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Abstract

A theoretical model for passively mode-locked lasers is presented, in which the higher-order effects, such as third-
order dispersion, nonlinear dispersion, and self-frequency shift arising from stimulated Raman scattering, and a fast
as well as a slow saburable absorber responses are taken into account. An exact soliton-like solution is obtained under
a definite parameter conditions and its stability is also analyzed numerically under small perturbations in amplitude,
chirp and white noise. The results indicate that the pulses can be stable under a finite perturbation and become identical
to the exact solution after a distance of evolution. In addition, we have also found that a quite arbitrary initial Gaussian
pulse can converge to the exact solution after a distance of evolution.
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1. Introduction

Passively mode-locked solid-state lasers for
short pulse applications experience a renaissance
with the invention of the semiconductor saturable
absorber mirror (SESAM) [1] and have been fur-
ther investigated experimentally [2-5] and theoret-
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ically [6-10]. Recent reports of ultrashort pulse
solid-state lasers present that passively mode-
locked techniques have led to the capability to
generate pulses in the sub-10 fs regime [11-14].
Ultrashort pulse generation in solid-state laser sys-
tem makes use of a variety of schemes, where the
use of a SESAM has been recognized as a practical
way to obtain stable femtosecond pulses in
cw-pumped self-starting lasers [3,4]. The uses of
semiconductor as saturable absorber are attractive
because they are inexpensive and compact; the
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important operation parameters such as saturation
intensity, spectral range of the bandgap, linear loss,
and response time can be generally designed [15].
The theoretical investigations of passively
mode-locked laser systems have been done by use
of two almost opposite approaches. In the first ap-
proach, which is computational, one simulates the
entire evolution of light within the laser, starting
from noise. In the second one, which is analytical
and first introduced by Haus [6], one uses an ideal-
ization in which the pulse evolution during a single
pass through the laser is assumed to be small to
obtain a simple equation. In 1998, Akhmediev
et al. [10] have described pulses evolution of pas-
sively mode-locked lasers by a modified complex
Ginzberg-Landau equation (CGLE), in which
they take a fast as well as a slow saturable absor-
ber responses into account. But for pulses, whose
widths are shorter than 100-fs, several new pro-
cesses, such as third-order dispersion (TOD), non-
linear dispersion, and self-frequency shift (SFS)
arising from stimulated Raman scattering, become
very important. Zhonghao Li et al. [9] have pre-
sented another model of laser pulses evolution
with the higher-order terms taken into account.
As presented by Keller [16], passive mode-
locking mechanisms can be well-explained by
three fundamental models: slow saturable absor-
ber mode-locking with dynamic gain saturation
[6,17], fast saturable absorber mode-locking
[18,19] and soliton mode-locking [20-22]. A typi-
cal example of the fast saturable absorber mode-
locking is Kerr-lens mode-locking (KLM) [4],
where an artificial fast saturable absorber is
formed by the self-focusing that occurs inside
the laser crystal. But the Kerr nonlinearity is usu-
ally not strong enough for the cw mode-locking
process to self start. In order to initiate KLM,
a separate starting mechanism, such as SESAM,
is required. Otherwise, for soliton mode-locking,
the absorber dynamics is also necessary to stabi-
lize the soliton against the growth of background
radiation, in which the pulse is completely shaped
by soliton formation, i.e., the interplay between
negative group-delay dispersion (GDD) and self-
phase modulation (SPM). The main difference be-
tween KLM and soliton mode-locking can be
found in the temporal behavior of the saturable

absorber action. KLM is an artificial fast satura-
ble absorber, whereas soliton mode-locking is
based on a slow saturable absorber realized by
the SESAM.

