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The performance of a flash-lamp-pumped self-frequency-doubled Nd31:GdCa4O(BO3)3 (Nd:GdCOB) laser that
is passively Q switched with Cr41:YAG saturable absorbers is demonstrated. The maximum 0.53-mm pulse
energy obtained is 2.6 mJ, and the maximum peak intensity is 15 MW/cm2. The dependence of the pulse
characteristics on the orientation of the saturable absorber and on the cavity length is measured. Meanwhile,
the transversal distribution of the intracavity photon density is taken into account in the rate equations for an
intracavity frequency-doubled passively Q-switched laser, and the solutions are used to account for the behav-
ior of the passively Q-switched Nd:GdCOB laser. © 2001 Optical Society of America

OCIS codes: 140.3380, 140.3430, 140.3460, 140.3530, 140.3540, 140.3580.
1. INTRODUCTION
Nd31:GdCa4O(BO3)3 (Nd:GdCOB) is a new self-activating
and self-frequency-doubling (SFD) laser crystal.1–6 Com-
pared with the old SFD crystal NdxY12xAl3(BO3)4, it has
the advantages of having a high damage threshold, a high
nonlinear coefficient, and low self-absorption at the
second-harmonic wavelength and of being easy to grow to
a large size by the Czochralski technique. It has several
absorption peaks in the range 300–900 nm,1–4 and there-
fore it is suitable for Ti:sapphire pumping,1,2,5 diode
pumping,3,6 and flash-lamp pumping. Two phase-
matching directions at which the efficient self-frequency
doubling has been realized have been reported. One lies
in the XY principal plane (u 5 90°, w 5 46°),1–3,6 and the
other is out of the principal planes (u 5 66.8°, w
5 132.6°).4,5 With Ti:sapphire pumping and the phase-
matching direction lying out of the principal planes, a
225-mW 0.53-mm laser was obtained at an absorbed
pump power of 1.56 W.5 With diode pumping and the
phase-matching direction lying in the XY principal plane,
a 115-mW 0.53-mm laser was obtained at an absorbed
pump power of 1.25 W.3 By use of an acousto-optic
modulator as the Q switch inside the cavity, 0.53-mm
pulses with an energy of 8.5 mJ, a width of 300 ns, and a
repetition rate of 50 kHz were obtained.6

In this paper we report on the performance of a xenon
flash-lamp-pumped SFD Nd:GdCOB laser passively Q
switched with Cr41:YAG saturable absorbers. When the
initial transmission of the Cr41:YAG saturable absorber
is T0 5 88% and the cavity length is Le 5 48 cm,
0.53-mm pulses with an energy of 2.6 mJ and a width of
112 ns are obtained. When T0 5 88% and Le 5 24 cm,
the pulse energy is 2.1 mJ, the pulse width is 71 ns, and
the corresponding peak power and peak intensity are, re-
spectively, 29 kW and 15 MW/cm2 (the beam radius at the
0740-3224/2001/060770-10$15.00 ©
waist is 0.25 mm). The dependences of the pulse charac-
teristics on the orientation of the saturable absorber and
on the cavity length are measured and compared with
theory.

Rate equations are efficacious tools for analyzing the
performance of a Q-switched laser.7,8 By addition of a
term to represent the loss that is due to second-harmonic
generation (SHG) to the photon-density equation, the
characteristics of the fundamental-frequency and second-
harmonic pulses of intracavity frequency-doubled actively
Q-switched lasers9,10 and passively Q-switched lasers11,12

have been described. However, the rate equations men-
tioned above are obtained under a plane-wave approxima-
tion, which assumes that the intracavity photon density
and the population inversion density within the beam
cross section depend only on time and that the beam cross
section of the second harmonic is equal to that of the fun-
damental. Actually, this assumption is not properly sat-
isfied because the fundamental is a Gaussian transversal
distribution for the TEM00 mode and the beam radius of
the second harmonic is smaller than that of the funda-
mental. Recently the transversal distributions of the in-
tracavity photon density and the population inversion
density in the rate equations of actively Q-switched
lasers13 and of passively Q-switched lasers14 (not intra-
cavity frequency-doubled lasers) have been considered
and the importance of these distributions has been
shown. Therefore, for a more accurate theoretical analy-
sis of the pulses from an intracavity frequency-doubled
Q-switched laser it is desirable to consider the transver-
sal variations of the intracavity photon density and the
population inversion density in the rate equations.

In this paper we consider the transversal distributions
of the intracavity photon density and the population in-
version density in the rate equations of intracavity
frequency-doubled passively Q-switched lasers, and use
2001 Optical Society of America
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the solutions to account for the behavior of the passively
Q-switched Nd:GdCOB laser. In deriving the rate equa-
tions we first consider a general intracavity frequency-
doubled passively Q-switched laser and then simplify the
equations according to the specific properties of the laser
with a view to making the resultant rate equations
broadly usable.

