

3{1comb(5)} Z5(f——) comb(f)
T T

T N=—oc

wReriod =t periodis 1/t
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7

Recall that rect(f/T)*rect(t/T)=7TA(¢/27) . Using this result and
convolution property of the Fourier transform find the Fourier transform
of

]
B2 | =

A(X)A(Y)e e sinc’(u)sinc*(v)
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8
Equivalent to a two-dimensional with a radially
symmetric , and also called the
glu,v) = F[f(r)](u,v)
L - )
- f f F(r)e=2mius+u) do dy.
—oo J —oo
T+ iy = re®
w =+ v = q&*'ﬁ
r = rcosf wo = geosg
y =  rsing v = qsing
2006-3-1 r = V2 +y? g = Vut+ei g
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g(qj — fm fﬂf _f(f-)e—ﬂfirﬂr{m#mﬂﬁin#m#}rdrdg
0 JoO

oo el )
_ f f F(r)e2mirreos(i—6)y gp gg
0 0

o0 2w —g )
= f f fr)e 290 O g 8
0 —
oo 2 )
=f f fr)e 2™ Tes O g dg
0o Jo

_ ./:. £(r) [fﬁe—ﬂf*ﬂm-" dﬂ] rdr

o /
2006-3-1 = 2 f f(r)Jo(2mgr)r dr, 73
0
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HANKEL

~ g9(q) =2m [, h f(r)Jo(2zqr)rdr

fey=2e [ gla)h(2mariada

F(cir(r)) = Zn_[oo cir(r)d,(2zpr)dr = J,27p)
N p

‘]1
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T P
L

i

T,

L5537 | 1)
LTI
4\0]

: 3 véﬁ/;’;’;’}}“l‘%}!%(q \YY QNS ﬁ?
= ’.‘-_’ ‘ : .’ (OO AN ‘\;,. ’
= !,,,411154{%3_;!5@,&,1 RS

o A

' " re . ~' 5
4'&.&@.‘9 N X
RS e 2

A ]’ ;‘5"_‘.._. _
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)

g(x,y) G(u,v)
g(=Xx,—Yy) G(-u,-Vv)
97 (x,y) G (-u,—V)
G(x,Y) g(-u,-v)
G '(£x,tYy) g*(+u V)
g(ax,by)

|ab| (— —)

g(x =+ X,y EY,)

exp[ i27z (UX, + vy )]G (u,V)

O(XE Xy, Yyt Y,)

exp[ £i27 (ux, + vy ,)]

exp[ £i27 (ux, + vy ,)]

O(UFuy,,VvFvy

exp[ £i27 (U, + vy ()19 (X, Y)

G(uFu,,vFv,y

g(x)h(y) G (u)H (v)
g(x) G (u)s(v)

S (x,y) (i27u)*(i272v)"

g "' (x,y) (i27u)*(i22v)' G (u, V)
x“y' (—i27) "6 ®D(u,v)

Vig(x,y) —47r2(u2+v2)G(u %

[ [ gc.macin

G(u 0)

[G(O 0)d (u) + ——=]6(v)

g(x,y)*h(x,y)

G(u V)H (u,v)

g(x, y)h(x,y)

G(u,v)*H(u,v)

g(x,y)® h(x,y)

G "(u,v)H (u,v)

g(x,y) h(x,y)

G(u,v)® H (u,v)

exp[ iz (x> + y?)]

Tiexp[ Fiz(u® +v?)]

exp[ —7(x* +y7)]

exp[ —z(u? +v?)]

rect (x)rect (y)

sin c(U)sin c(V)

sin c(X)sin c(Yy)

rect (u)rect (v)

A X)) A(Y)

sin ¢*(u)sin c*(v)

76



' G(f)=]" g(xe*™dx

G(f)=]" g(xe’*dx

f=—f, ot

G(-f)=]" g(xe " "dx =G(f)

2006-3-1 77



N

g
FE{g(xy)}=F'F{a(x y)}= g(-x,-y)

SupposeF{g(x, )} =G(f,, f,), then wehave
FRg(y)=F{G(f,. )] = [[ G(f,. f,)expl-j2rr(xf, + yf, ) Kif,df,

=[[ G(*,. f ) expli2z((-x) f, +(-y) f, K, df,
— g(-X,-y)
F (g0l = [ [ 90 expli2a(i—,) + (-, ) Hady=G(-f,.~f,)
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FTF{g(x,y)} =F {G(-f,,— 1))}
= [ G(~t,,~f,)expl j2z(f,x+ f,y)]df df

_ .' .':G(_ fo.—f,)expl j272((= f)(=X)+ (=, )(=y)d(-f,)d(-f,)
=g(-%-Y)