However, another case may be existed in exper-
iments when the laser is difficult or problematic for
KLM. The pulse formation is accomplished not
only by the balance between GDD and SPM, but
also by the interactions happened among TOD,
higher-order nonlinearities, the fast and the slow
saturable absorber responses. In this paper, we
present a general theoretical model for passively
mode-locked lasers, in which the higher-order ef-
fects and a fast as well as a slow saburable absor-
ber response are taken into account. An exact
analytical soliton-like solution is also obtained
and its stability is analyzed numerically under
small perturbations in amplitude, chirp and white
noise. The results indicate that the pulse can be
stable in a definite parameter range. It means that
the combined balances among the higher-order ef-
fects, the slow and the fast saturable absorber re-
sponses can cause the generation of stable
femtosecond soliton-like pulses. The evolution of
a quite arbitrary initial Gaussian pulse shows that
the Gaussian pulse can converge to the exact solu-
tion after a distance of evolution. The paper is or-
ganized as follows. In Section 2, we introduce the
model and present soliton-like solution and their
existence conditions. In Section 3, the characteris-
tics of the solution pulse parameter are investi-
gated. In Section 4, the stability of the solution
and the evolution of an initial Gaussian pulse are
analyzed numerically. We conclude the paper in
Section 5.

2. Model and solutions

When both the saturable absorber responses and
higher-order effects are all taken into account, the
pulse evolution is governed by a higher-order mod-
ified complex Ginzberg-Landau equation, that is
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where z is the cavity round-trip number treated as
a continuous variable, ¢ is the retarded time, E(z,)
is the normalized envelope of the optical field, D is
the group-delay dispersion coefficient and D =1
corresponds to anomalous dispersion, g(Q) is the
cavity gain, which depends on the total energy Q
of the pulse in one round trip, and d,(¢) is the loss,
which includes the loss in the saturable absorber, y
is responsible for the effects of fast saturable
absorption, ¢ stands for spectral filtering (¢ > 0),
A represents the TOD, « is the nonlinear dispersion
term, which is responsible for self-steepening at the
pulse edge, and the term with v is the nonlinear
gradient which results from stimulated Raman
scattering, which is usually responsible for the sol-
iton self-frequency shift.

The gain term g(Q) in Eq. (1) describes a gain
medium with a recovery time 77, which is much
longer than the round-trip time of the cavity and
which does not depend explicitly on z. It can be
described by the rate equation [10]
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where go is the small-signal gain, Tr =1 is the

round-trip time, and Ep is the gain saturation en-

ergy. The value of g(Q) decreases with increasing
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where = g—0do. We find that Eq. (4) has an exact
soliton-like solution that moves with group veloc-
ity 1/V:
E(1,z) = Ay sec h[n(t — V2)]"™ expli(Qr — Kz)),

(5)
Here A4y, n, V, p, 2, and K are the parameters de-
scribed the amplitude, the inverse pulse width, in-
verse group velocity, chirp, frequency shift and
phase shift of the pulse, respectively. By substitut-
ing Eq. (5) into Eq. (4), eight real algebraic equa-
tions for the free parameters are obtained. Their
solution is:
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pulse energy, so within each round trip the pulse
energy is limited.

When the recovery time of the saturable absor-
ber T is longer compared with the pulse width, the
loss d4(t) can be approximated by the following
formula [10]
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where
R = 216Ky — 64v* + 3v/3(729x° + 432i*v?

(3) — 256i2v*) )3, (12)
and

where J is the loss introduced by the absorber in
equilibrium, and o, = 8o/Ex, o2 = 89/Ex, Ea is
the saturation energy of the absorber. Substituting
approximation (3) into Eq. (1), we obtain

by=1—p by=2—f,
by=3—F, by=4-pF,
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bs =D +2Q, bg =D + 3.0,
by =D+ 61Q, by =0 — Q. (13)

In addition, the chirp parameter f§ together with
parameters 0, ¢, y, 4, i, v, o; and o, must satisfy the
compatibility conditions as follows:

4zx2/3b%11/12 — oy pixchy = k(1 + B2 (BPh + £Q),
(14)

41 2(200b1 7 4 Ky) = K*(2b2e — 3fb7). (15)

