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Outline

• Why aspheric/trends
• What is aspheric

– Working principle and its limitation
– OSLO interface to aspheric surface

• When to use aspheric and guidelines
• How to design (illustrated by examples)

– Intuitive approach (starting from conic contestant)
– Fermat principle
– Wasserman-Wolf theory
– Common approach with optimization

• How to make aspheric and how to test
• Conclusions and references
• Homework
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From lightpath

Why aspheric and trends?

• Improving imaging 
quality
– Small volume
– Lighter 
– IP protection
– …

• In Astronomical optics, 
reflective aspheric components are 
widely used

• Refractive aspheric lenses are 
widely used in many kind of 
Illumination systems, from the 
condensers in projection systems 
and microscopes, to street lamps 
and searchlights.
– Injection-molded component, 

if the component is not close to 
light source

– Common glass material, B270
• Consumer Optics

– CD players and data storage 
system

• Collimating with LD or fiber 
coupling

– Camera lens
– Projection lens
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What is aspheric?

• In a rotationally symmetric surface with the sag 
defined  

•
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對於不同的K值所對應的曲線：

K =  0 圓（sphere）
K < -1          雙曲面（hyperboloid）
K = -1          拋物面（paraboloid）

-1 < K <0       橢圓面（ellipsoid）
K > 0        橫橢圓面（oblate ellipsoid）

Notions are different
from textbook
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The working principle and limitation

• To cover the optical 
path difference by 
adjusting surface
– Useful in improving 

the quality
– But failed to change 

the power 
• This set the basic 

limitation 
– Not recommended 

in tuning system 
parameter 

 

Optical path difference

Wavefront error representation 

Schmidt Ritchey-ChretienCassegrain
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OSLO interface for aspheric

Because Aspheric can be 
very helpful, 

design interface is 
available

• Your designs somehow have 
to fit the machine of 
manufacturers

• Polynomial setting is 
commonly used

– Try to use fitting algorithm 
(e.g., in Mathematica) to fit 
the best form of polynomial, 
i.e., tune the coefficients of 
fitting polynomial to have 
closet approximation to your 
numerically evaluated best 
solution.

• Spline/complicated surface may 
use “sagt” to evaluate the sag 
surface 
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When should we use aspheric

• Several factors could 
be crucial
– Mainly, “cost impact”

1. Which surfaces to make 
aspheric?

2. Where to use a conic 
section or, alternatively, 
a higher-order aspheric?

• Conic section: paraboloids, 
hyperbolids, and 
ellipsoids

Once the basic system is set 
up on your computer,

varying the appropriate conic 
constants is all it takes

to reach a viable solution!!

Based on Fischer/Tadic-Galeb
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• Think more about what we want
– We hope to have a focus point such 

that its wavefront is a sphere
• So, we can used a best-focus 

sphere to simulate this kind of 
perfect wavefront

• The OPD is better to cover by 
varying the aspheric form

• You need to consider 
– The aspheric surface departures 

from the base spherical surface
– The departures from what we call 

the “nearest sphere” or “best-fit 
sphere” to the aspheric surface

• So, use these terms to 
correct  the influence of 
OPD after a polynomial 
expansion for the first term

• You can use “Wavefront 
analysis” to assist your 
design!!!
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How to decide which form of aspheric 
surface should be used?
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1.  Conic surfaces can be used for correcting third 
order spherical aberration and other low-
order aberration.

2.  If you have a nearly flat surface, then use an r4

and higher order terms rather than a conic
– negative or positive? 

3. If you have at least a somewhat curved surface, 
then you can use the conic along with 
higher-order terms if required

4. It is generally best not to use both a conic and 
an r4 surface, as they are mathematically 
quite similar.

5. Using aspherics beginning with the lower-order 
terms and working upward as required.   
If you can stay with conics, this make 
testing more manageable.

– you should be able to asses 
the need for adding terms 
based on the character of 
the OPD plot.

6. It is very dangerous to use 
a large number of aspheric 
surfaces, especially with 
higher-order terms.
• They will beat against each 

other.

7. If possible, optimize your 
design first using spherical 
surfaces, and then use the 
conic and/or aspheric 
coefficients in the final 
stage of optimization.