2. EXPERIMENT AND RESULTS
The experimental setup is shown schematically in Fig. 1.
The resonator is a concave–concave cavity. Both of the
concave mirrors have a 150-cm radius of curvature, and
both are coated for high reflectance at 1.06 mm and high
transmission at 0.53 mm. The Nd:GdCOB crystal
(3 mm 3 3 mm 3 22 mm) is cut for type I phase
matching at u 5 66.8° and w 5 132.6° and is antireflec-
tion coated at both 1.06 and 0.53 mm on its two flat ends.
It is pumped by a pulsed xenon flash lamp with an effec-
tive length of 40 mm, and the laser head is located in the
center of the cavity. The Cr41:YAG saturable absorber,
antireflection coated at 1.06 mm, is placed close to cavity
mirror M1, and the laser light propagates along the [001]
crystallographic axis.15 Two Cr41:YAG saturable absorb-
ers with initial transmissions of 88% and 91%, are used in
the experiment. Two filters are used to block the re-
sidual 1.06-mm laser that escapes from the cavity mirrors
whose reflectivities at this wavelength are not exactly
100%, and an MRD500 PIN detector (0.5-ns response
time, Institute of Semiconductors, Chinese Academy of
Sciences) and a Tektronix TDS620B digital oscilloscope
(500-MHz bandwidth) are used to receive and display the
pulses. The pulse energy is measured with two LPE-1B
energy meters (Institute of Semiconductors, Chinese
Academy of Sciences).

The pump pulse duration is ;90 ms. The threshold
pump energies that correspond to the two Cr41:YAG satu-
rable absorbers are 8.0 and 6.3 J. In the experiment we
set the pump energies slightly higher than the threshold
pump energies (8.6 and 6.8 J), and thus only one
Q-switched pulse is generated in each pump pulse.

The 0.53-mm pulses and the residual 1.06-mm pulses
are found to be strongly linearly polarized and orthogonal
to each other. When the Cr41:YAG saturable absorber
rotates on the laser axis (i.e., the [001] crystallographic
axis of the saturable absorber), the polarization directions
of the pulses of the two wavelengths remain unchanged.
This shows that the polarization directions of the oscillat-
ing fundamental and the second harmonic are determined
by the Nd:GdCOB crystal.

For a given cavity length Le and a given saturable-
absorber initial transmission T0 , when the Cr41:YAG
saturable absorber rotates on the laser axis the 0.53-mm
pulse energy and width also change. The maximum
pulse energy is obtained when the polarization direction
of the fundamental is coincident with the [010] crystallo-
graphic axis of the saturable absorber. Figures 2 and 3
show the variations in pulse energy and width with rota-
tion angle d for Le 5 36 cm and T0 5 88% and T0
5 91%, respectively, where d is measured with respect to
the orientation for generating the maximum pulse energy
and pulse energy means the total energy received by en-
ergy meters EM1 and EM2.
The 0.53-mm pulse energy and width also depend on
cavity length Le . Figures 4 and 5 show the variations of
pulse energy and pulse width with Le when the saturable
absorbers are in their optimal orientation. In Figs. 2–5
the filled circles are the experimental results and the
solid curves are the theoretical results, which we explain
in detail in Section 3 below. Figure 6 is a typical 0.53-mm
pulse obtained when T0 5 88% and Le 5 36 cm.

Fig. 1. Schematic of the experimental setup: M1, M2, cavity
mirrors; Cr, Cr41:YAG saturable absorber; Nd, Nd:GdCOB crys-
tal; Xe, xenon flash lamp; F1, F2, filters; BS, beam splitter; EM1,
EM2, energy meters; D, detector; O, oscilloscope.

Fig. 2. Relation between the pulse energy and the rotation
angle d of the saturable absorber for cavity length Le 5 36 cm; d
is measured with respect to the orientation for generating the
maximum pulse energy. Filled circles, experimental results;
curves, theoretical results: (a) the initial transmission of the
saturable absorber, T0 5 88%, and (b) T0 5 91%.

Fig. 3. Relation between the pulse width and the rotation angle
d of the saturable absorber for Le 5 36 cm. Filled circles, ex-
perimental results; curves, theoretical results: (a) T0 5 88%,
(b) T0 5 91%.
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Because only one Q-switched pulse is generated in each
pump pulse, the repetition rate of the Q-switched pulses
is equal to that of the pump pulses, which can be 1, 2, 5,
or 10 Hz. The above results are obtained for a repetition
rate of 1 Hz. When the repetition rate becomes higher,

Fig. 4. Relation between pulse energy and cavity length Le .
Filled circles, experimental results; curves, theoretical results:
(a) T0 5 88%, (b) T0 5 91%.

Fig. 5. Relation between pulse width and cavity length Le .
Filled circles, experimental results; curves, theoretical results:
(a) T0 5 88%, (b) T0 5 91%.

Fig. 6. Typical pulse obtained for T0 5 88% and Le 5 36 cm.
the 0.53-mm pulse energy becomes slightly smaller and
the pulse width becomes slightly larger.

When T0 5 88% and Le 5 48 cm and the saturable ab-
sorber is in its optimal orientation, we obtain 0.53-mm
pulses with an energy of 2.6 mJ and a pulse width of 112
ns. When T0 5 88% and Le 5 24 cm, the pulse energy is
2.1 mJ, the pulse width is 71 ns, and the corresponding
peak power and peak intensity are, respectively, 29 kW
and 15 MW/cm2 (the beam radius at the waist is 0.25
mm).