We note that the quantity under square root
sign in Eq. (12) defines a relationship between
the self-steepening term x and the SFS term v,
which is «? > 0.36624v>. If /4, k and v are all neg-
ative, the range of chirp parameter f§ can be deter-
mined by Eq. (9) and b, = -2, § € [—1, 1], which
ensures Ay is real. More than that the quantity un-
der the square root sign in 1 (Eq. (8)) must be
positive, that is:

Qo2 b 27 1% + dicPbg[8anbi P + firPby — &b = 0.
(16)

From the inequality (16), we can obtain the
parameter regions where the soliton-like solution
exists. Regions of the linear loss (or gain) § and
chirp parameter § are shown in Fig. 1(a) for
£=0.13, 1=-0.02, x=-0.03804, v=-0.01,
o7 =0.02, oo =0.01 and D =1. The region is di-
vided into two subregions: the first has negative
loss and arbitrary chirp when f < 0.107; in the sec-
ond, the pulse exists inside a narrow domain of §
and f.

When the self-frequency shift v=10, x # 0 and
D =1, we can obtain from the original eight real
algebraic equations that § =0, Q = 0 and the com-
patibility conditions of 24 = k, a, + y = 2¢. That is
to say, when the self-frequency shift arising from
stimulated Raman scattering is not taken into ac-
count, the soliton solution without chirp and fre-
quency shift can be generated under the balances
of various effects presented in the equation. The
corresponding region, where the solution exists,
is shown in Fig. 1(b). Here, we will emphasize
the first compatibility condition shown above,
2/ = k, which presents the interplay between the
third-order dispersion and the self-steepening term
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Fig. 1. (a) Space of the linear loss (or gain) J and chirp
parameter 5 in which the solution exists. The shaded areas are
defined by inequality (16); (b) Space of the linear loss (or gain) ¢
and ¢ for v =0 and x # 0; (c) Space of the linear loss (or gain) ¢
and ¢ for k =0 and v # 0.

when v = 0. When o, = 0, the interplay between the
spectral filtering term and the fast saturable absor-
ber can be obtained from the second compatibility
condition y = 2e.

When the self-steepening term is not taken into
account (x = 0), there will be § =1 or —1. That is,
the soliton-like pulses with stationary chirp are
generated under the balances among the third-
order dispersion, the self-frequency shift, and the
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other effects presented in the equation. The corre-
sponding region is shown in Fig. 1(c). If the third-
order dispersion parameter is equal to zero, we can
obtain from the original eight real algebraic equa-
tions that v=0 and «=0. Eq. (4) becomes the
same as that presented in [10]. This may tell us that
interactions, which happened among the higher-
order effects, exist and play an important role
when pulses, whose width is shorter than 100-fs,
are analyzed.

3. Discussion

It is well known that various effects, such as
third-order dispersion or the action of a slow sat-
urable absorber, tend to make the pulse asymmet-
ric when only one of them works. When together
with other effects, such as the nonlinear dispersion
term and the nonlinear gradient term, the interac-
tion among them may keep the pulse in symmetric
shape of the temporal intensity profile. The sym-
metric pulses were obtained both experimentally
[3.,4] and theoretically [8,9] when the third-order
dispersion, nonlinear dispersion, nonlinear gradi-
ent, and sabturable absorber response were taken
into account. As specified by the two signs in the
expression of the inverse pulse width n (Eq. (8)),
there are two branches of the solution. For
n = n_ the solution amplitude approaches to zero
with increasing of the loss ¢ (Fig. 2(a)) and o
(Fig. 2(b)). While for = 5, the solution amplitude
is blowing up with increasing of ¢ and «; (see the

(a) 12 Z
“ =Ny
0.9/
2.2
20
<O 06‘ -0010 -0.008 -0.006 -0.004 -0.002 0.00f
03 n=n-
0.0
0012 -0009  -0.006  -0.008  0.000
d

inlays in Fig. 2). So the solution for # = 54 is not
stable and we shall not consider it further.