Based on Fischer/Tadic-Galeb

Guidelines
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Working with aspheric surface

Approaches
(1) Simplest form

– With only conic constant
– Try this one first 

(2) Fermat principle
– Optical path difference

(3) Wasermann-Wolf theory
(4) Forced method with operand 

To get useful initial design
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• In this case, higher-
order aspheric terms 
are zero.
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R1: Base curvature at the vertex

K: Conic coefficient

 

對於不同的K值所對應的曲線：

K =  0 圓（sphere）
K < -1          雙曲面（hyperboloid）
K = -1          拋物面（paraboloid）

-1 < K <0       橢圓面（ellipsoid）
K > 0        橫橢圓面（oblate ellipsoid）

Based on Fischer/Tadic-Galeb

Approach (1): conic surface
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Reflector with conic constant

• Aspheric surfaces are widely used and often 
essential in reflective systems due to the small 
number of surfaces and typical large apertures.

– A simple spherical reflecting telescope suffers 
from spherical aberration and coma

– Using aspheric to correct
– Classical solution: “parabolic” reflecting 

• (conic coefficient k=-1)
• But, away from axis, coma appears  

(limits to a small field of view)

• Two mirror Cassegrain telescope
– Paraboloidal primary mirror (K=-1)
– Hyperboloidal secondary mirror 

(K<-1)
• f1 is the location of image 

which formed by the primary 
mirror

• f2 is the location of the 
image of the entire system

• Limited by off-axis coma

On-axis – diffraction-limited
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Telescope examples

Ritchey-Chretien Cassegrain telescope
• Hyperboloidal primary mirror (K<-1)
• Hyperboloidal secondary mirror 

(K<-1)
• Coma-free
• Limited by astigmatism

Schmidt telescope
Spherical mirror
Aspheric corrector plate at the center of 

curvature of the mirror
Using weak positive power to further 

correct the chromatic aberration
-- Can be optimized to diffraction-
limited performance by using GENII 
optimization 



Version 2008 (交大光電 陳志隆) 光學系統設計 5: 非球面鏡頭理論、設計與案例說明 5-16

Example 2: LD’s collimating lens

• Application to 
CD/DVD
– Used for LD 

collimating
• Plastic (acryl)

– Only one conic 
constant is enough Diffraction-limited performance
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Approach (2): Design with Fermat 
Principle

• A good starting
– Highly recommended

• Physical picture is clear
• Can be extended to 

multiple configuration 
design

• How to apply?
– Start a drawing with 

your desired property 
which can be 
expressed by optical 
path

• What is Fermat principle?
– Light travels from one point 

to another along a path for 
which the travel time is 
stationary with respect to 
small variations in the 
shapes of the path
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Example 1: Cartesian oval

• Consider the refracting surface 
that forms a perfect, on-axis 
image of a single on-axis object 
point. This surface is known as a 
Cartesian oval. The geometry is 
illustrated in the figure above. 

• The surface defined by F(x, y, z) 
= 0 separates media of refractive 
indices n and n’ The object point 
O is located at z = s and the 
image point O’ is formed at z = 
s’

Optical path:

(along z axis)

(along p point)

Perfect imaging: 
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Example 2: logarithmic aspheric lens

• A lens with 
wide depth 
of field
– You can 

reverse this 
one to have 
wide field 
of focus
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• Optical length 
• Transmission function 

– T(r)=exp[-iφ(r)] 
• Fermat’s principle

Total optical length for 
ray through SOP

0=
∂
∂

r
L

Fermat principle

Underlying approach: Fermat principle
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Approach (3): Wassermann-Wolf theory

• The Wassermann-Wolf solve (WW) is a 
technique for designing two adjacent 
aspheric surfaces such that the optical 
system containing these two surfaces is 
aplanatic 

– i.e., all orders of spherical aberration are 
corrected and the Abbe sine condition is satisfied 
for all points in the aperture. 

• Wassermann-Wolf theory reduced 
the problem of aplanatism to solve 
a coupled differential equations

G. D. Wassermann and E. Wolf, Proc. Phys. Soc. B, 62 (1949), 2.
M. Born and E. Wolf, “Principles of Optics,” 7th. ed. pp. 214-217.

dZ/dt=f(Z,Z’,t)
dZ/dt=g(Z,Z’,t)
Boundary conditions: Z=Z’=0 when 
t=t’=0
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Assumptions 

• The system is rotationally 
symmetric. 

• The two WW surfaces are adjacent, 
i.e., there are no intervening optical 
surfaces between the two WW 
aspheric surfaces. 