When there is no Cr41:YAG saturable absorber in the
cavity at the pump energy of 8.6 J, the 0.53-mm light en-
ergy is 0.3 mJ, and the time range of the spikes is 50 ms,
the corresponding laser intensity is 3.1 kW/cm2. The
0.53-mm pulse peak intensity of the passively Q-switched
SFD Nd:GdCOB laser is 4.8 3 103 times larger than that
of the free-running laser under the same pumping condi-
tions. Obviously this increase is attributable to the high
peak intensity of the Q-switched 1.06-mm pulses, for the
1.06–0.53 mm conversion efficiency increases with the
1.06-mm laser peak intensity.

3. THEORETICAL ANALYSIS AND
DISCUSSION
A. Loss Rate of the Fundamental Caused by Second-
Harmonic Generation
When a laser beam with an intensity IF(r, t) (where r is
the radial coordinate and t is the time) passes through a
nonlinear crystal with length ln , the second-harmonic
(SH) intensity ISH(r, t) can be written as16

ISH~r, t ! 5 IF~r, t !tanh2@h1/2IF
1/2~r, t !#, (1)

where h is a parameter to mark the ability of the nonlin-
ear crystal to convert the fundamental to the SH, which
can be written as

h 5 2ln
2v2deff

2S m0

ere0
D 3/2 sin2~lnDk/2!

~lnDk/2!2 , (2)

where v is the frequency of the fundamental, deff @A s/V 2#
is the effective nonlinear coefficient of the nonlinear crys-
tal, m0 and e0 are the permeability and permittivity of
free space, respectively, er is the relative permittivity of
the nonlinear crystal, and Dk is the phase mismatch.

For a laser operating in the TEM00 mode, the intracav-
ity photon density f(r, t) (in free space) can be written as

f~r, t ! 5 f~0, t !expS 2
2r2

vL
2D , (3)

where f(0, t) is the photon density in the laser axis and
vL is the laser mode radius, which, as determined mainly
by the geometry of the resonator, may be a function of the
longitudinal coordinate z. If so, vL in Eq. (3) means the
laser mode radius at the position of the gain medium and
f(r, t) means the equivalent photon density in free space
at the position of the gain medium (the actual photon den-
sity in the gain medium is rg times as much as that in
free space at the same position, where rg is the refractive
index of the gain medium). As in other treatments,7–14

the standing-wave effects are ignored; that is to say,
*0

` f(r, t)2prdr can be considered to be independent of z.
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Considering that the Q-switched pulse width is long
compared with the round-trip time of the cavity and that
the fundamental propagates in two opposite directions in
the cavity, the relation between the intracavity photon
density f(r, t) and the unidirectional intensity of the fun-
damental IF(r, t) can be written as

IF~r, t ! 5 chvf~r, t !/2, (4)

where c is the speed of light in vacuum and hv is the pho-
ton energy of the fundamental.

By using Eqs. (1) and (4) we can write the total round-
trip power of the SH as

PSH~t ! 5 2E
0

`

ISH~r, t !2prdr

5 chv E
0

`

f~r, t !

3 tanh2@h1/2~chv/2!1/2f1/2~r, t !#2prdr. (5)

As PSH(t) is converted from the fundamental, the loss
rate of the fundamental-frequency photon density caused
by SHG, df(r, t)/dtuSHG , satisfies the following relation:

PSH~t ! 5 hvl8 E
0

` df~r, t !

dt
U

SHG

2prdr, (6)

where l8 is the optical length of the cavity.
By using Eqs. (5) and (6) we obtain

E
0

` df~r, t !

dt
U

SHG

2prdr

5 E
0

` 2f~r, t !

tr
tanh2@h1/2~chv/2!1/2f1/2~r, t !#2prdr, (7)

where tr is the round-trip transit time of light in the cav-
ity, which can be written as

tr 5
2~rgl 1 rsls 1 Le 2 l 2 ls!

c
, (8)

where Le , l, and ls are, respectively, the lengths of the
cavity, the gain medium, and the saturable absorber and
rg and rs are, respectively, the refractive indices of the
gain medium and of the saturable absorber.

B. General Rate Equations
By adding a term representing the loss of the
fundamental-frequency photon density caused by SHG
into the rate equations in Ref. 14 and considering the
transmission anisotropy in the saturation regime of the
saturable absorber,18–21 we obtain the following rate
equations for intracavity frequency-doubled passively
Q-switched lasers:
E
0

` df~r, t !

dt
2prdr

5 E
0

` f~r, t !

tr
@2sn~r, t !l 2 ln~1/R ! 2 L#2prdr

2 cos2 z E
0

` f~r, t !

tr
$2sgsansg

~1 !~r, t !ls

1 2sesa@ns0 2 nsg
~1 !~r, t !#ls%2prdr

2 sin2 z E
0

` f~r, t !

tr
$2sgsansg

~2 !~r, t !ls 1 2sesa

3 @ns0 2 nsg
~2 !~r, t !#ls%2prdr

2 E
0

` 2f~r, t !

tr
tanh2@h1/2~chv/2!1/2f1/2~r, t !#2prdr,

(9)

dn~r, t !