As an example, the soliton profile of the solu-
tion and the total gain (or loss) curve o(f) are
shown in Fig. 3(a) for the parameter values used
in Fig. 1. As can be seen from Fig. 3(a), the solu-
tion is tightly related with the gradient of the total
gain (or loss) curve

t t 2
5(t) =8+ 1|EI” + o / |E|2dz’oc2( / |E|2dt’>.
(17)

Clearly, the background is unstable if there is
positive gain on one or both sides of the pulse.
A realistic choice is therefore negative o, as this
causes the total gain to be negative on both sides
of the pulse, as shown in Fig. 3. A net gain win-
dow is formed by the responses of the slow and
the fast saturable absorber. So the growth of
the continuum and the vibrations on both sides
of the pulse are suppressed and narrower pulses
are generated. At the limit case of a; — 0, which
is corresponds to the mode-locking due to SE-
SAM, the profile of the total gain (or loss) for
oy =0 and o, = 0.001 are shown in Fig. 3(b). A
net gain window is also formed by the quadratic
in energy term of slow loss variation and the fast
saturable absorption. And the quadratic term
plays an important role in the generation of
stable pulses.

We have also investigated the dependences of
the pulse widths on the parameters TOD /, the
nonlinear absorption «;, chirp f, and frequency

(b)os

06

0.2

Fig. 2. Dependence of the pulse amplitude 4y on (a) ¢ and (b) o, for n+ and n_.
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Fig. 3. Pulse profile (solid curve) and loss curve 6(¢) (dashed curve) for ¢ = 0.13, 2= —0.02, v=—0.01, k = —0.03804 and D =1, (a)
o =0.02, o, = 0.01; (b) &; =0, oy = 0.001.

shift Q for o, =0.01 and o, = 0. The results are predicts that narrower pulses will occur for the
shown in Fig. 4. We can see from Fig. 4(a) that smaller loss. From Fig. 4(c), we can recognize that
the smaller absolute TOD will lead to the narrower smaller positive chirp will produce narrower
pulse widths. This is consistent with the well- pulses. And Fig. 4(d) predicts that narrower pulses
known experimental results from ultrashort pulse will occur for the negative frequency shift than the
laser, so the compensation of TOD is very impor- positive frequency shift. These results are all con-
tant in sub-100 fs mode-locked lasers. Fig. 4(b) sistent with the experimental observations in some
shows the relationship between the inverse pulse mode-locked lasers and fiber amplifier systems
widths and the slow variation part of loss oy, it [23-26].
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Fig. 4. The inverse pulse width 5 in dependence on typical parameters for «; = 0.01, o, = 0 (a) TOD 4; (b) absorption «;; (c) chirp f;
and (d) frequency shift Q.
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4. Stability

Since the parameter space is at least six-
dimensional, the complete stability analysis of
the solution is complicated both analytically and
numerically. In order to analyze the stability of
the pulses, we have made numerical evolutions of
initial optical pulses under some perturbations
(i.e., amplitude, chirp, and randomnoise) and the
evolution of a quite arbitrary initial Gaussian
pulse. The results show that the solution pulse is
unstable when the parameters in Eq. (4), including
0, are fixed. In fact, any change of the amplitude of
the pulse relative to the exact solution will change
the total gain across the pulse, and the amplitude
changes exponentially in the same direction. How-
ever, for a proper choice of the parameters, the
pulse can become stable if the gain (or loss)
0 = g—J, depends on the total energy of the pulse,
as shown in Eq. (2). The dependence of ¢ on the
total energy Q serves as a feedback mechanism
that stabilizes the pulse for a certain range of val-
ues of gy, Er, T, and J.