• Obviously, there can be only a 
single pair of WW solve surfaces in 
an optical system. 

• The media before the first WW 
surface, between the two WW 
surfaces, and after the second WW 
surface are all homogeneous. 

• The construction parameters of the 
optics before and after the WW 
surfaces are known. The practical 
implication of this is that no 
curvature or thickness solves are 
allowed after the WW surfaces. 

• The nature of the WW differential equations 
is such that if a physical solution exists for 
the equation, it is unique. 

• If the solve fails, it is usually because too few 
solution points have been specified. 

– Because the equations are solved 
numerically, the solution is found at a 
discrete number of points. Between the 
points, the surfaces are found by 
interpolation (a cubic spline). This 
interpolant will not, in general, match 
the desired exact surface profile (except 
at the spline zone heights), so the ray-
intercept curves (for example) will 
typically exhibit a zigzag pattern around 
the "true" value. 

– Increasing the number of solution points 
will, in general, both decrease the 
magnitude and increase the frequency 
of the zigzag pattern. 



Version 2008 (交大光電 陳志隆) 光學系統設計 5: 非球面鏡頭理論、設計與案例說明 5-23

Example: 5X magnifier

Common 5X magnifier
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Improved with WW solver

8 spline 32 spline

• With better spline surface approximation, 
here from 8 to 32, MTF performance is 
approaching to diffraction limit

– This shows the power of WW theory
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Approach (4) Design with operands

• A most common 
approach (widely used)
– But may fail because 

• the initial design is not 
good

– Wrong range of 
aspheric coefficient

• Mis-used Aspheric 
coefficients

• It sill depends on the 
schemes of 
optimization

variables

goals

What kinds of variables?
What are the corresponding ranges?

Optimization schemes

•Aberration
•Ray operands
•Spot/wavefront
•MTF

You may need to create your macro
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Example 2: pickup lens

Aspheric surface

Commercial product

Optimization tool:
Using OSLO’s optimization of spot size and wavefront error 
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Example 3: focusing lens

Aspheric surface

Commercial product

Optimization tool:
Using OSLO’s optimization of spot size and wavefront error 
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How to make aspheric 

From  “徐德衍，光學非球面檢測技術，科儀新知，22(117)，p.31(2000)”
網站 http://home.kimo.com.tw/shpao5824/optic_test.htm
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Cont’d 
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1. The surface to be aspheric is 
labeled aspheric on the 
component drawing

2. You should include an equation 
of the surface shape along 
with the aspheric coefficients 

– A small sketch indicating 
the nomenclature and 
sign convention is 
recommended

3. A table listing the sag as a 
function of the radial 
distance from the surface 
vertex normal to the optical 
axis, r, is imperative

4. You should list how close the actual 
surface must come to the ideal design 
prescription.

– the form of this can be “surface to 
match nominal surface to within 
four visible fringe (or 0.001 mm~1 
um) over clear aperture

5. You may need to call out higher-
frequency surface irregularity and/or 
surface finish.

– the higher-frequency irregularities 
can be called out by indicating the 
maximum slope departure from  
nominal over the surface.

– Surface finish is normally called 
by indicating the rms surface finish, 
in nanometer.

6. You should, if possible, indicate the form 
of testing to be used.

Based on Fischer/Tadic-Galeb

Specification on aspherics
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How to test: - Fizeau interfence

• 菲索干涉(Fizeau
Interference)

• 補償法(null test)

• 圓形擋板(circular stop)

(There are many 
different methods; 
only three of 
them are outlined 
here.)

• 目前用來檢測鏡面曲度的最方便、可靠的
方法就是光學干涉。首先我們將介紹菲索
型干涉儀 (Fizeau Interferometer)，它
一般可用於二次曲面的檢測。此種儀器由
於採用平行光路，所以設備的精密度與價
格十分昂貴。可靠的整套設備目前約需
NT100 ~ 200萬。目前在國內比較高級的
非球面鏡片研製大都採取這種檢驗方式。

– 徐德衍，光學儀器，8(3)，
p.15(1986)

• 這種檢驗方法有幾點值得注意的：

– (1)檢驗波長為He-Ne雷射，若為其
他波長，則有一個波長轉換問題。

– (2)較適用於旋轉對稱非球面系統。

– (3)由於干涉儀的氣浮工作台尺寸的
限制，被檢測的非球面焦距有一定的
限制。例如ZYGO MARK ΙΙΙ干涉儀
可測得非球面透鏡的焦距約700 mm
左右。