dt
5 2gscf~r, t !n~r, t !, (10)

dnsg
~1 !~r, t !

dt
5 2

Sg

Ss
sgsacf~r, t !nsg

~1 !~r, t !cos2 z, (11)

dnsg
~2 !~r, t !

dt
5 2

Sg

Ss
sgsacf~r, t !nsg

~2 !~r, t !sin2 z, (12)

where n(r, t) is the population inversion density;
nsg

(1)(r, t) and nsg
(2)(r, t) are the ground-state population

densities of the Cr41 groups [010] and [100], respectively;
ns0 is the total population density of the Cr41 in one
group; s is the stimulated-emission cross section of the
gain medium; sgsa and sesa are, respectively, the ground-
state and excited-state absorption cross sections of the
saturable absorber; z is the angle between the polariza-
tion of the fundamental determined by the Nd:GdCOB
crystal and the Cr41:YAG [010] crystallographic axis
(z 5 2d); R is the product of the reflectivities of the two
cavity mirrors at the fundamental frequency (which is not
exactly 100%); L is the remaining round-trip dissipative
optical loss; Sg and Ss are, respectively, the beam cross-
sectional areas of the fundamental in the gain medium
and in the saturable absorber; and g is the inversion re-
duction factor, which actually corresponds to the net re-
duction in the population inversion that results from the
stimulated emission of a single photon.

Equations (9)–(12) are valid for an arbitrary intracav-
ity frequency-doubled passively Q-switched laser when
the second harmonic is coupled out in two opposite direc-
tions. If there is a difference between the beam cross sec-
tions of the fundamental in the gain medium and in the
nonlinear crystal, f(r, t) in the last term on the right-
hand side of Eq. (9) should be changed to
(Sg /Sn)f(0,t)exp(22r2 Sg /vL

2Sn), where Sg /Sn is the ra-
tio of the beam cross section of the fundamental in the
gain medium to that in the nonlinear crystal. If the laser
is end pumped by another laser (for example, by a LD or a
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Ti:sapphire laser), the initial population inversion density
n(r, 0) can be assumed to be a Gaussian transversal
distribution.13,14 If the laser is side pumped by LDs or
by a flash lamp it is reasonable to consider n(r,0) to be
uniform, which corresponds to the case of a Gaussian
transversal distribution with the pump size approaching
infinity. Before the laser action begins, all the saturable-
absorber population is situated in the ground state. So
the initial value of the ground-state population densities
of the saturable absorber nsg

(1)(r, t) and nsg
(2)(r, t) can be

considered to be ns0 . The initial photons come from
spontaneous-emission noise. When the rate equations
are solved numerically, f(r, 0) can be set at a value much
smaller than the peak value of the photon density
fm(r, t) [for example, f(r, 0) 5 1024 fm(r, t)]. If
f(r, 0) is even smaller, the pulse buildup time will be-
come longer but the pulse energy and the pulse width will
not change.14 Therefore the initial conditions for intra-
cavity frequency-doubled passively Q-switched lasers are
as follows:

nsg
~1 !~r, 0 ! 5 nsg

~2 !~r, 0 ! 5 ns0 , (13)

f~r, 0 ! ' 1024 fm~r, t !, (14)

n~r, 0 ! 5 n~0, 0 !expS 2
2r2

vp
2D , (15)

where vp is the average radius of the pump beam in the
gain medium and n(0,0) is the initial population inver-
sion density in the laser axis. Inasmuch as laser action
begins at the moment that the population inversion den-
sity crosses the initial threshold value in a passively
Q-switched laser, by substituting Eqs. (3), (10)–(13), and
(15) into Eq. (9) and setting *0

`@df(r, t)/dt#2prdr 5 0
and t 5 0, we can determine the initial population inver-
sion density in the laser axis n(0, 0):

n~0, 0 ! 5
ln~1/R ! 1 2sgsans0ls 1 L

2sl S 1 1
vL

2

vp
2 D . (16)

C. Rate Equations with Low Second-Harmonic
Generation Conversion Efficiency and Optimal
Orientation of the Saturable Absorber
In most situations the saturable absorber should be in its
optimal orientation and the SHG conversion efficiency be-
longs to the low regime. [This means that the single-
pass SHG conversion efficiency ISH(r, t)/IF(r, t) is less
than 20%.] Theoretically, the optimal orientation of the
saturable absorber corresponds to z 5 0, p/2, p, 3p/2.
When the single-pass SHG conversion efficiency
ISH(r, t)/IF(r, t) is less than 20%, Eq. (1) and the last
term on the right-hand side of Eq. (9), respectively, can be
approximated by

ISH~r, t ! ' hIF
2~r, t !, (17)

E
0

` 2f~r, t !

tr
tanh2@h1/2~chv/2!1/2f1/2~r, t !#2prdr

' E
0

` chvh

tr
f2~r, t !2prdr, (18)
Thus, when the saturable absorber is in its optimal orien-
tation (with z 5 0) and the SHG conversion efficiency be-
longs to the low regime, Eqs. (9) and (11) can be simplified
as

E
0

` df~r, t !