Fig. 5 shows the pulse evolution under some
perturbations with parameter values &=0.13,
A=-0.02, k=-0.03804, v=-0.01, D=1, 0=
—0.01104, y =0.07229, oy =0.02, o, =0.01, go =
1, E;. =10, Ty =;100, and T = 1. Then the solu-
tion (5) has the parameters f=0.11512, Q=
0.00853, # =0.76604, A, =0.7803, K= —0.30675,
and V= 0.02431. The evolution of an initial pulse,
which is E(0,7) = 1.14gsech(nt)exp[i(Qr + 0.57%)], is
shown in Fig. 5(a). We can see that the initial pulse
becomes stable and identical to the exact solution
after 1000 round trips. Note that the initial chirp
is different from that in the exact solution. This
difference induces the abrupt changes in the begin-
ning. Nevertheless, finally the solution approaches
the exact one. Fig. 5(b) shows the evolution under
the perturbation of white noise whose maximal va-
Iue is 0.2. From the evolution behaviors of the
pulses, we can conclude that the soliton-like solu-
tion is stable under finite initial perturbations
(see also the inlays in Fig. 5(a)-(c), which show
comparisons of pulses at typical distance z with
the initial one as well as exact distributions).
Finally, we investigated the evolution of a quite
arbitrary Gaussian pulse E(0,7) = exp(—%), which
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Fig. 5. Evolution of different initial pulse for o; =0.02,
o, =0.01: (a) An initial pulse with perturbations in both
amplitude and chirp. (b) An initial pulse under the perturbation
of white noise whose maximal value is 0.2. (c) A quite arbitrary
initial Gaussian pulse £(0,7) = exp(—1°).
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Fig. 6. Evolution of different initial pulse for o; =0, o, = 0.001:
(a) An initial pulse with perturbations in both amplitude and
chirp. (b) An initial pulse under the perturbation of white noise
whose maximal value is also equal to 0.2. (c) A quite arbitrary
initial Gaussian pulse £(0,7) = exp(—1°).

was shown in Fig. 5(c). It shows that the initial
Gaussian pulse converges to the exact solution
after a distance of evolution. The evolutions of
the solution for o; =0, o, =0.001 are shown in
Fig. 6(a)—(c), in which the equation parameters
values are the same as Fig. 5. Fig. 6(a) shows the
evolution of the initial pulse under the perturba-
tions in amplitude and chirp, which is
E(0,7) = 0.9Asech(n7)exp[i(Qt + 0.3t%)] and Q, 7,
and A4, have the values of the exact solution pre-
sented above. We can see that, when the absorp-
tion coefficient «; — 0 and the quadratic in
energy term is taken into account, the soliton-like
solution is also stable under the feedback mecha-
nism caused by the dependence of 6 on the total
energy Q. Then, we analyze the evolution of an ini-
tial pulse under the perturbation of white noise,
whose maximal value is also equal to 0.2, and a
quite arbitrary Gaussian pulse. As shown in Fig.
6(b) and (c), the pulses became identical to the
exact solution after a distance of evolution.

5. Conclusion

In conclusion, we have obtained analytically the
soliton-like solution for a higher-order complex
Ginzberg-Landau equation, which includes the
saturable-absorber responses and higher-order ef-
fects, such as TOD, nonlinear dispersion, and
self-frequency shift arising from stimulated Raman
scattering. We have also analyzed the dependence
of the inverse pulse width # on the TOD 4, the
slow variation of loss «;, the chirp parameter f
and the frequency shift Q. The stability of the sol-
iton-like pulse under some perturbations (i.e.,
amplitude, chirp, and white noise) is analyzed
numerically. The results show that the pulses can
become stable for a proper choice of the initial
parameters, in which the feedback mechanism of
the loss (or gain) plays an important role in stabi-
lizing the soliton. In addition, we have also consid-
ered the evolution of a quite arbitrary initial
Gaussian pulse and found that it is gradually con-
verged to the analytically exact solution after a dis-
tance of evolution. All of these results show that
stable soliton-like pulses can be generated by pas-
sively mode-locking lasers, in which the combined
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balances among the high-order effects, saturable
absorber responses and other effects presented in
the equation finish the pulses formation and
stabilization.
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