Version 2008 (交大光電 陳志隆) 光學系統設計 5: 非球面鏡頭理論、設計與案例說明 5-32

Null test and circular stop

• 上述菲索干涉(Fizeau Interference)的方法，是利用
無像差共軛點的二次曲面，大都需要一塊高質量
滿足口徑要求的標準球面(或平面)反射鏡，夠成
自準直光線。為簡化檢驗方式和所需的條件，常
常不在無像差共軛點位置上的物點發出球面波，
經被檢驗的非球面反射後波面就要發生變形。為
此專門設計一種帶有像差的光學系統，稱其為補
償鏡(null lens)。

• 將補償鏡放置在光路的確定位置上，使它所產生
的像差和被測非球面產生的像差相補償，使得經
過補償鏡和被測非球面後成為球面波光束，這樣
一來我們就可以利用一般檢驗球面波的方法進行
檢測。此種方法即所謂的補償法或稱零位法(null 
test)。因為補償鏡產生的波前是用來做為檢驗非
球面的標準，所以應有嚴格的要求。

– (1)應嚴格控制像差值，使其與被測非球面
產生的特定值相補償。

– (2)補償鏡的材料和製造應有嚴格要求。

– (3)補償鏡儘量結構簡單，製造容易，裝配
誤差盡可能小。

– (4)補償鏡的通光口徑盡可能小些。
• 補償法有很多種，因此補償鏡的型式也不盡相同，例如在

Rufino Diaz-Uribe 和 Manuel Campos-Garcia 的 論 文
「 Null-screen testing of fast convex aspheric 
surfaces」中，所用的補償鏡則為圓柱面鏡，根據數值模
擬分析精確度可達到5μm。(see Rufino Diaz-Uribe and 
Manuel Campos-Garcia, ”Null-screen testing of fast 
convex aspheric surfaces,” Appl. Opt. vol39, p.2670 
(2000)).

• 許多非球面的檢測方法都十分的複雜，有
一個利用圓形擋板(circular stop)來檢測
圓形對稱非球面簡單的方法，此種方法的
精確度可達到10 nm

– 詳細內容請參見Andrianto Handojo
and Hans J. Frankena, ”Testing 
aspheric surfaces: simple method 
with a circular stop,” Appl. 
Opt.vol37, p.5969 (1998). 

• 他們考慮一個光源位置在凹球面的曲率中
心，這時候由面所反射回來的光，將通過
曲率中心。但是如果我們所考慮的是一個
非球面，此時光就不會反射回到曲率中
心，入射光與反射光間將形成一個角度。
當他們將一個很小的不透明擋板放在曲率
中心上，此時來自於中心軸的反射光線將
被擋掉，而愈遠離軸的反射光線將愈不會
被擋到，這是由於愈遠離中心軸線段，非
球面與best-fitting球面的凹陷差距會愈
大，則光的反射角也將愈大愈不容易被擋
到，而光所遮到的多寡也與擋板的直徑有
關。他們利用反射回來的光圖形與理論比
對，用以檢測非球面。



Version 2008 (交大光電 陳志隆) 光學系統設計 5: 非球面鏡頭理論、設計與案例說明 5-33

Conclusions 

• Also as a part of 
conclusions, it is still 
worthwhile to remind you 
that in design:
– Make a list of specification
– Make notes in analysis 

(every phase!!)
• Store your codes in every 

phase
– Thinking before doing 

further
– Review your simulation 

data carefully

• Aspheric lens design has 
been summarized and 
reviewed.

• It should be emphasized 
that an introduction of  
aspheric to design can 
improve the “imaging 
quality”
– However, this should be 

done after you have settle 
your design with system 
requirement and even 
paraxial optics 

– It is always good to use 
Fermat principle for initial 
design
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Homework

• 右圖是美國專利
6323892的一個圖
樣

– 如果圖中2/3是
display, 請問面7
的樣子(aspheric 
form)是如何?

*試著用ray-tracing
與前後端的成像
要求去定出面7的
幾個點再擬合定
出面7 .



Version 2008 (交大光電 陳志隆) 光學系統設計 5: 非球面鏡頭理論、設計與案例說明 5-36

Revisit the aspheric surface in OSLO

Zi: Zernike polynomial 
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Asymmetrical aspheric 
(toward Free-form optics)

Zi: Zernike polynomial 
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