dt
2prdr

5 E
0

` f~r, t !

tr
@2sn~r, t !l 2 ln~1/R ! 2 L#2prdr

2 E
0

` f~r, t !

tr
$2sgsansg

~1 !~r, t !ls 1 2sesa

3 @ns0 2 nsg
~1 !~r, t !#ls%2prdr

2 E
0

` chvh

tr
f2~r, t !2prdr, (19)

dnsg
~1 !~r, t !

dt
5 2

Sg

Ss
sgsacf~r, t !nsg

~1 !~r, t !. (20)

Equations (19), (20), and (10), as well as the initial condi-
tions of expressions (13)–(16), constitute the rate equa-
tions for the intracavity frequency-doubled passively
Q-switched laser with low SHG conversion efficiency and
optimal orientation of the saturable absorber.

In Ref. 14 it was shown that the general solutions of
the rate equations for a passively Q-switched laser (not
an intracavity frequency-doubled laser) depend on three
synthetic parameters and that one can estimate the pulse
characteristics of an arbitrary passively Q-switched laser
by substituting the specific parameters of the laser into
the general solutions. Now we treat Eqs. (19), (20), and
(10) as well as the initial conditions of expressions (13)–
(16) in the same way as was done in Ref. 14. The steps
are as follows: First, we obtain the relation between
n(r, t) and f(r, t) and the relation between nsg

(1)(r, t)
and f(r, t) by substituting Eqs. (3), (13), (15), and (16)
into Eqs. (10) and (20). Second, by substituting these
two relations into Eq. (19), we obtain the basic differential
equation that describes f(0, t) as a function of t. Third,
by normalizing some parameters and substituting the
normalized parameters into the equation that describes
df(0, t)/dt, we obtain the differential equation that de-
scribes the normalized photon density versus the normal-
ized time. Then we obtain the following equation:

dF~0, t!

dt
5 F~0, t!E

0

1

exp@2A~t!yb#dy

2 S 1 2
1

N DF~0, t!
1 2 exp@2aA~t!#

aA~t!

2
F~0, t!

N
2 hSHGF2~0, t!, (21)

where t is the normalized time and F(0, t) is the normal-
ized photon density in the laser axis; t, F(0, t), A(t), b, a,
N, and hSHG are as follows:
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t 5
t

tr
F lnS 1

R D 1 lnS 1

T0
2D 1 LG , (22)

F~0, t! 5 f~0, t!
2gsl8

lnS 1

R D 1 lnS 1

T0
2D 1 L

, (23)

A~t! 5 E
0

t

F~0, t!dt, (24)

b 5
1

1 1 ~vL /vp!2 , (25)

a 5
sgsaSg

gsSs
, (26)

N 5

lnS 1

R D 1 lnS 1

T0
2D 1 L

lnS 1

R D 1 S sesa

sgsa
D lnS 1

T0
2D 1 L

, (27)

hSHG 5
hvh

2sgtr
, (28)

where T0 is the initial transmission of the saturable ab-
sorber; i.e.,

T0 5 exp~2sgsans0ls!. (29)

Equation (21) is just the basic differential equation
that describes the normalized photon density in the laser
axis versus the normalized time. It is suitable for intra-
cavity frequency-doubled passively Q-switched lasers
with low SHG conversion efficiency and optimal orienta-
tion of the saturable absorber. For the xenon flash-lamp-
pumped passively Q-switched SFD Nd:GdCOB laser, the
SHG conversion efficiency belongs to the low regime (see
the analysis that follows). The solutions of Eq. (21) de-
pend on four synthetic parameters: b, a, N, and hSHG .
b is related to vp /vL [seen in Eq. (25)]. a is a mark that
indicates how easily the saturable absorber is bleached.
The larger a is, the more easily the saturable absorber is
bleached.14,22,23 N is the ratio of the initial population in-
version density to the threshold population inversion den-
sity in the case of a → `.14 The product of hSHG and
F2(0, t) is the SHG-caused loss rate of the normalized
photon density in the laser axis F(0, t) with respect to
normalized time t. Considering that h is a parameter to
mark the ability of the nonlinear crystal to convert the
fundamental to the SH and that the normalizing factor of
t is proportional to tr [shown in Eq. (22)], it is easy to un-
derstand that hSHG is directly proportional to h and in-
versely proportional to tr .