0
FF{g(xY)}=F"F{(g(x,y)}=g(-x-Y)

2006-3-1 7



phase}

s, Original s F(X)/‘F(X



f 0,
S(f—f) o(f+f)

v
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IDFT

3 3 2 2
3 3 2 2
1

ftshift(A)

82
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_N | N_,
2 . 2

X 413 2]alol1[2]3
freshifed| o | 1 | 2 ‘ 4032 -1
Zz )I\:ZE;[—N/Z:N/Z—l] D — 8
>> Fftshift(x)

|

ans = A —- —

0 1 2 3 3 -2 50 D 83




_N N
2 2
X 41-31-21-110111213 - EZE; [-N/2:N/2-1]

fftshift(x) |0 |1 (2|3 |-4|-3]|-2]|-1

X
) T
011273 [-4]-3[2[-1ToT1]2]3-4]-3]-2[-1]0]1
< D >
D=28
|
So =—

2006-3-1 D folding frequencys4



£(x)

kK |-128 127

X |-8 7.9375

N=256;
D=16;

k=-N/2:N/2-1; 15
x = (D/N)*k; idx=Find(abs(x)<1.5);
dx = x(2)-x(1); plot(x(idx),f(idx));
T =tri(X); 1+

f(x)

dx = (1/16) =0.0625 05
AX =1/16,N =256

2006-3-1



F(S)

1.5
- _
=
05F B
0 | | |
1.5 1 0.5 Ox 0.5 1 1.5
1.5
idx=Find(abs(fx)<3);
plot(fx(idx) , Fr(idx)); 1 1 |
ir Aé:: =] =
o NAX N(D/N) D
05F N
0 @ | | e
- - 0 1 2 3
g
>> fi=imag(ft);
ft = fftshift(fft 0. >> max(abs(fi))
fx = (1/D)*Kj
fr = real (ft)*dx; ans = 7.7716e-016



A
O
\J

1
Ag, = D
— NA§0 to %
( N ): NAfo 2 2
D=
NAE, =D  or D=+/N

16: 1 Space-Bandwidth Product @ =N &



function FT(fun,D)
% function to be transformed
% N the transform point

% D the transform range

%check the number of parameters; if not 3
error

error(nargchk(2,2,nargin));
fun=fcnchk(fun);
N=D"2;

k=-N/2:N/2-1: %the number of discrete
points

X = (DIN)*k ;%the range of x position
dx =D/N; %the spacing in x direction

2006-3-1

MATLAB

% Original function operation

f=feval(fun,x); % the input function

xXrange =max(Xx);

idx=find(abs(x)<xrange);

figure(1);

subplot(3,1,1);% Draw original
function

plot(x(idx),f(idx),"k","LineWidth',2);

axis([min(x) max(x) min(f)
max(f)+0.1]);

xlabel("x");

ylabel(*f(x)");

legend('Original Function');

grid on;
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% FFT
ft = fttshift(fit(fftshift(f)));

fx = (1/D)*k ;% the spacing in spectrum

fr = real(ft)*dx;

f1 = imag(ft);
max(abs(f1));

frange= max(x);

idx = find(abs(fx)<frange);%Determin the

range to draw
subplot(3,1,2);
plot(fx(idx),fr(idx),'k','LineWidth',2);

axis([min(fx) max(fx) min(fr) max(fr)+0.1])

xlabel("\x1');
ylabel('"F(\x1)");
legend('Fourier Transform Real Part')

gI’i d 01129006—3—1

subplot(3,1,3);

1dx = find(abs(fx)<frange);
%Determin the range to draw
A = sum(f)*dx;
ftin=ft*(dx/A);
fps=ftn.*conj(ftn);

plot(fx(1dx),fps(1dx),'k','LineWidth',2);
frange=max(x);

axis([min(fx) max(fx) 0 1]);
xlabel("x1');

ylabel('"F(\x1)');

legend('Power Spectrum')

grid on;
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FT(‘rect(x)’,16)

1 o ___ o ____Y _________Y_______ e _____ I____ S S _
= Original Function
E |:|5_ ___________________ [ Lo I N . [ | A —
0 | | | | | | |
-8 B 4 2 0 2 4 4]




N

2 FFT

1 FFTW 2 FFTWND 3
RFFTW 4 RFFTWND

#include <fftwnd.h>

fftw_complex in[M][N], out[M][N] ;

fftwnd_plan p ;//[FFTWND

p=fftw2d_create plan(M, N, FFTW_FORWARD, FFTW_ESTIMATE) ;
Il

fftwnd_one(p, in, out) ;// FFT

fftwnd_destroy plan(p);//

3
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N

1 FT2D(’rect(x).*rect(y)’,d1,d2)
2
3
(
4 .m DOC
5

6 yufeithong@gmail.com
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