D. Comparison of Theoretical and Experimental
Results; Discussion
a is determined mainly by the ratio of the saturable-
absorber ground-state absorption cross section to the
gain-medium stimulated-emission cross section [shown in
Eq. (26)]. The ground-state and excited-state absorption
cross sections of Cr41:YAG saturable absorbers, sgsa and
sesa , have been measured by many authors,18–20,24–27 and
the reported values scatter in a broad range. Maybe the
Cr41:YAG saturable absorbers from different producers
have some differences in sgsa and sesa because of some dif-
ferences in the growing conditions. Nevertheless, most
of the reported values of sgsa are of the same order of
magnitude (10218 cm2). Our measurement result is
4.3 3 10218 cm2,24 situated in the middle of the reported
values. The stimulated-emission cross sections of the
Nd:GdCOB crystal with the fundamental-frequency emis-
sion polarizing along crystallophysic axes X, Y, and Z are
measured to be, respectively, sX 5 4.2 3 10220 cm2,
sY 5 2.1 3 10220 cm2, and sZ 5 1.9 3 10220 cm2.1,3 For
Nd:GdCOB crystal cut at u 5 66.8° and w 5 132.6°, the
polarization of the fundamental-frequency emission is not
parallel to any of the three principal axes. But it is rea-
sonable to consider that the stimulated-emission cross
section s is not far from sX , sY , and sZ . Thus the ratio
of sgsa to s will be of the order of 100. Considering that
inversion reduction factor g and Sg /Ss are not far from 1,
the value of a for the Cr41:YAG passively Q-switched SFD
Nd:GdCOB laser is also of the order of 100. For a pas-
sively Q-switched laser, when a is larger than 10, the
situation is close to that when a → `.14,22,23 Therefore,
for the Cr41:YAG passively Q-switched SFD Nd:GdCOB
laser we can set a → ` when Eq. (21) is solved numeri-
cally.

Because the Nd:GdCOB laser is pumped by a flash
lamp, the initial population inversion density can be con-
sidered to be uniform. This is equivalent to the Gaussian
transversal distribution when vp /vL → ` (i.e., b → 1),
and the integral in the first term on the right-hand side of
Eq. (21) can be calculated. Thus the equation that de-
scribes the operation of the flash-lamp-pumped Cr41:YAG
passively Q-switched SFD Nd:GdCOB laser is simplified
as

dF~0, t!

dt
5 F~0, t!

1 2 exp@2A~t!#

A~t!

2
F~0, t!

N
2 hSHGF2~0, t!. (30)

Of course Eq. (30) is also suitable for other flash-lamp-
pumped passively Q-switched lasers with large a, low
SHG conversion efficiency, and optimal orientation of the
saturable absorber. The solutions of Eq. (30) depends on
only two synthetic parameters: N and hSHG . By solving
Eq. (30) numerically we can obtain the relation between
F(0, t) and t and the relation between F2(0, t) and t for
various values of N and hSHG . From the relation be-
tween F2(0, t) and t we can obtain DtSH and eSH , where
DtSH is the width (FWHM) of F2(0, t) and eSH is the prod-
uct of hSHG and the integral of F2(0, t) over t from zero to
infinity; i.e.,

eSH 5 hSHG E
0

`

F2~0, t!dt. (31)

The instantaneous output power PSHout(t) and the out-
put pulse energy ESHout of the SH can be written as
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PSHout~t! 5 houthvl8 E
0

` df~r, t !

dt
U

SHG

2prdr

5
pvL

2

8
houth~chv !2f2~0, t !

5
pvL

2hv

4sgtr
F lnS 1

R D 1 lnS 1

T0
2D 1 LG2

3 houthSHGF2~0, t!, (32)

ESHout 5 E
0

`

PSHout~t !dt

5
pvL

2

8
houth~chv !2 E

0

`

f2~0, t !dt

5
pvL

2hv

4sg
F lnS 1

R D 1 lnS 1

T0
2D 1 LG

3 houteSH , (33)

where hout is a factor that represents the ratio of output
power to the total power generated by SHG. Because the
instantaneous output power of the SH is proportional to
F2(0, t), its pulse width WSH can be written as

WSH 5
trDtSH

lnS 1

R D 1 lnS 1

T0
2D 1 L

. (34)

Figures 7 and 8 show, respectively, the variations of
eSH and DtSH as functions of N for several values of hSHG .
Figures 9 and 10 show, respectively, the variations of eSH
and DtSH as functions of hSHG for various values of N. As
can be seen from Figs. 7 and 9, for a given hSHG , eSH in-
creases monotonically with increasing N. For a given N,
eSH increases monotonically with increasing hSHG , and
the derivative of eSH with respect to hSHG decreases mono-
tonically with increasing hSHG ; i.e., eSH approaches a cer-
tain value when hSHG becomes large enough. As can be
seen from Figs. 8 and 10, for a given hSHG , DtSH initially

Fig. 7. Relation between eSH and N for several values of hSHG :
(a) hSHG 5 10, (b) hSHG 5 5, (c) hSGH 5 2, (d) hSHG 5 1, (e)
hSHG 5 0.5, (f) hSHG 5 0.2, (g) hSHG 5 0.1, (h) hSHG 5 0.05, (i)
hSHG 5 0.02, (j) hSHG 5 0.01. (a)–(c) nearly overlap.
decreases steeply to a minimum value and then increases
slightly with increasing N; and the larger hSHG is, the
larger N0 is, where N0 is the value of N at which DtSH
reaches its minimum value. For a given N, DtSH initially
decreases to a minimum value and then increases with in-

Fig. 8. Relation between DtSH and N for several values of hSHG :
(a) hSHG 5 10, (b) hSHG 5 5, (c) hSHG 5 2, (d) hSHG 5 1, (e)
hSHG 5 0.5, (f) hSHG 5 0.2, (g) hSHG 5 0.1, (h) hSHG 5 0.05, (i)
hSHG 5 0.02, (j) hSHG 5 0.01.

Fig. 9. Relation between eSH and hSHG for four values of N: (a)
N 5 5, (b) N 5 4, (c) N 5 3, (d) N 5 2.

Fig. 10. Relation between DtSH and hSHG for several values of
N: (a) N 5 5, (b) N 5 4, (c) N 5 3, (d) N 5 2.
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creasing hSHG ; and the larger N is, the larger hSHG0 is,
where hSHG0 is the value of hSHG at which DtSH reaches
its minimum value.

Because the Cr41:YAG saturable absorber has strong
absorption for a 0.53-mm beam,28,29 the 0.53-mm light
passing through the Cr41:YAG saturable absorber is
mostly all absorbed and the 0.53-mm output consists
mainly of the light propagating toward the other direc-
tion. When the saturable absorber with T0 5 88% is
used, its transmission at 0.53 mm is only 37%, and hout is
estimated to be 68%. When T0 5 91%, the transmission
of the saturable absorber at 0.53 mm is 47%, and hout is
estimated to be 73%.

Substituting sgsa 5 4.3 3 10218 cm2, sesa 5 8.2
3 10219 cm2,24 R 5 0.4%, and L 5 3.8% into Eq. (27),
we obtain N 5 3.3 for T0 5 88% and N 5 3.0 for
T0 5 91%.

The value of hSHG for the passively Q-switched SFD
Nd:GdCOB laser is relatively difficult to obtain. The rea-
sons are as follows: First, although the Nd:GdCOB crys-
tal is placed at the center of the cavity, because of the
thermal effect in the gain medium induced by the pump-
ing the propagating direction of the light for r Þ 0 is not
exactly parallel to the laser axis, and this will generate a
phase mismatch. Second, the phase mismatch generated
by the misalignment during the cutting of crystal is diffi-
cult to estimate. Third, owing to the walk-off effect, the
effective length of the nonlinear crystal should be less
than its real length, and this effective length for the
Nd:GdCOB crystal is difficult to estimate.

It can be seen from Eq. (34) that WSH depends only on
hSHG for given tr , R, T0 , L, and N (these parameters are
known), so we use WSH in the case of T0 5 88% to deter-
mine hSHG 5 hvh/(2sgtr). When Le 5 36 cm,WSH is 91
ns. By using Eq. (34) and the data mentioned above we
obtain DtSH 5 10.8. By solving Eq. (30) we obtain a
value of hvh/(2sg) that corresponds to DtSH 5 10.8 of
12.8 ns. When Le has other values, the value of
hvh/(2sg) obtained is 11.8–14.1 ns, and the average
value is 13.1 ns. Thus the value of hSHG for various val-
ues of tr can be written as

hSHG 5
hvh

2sgtr
5

13.1

tr
, (35)

where tr is in nanoseconds. When Le is 24–48 cm, the
value of hSHG is 7.6–4.0. Even when hSHG 5 10 and N
5 3.3, the peak value of the normalized photon density in
the laser axis, Fm , is 0.0568. From expressions (4), (17),
(23), and (28), we obtain ISH(0, tm)/IF(0, tm)
5 hSHGFm@ln(1/R) 1 ln(1/T0

2) 1 L# 5 0.17, which is
less than 0.2, where ISH(0, tm) is the intracavity peak in-
tensity of the unidirectional SH in the laser axis and
IF(0, tm) is the corresponding intensity of the fundamen-
tal. For other values of r and t, ISH(r, t)/IF(r, t) is
smaller than ISH(0, tm)/IF(0, tm). Therefore Figs. 7–10
are suitable for describing a Cr41:YAG passively
Q-switched SFD Nd:GdCOB laser.

When cavity length Le is changed while the other ex-
perimental conditions are fixed, the value of hSHG and the
radius of the beam at the gain medium are also changed.
hSHG is changed according to Eqs. (8) and (35), and the
beam radius is changed according to the following rela-
tion:

vL
4 5 S l

p
D 2 ~l8/2!~2 f !2~Re 2 l8/2!

~2 f 2 l8/2!~Re 1 2 f 2 l8/2!
, (36)

where l is the wavelength of the fundamental, Re is the
radius of curvature of the two cavity mirrors, and f is the
equivalent focal length of the thermal lens in the Nd:Gd-
COB crystal induced by pumping. We calculate the
value of f by using the parameters of the resonator and
the measured beam size and divergence of the fundamen-
tal, and f depends on the pump energy. When T0
5 88%, the pump pulse energy is 8.6 J and f is 2.5 m.
When T0 5 91%, the pump pulse energy is 6.8 J and f is
3.2 m.

To calculate the pulse energy we need to know the
product of s and g [shown by Eq. (33)]. Because all the
other parameters for calculating the pulse energy have
been obtained, we use the experimental results of the
pulse energy in the case of T0 5 88% to determine sg.
When Le 5 36 cm, eSH is 0.779 and ESHout is 2.43 mJ.
According to Eq. (33), sg is determined to be 1.42
3 10220 cm2. When Le has other values, the value of sg
obtained is 1.38 3 10220 to 1.51 3 10220 cm2, and the av-
erage value is 1.44 3 10220 cm2.

The solid curves in Fig. 4 are obtained from sg
5 1.44 3 10220 cm2, the relations shown in Figs. 7 and 9,
and Eqs. (33), (35), and (36). It can be seen from Fig. 4
that the pulse energy increases slightly with Le . The
reasons are that eSH remains nearly constant when hSHG
is 7.6–4.0 for a given N (Figs. 7 and 9) and that vL in-
creases slightly with Le when Le is 24–48 cm. The solid
curves in Fig. 5 are obtained from Eqs. (34) and (35) and
the relations shown in Figs. 8 and 10. Because the
curves in Figs. 8 and 10 are obtained when a → `, the
pulse width is independent of g, s, and the beam radius.

To account for the dependence of the pulse energy and
width on d, we must use the rate equations including the
anisotropy of the saturation process of the saturable ab-
sorber, which are not so easy to simplify as Eqs. (19), (20),
and (10) can be simplified into Eq. (21). The solid curves
in Figs. 2 and 3 are obtained by solution of expressions
(9)–(12) numerically. In solving these equations we use
sg 5 1.44 3 10220 cm2 and h 5 2.02 3 1029 cm2 W21

[which is obtained from Eq. (35)]. The other necessary
parameters include Sg /Sn 5 1, ns0 5 4.51
3 1017 cm23,24 ls 5 0.66 mm (for T0 5 88%), ls
5 0.49 mm (for T0 5 91%), 2s ln(0, 0) 5 0.30 (for
T0 5 88%), and 2s ln(0, 0) 5 0.23 [for T0 5 91%,
2s ln(0, 0) can be used as one parameter in solving the
equations].

It can be seen from Figs. 2–5 that the theoretical re-
sults are in fair agreement with the experimental results.
It can also be seen from Figs. 4 and 5 that there are some
differences between the theoretical results and the ex-
perimental results when Le is relatively large. The rea-
sons may be as follows: First, in the theoretical analysis,
the relaxation time with which the Cr41 that has been ex-
cited to a higher level by excited-state absorption relaxes
to the first excited state is assumed to be infinitely small
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and the population is assumed to be situated in either the
ground state or the first excited state. Actually this re-
laxation time is of the order of 100 ps.25 When the int-
racavity 1.06-mm intensity is high enough, the higher
level above the first excited state can also be populated.
The absorption transition and the relaxation between the
first excited state and the higher level lead to modulation
of Q-switched laser pulse. The time interval between
two successive modulation pulses is equal to the round-
trip transit time of the light in the cavity. The actual
Q-switched pulse seems to be the overlap of the
Q-switched pulse and small mode-locked pulses (shown in
Fig. 6). This modulation consumes some of the inversion
population and makes the pulse energy be less than the
expected value. Second, L should increase slightly with
the cavity length, which we did not consider in the theo-
retical analysis.

4. CONCLUSION
We have demonstrated the performance of a flash-lamp-
pumped passively Q-switched SFD Nd:GdCOB laser with
Cr41:YAG saturable absorbers. When the initial trans-
mission of the Cr41:YAG saturable absorber is 88% and
the cavity length is 48 cm, 0.53-mm pulses with an energy
of 2.6 mJ and a width of 112 ns are obtained. When T0
5 88% and Le 5 24 cm, the pulse energy is 2.1 mJ, the
pulse width is 71 ns, and the corresponding peak power
and peak intensity are 29 kW and 15 MW/cm2, respec-
tively. Because the Cr41:YAG saturable absorber has a
low transmission at the SH wavelength,28,29 it constitutes
a large loss to the SH. If a mirror that is coated for high
reflection at the SH wavelength and for high transmission
at the fundamental wavelength is placed between the
SFD crystal and the saturable absorber such that the SH
does not pass through the saturable absorber, a larger SH
pulse energy is expected to be obtained.

Theoretically, we have taken the transversal distribu-
tion of the intracavity photon density into account in the
rate equations for an intracavity frequency-doubled pas-
sively Q-switched laser, and we used the solutions to ac-
count for the behavior of the passively Q-switched Nd:Gd-
COB laser. Equations (9)–(12), as well as the initial
conditions of expressions (13)–(16), are suitable for an ar-
bitrary intracavity-frequency-doubled passively
Q-switched laser when the SH is coupled out in two oppo-
site directions. When the saturable absorber is in its op-
timal orientation and the SHG conversion efficiency is in
the low regime, Eqs. (19), (20), and (10), as well as the ini-
tial conditions of expressions (13)–(16), constitute the
rate equations. We have shown by normalizing the re-
lated parameters that the general solutions depend on
four synthetic dimensionless parameters: b, a, N, and
hSHG , and the dependence is determined by Eq. (21).
Equation (30), as well as the curves in Figs. 7–10, is suit-
able for flash-lamp-pumped intracavity frequency-
doubled passively Q-switched lasers with large a, low
SHG conversion efficiency, and optimal orientation of the
saturable absorber. We do not believe that all possible
applications of these space-dependent rate equations
have been fully explored in this paper. We believe that
there are potential applications in the analysis of LD-
pumped intracavity frequency-doubled passively
Q-switched lasers30–32 because these rate equations can
be used for analysis of the dependence of the pulse char-
acteristics on vp /vL (or b).
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