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2.1 INTRODUCTION

At the macroscopic scale (the one considered throughout this article), a dielectric
material is optically isotropic if, at any given spatial location in it, its optical properties
are the same for any direction.1–3 Then, at a given spatial location in that medium,
there is only one dielectric permittivity (for a given frequency of light) and, hence,
only one refractive index of light. Gases, liquids and amorphous solids constitute
relevant optically isotropic dielectric materials (in particular, glass is a remarkably
important example of such an amorphous solid). Various general and specific aspects
of the propagation and scattering of the electromagnetic field in optically isotropic
materials are, by now, well understood and are well documented.2,4–7

Several decades ago, the confined propagation of light was achieved experimen-
tally in optically isotropic dielectric fibers (optical fibers), namely, thin solid wave-
guides with transverse dimensions about tens of wavelengths. Optical fibers, with
transverse sizes in the micron range, have had great technological impact. Very in-
teresting physics in that confined propagation lies in the fact that the electromagnetic
wave aspects of light have to be taken into account (say, a geometrical–optics for-
mulation, although very useful, does not describe various important features). Thus,
light is transmitted along the fiber only in the form of some specific distributions of
the electromagnetic field (solving Maxwell’s equations), named propagation modes.

Confined propagation of light in optically isotropic fibers has been studied in
detail in a number of articles and books.8–15 Similar and very important phenomena
occur in the eye, namely the propagation of light along the retinal photoreceptors,
regarded as biological waveguides (the transverse dimensions of which are only a
few wavelengths).16,17 Various aspects of confined propagation of light are also well
documented, in an updated way, in different chapters of this book.

Back to optical fibers, it is a fact that the preservation of the polarization state
of light, propagating confined along them, is indispensable for their efficient use in
coherent optical transmission, for polarization sensitive sensors and for connections
with integrated optical waveguide devices.18 The last fact has stimulated many de-
velopments by a large number of researchers, some of which will be summarized
succinctly in the present chapter.

© 2007 by Taylor & Francis Group, LLC
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On the other hand, an optically anisotropic dielectric material is, by definition,
one in which, for a given macroscopically small volume element, the optical prop-
erties depend on the chosen direction (also, for a given frequency of light).1–3 Then,
the dielectric permittivity becomes a 3 × 3 symmetric tensor and there are more
than one refractive indices of light (birefringence). This fact implies different and
important optical phenomena. The description of the electromagnetic field of light
propagating through an optically anisotropic medium is more complicated than that
for an isotropic one. Crystals and liquid crystals provide important different classes
of optically anisotropic media. Besides crystals and liquid crystals, at least other two
important classes of optically anisotropic dielectric materials exist, namely, those due
to form birefringence1 and to the photo-elastic effect (or stress birefringence).1–3

The confined propagation of light in optically anisotropic dielectric waveguides is
another interesting phenomenon (which, as we shall see, has also become important
in the last two decades). It had already attracted attention at some earlier stage.10,18,19

One motivation for that interest has been the technological importance of preserving,
as much as possible, the polarization of the propagation modes subject to various
perturbations in optical fibers, as commented above. Thus, it appeared that optically
anisotropic dielectric waveguides, due (in particular, but not exclusively, to the photo-
elastic effect) could offer some interesting possibilities aimed towards retaining a high
degree of polarization, thereby improving optical devices.18

On the other hand, by analyzing the scattering of light by a system displaying
the photo-elastic effect, one could obtain useful information about that system (say,
the stresses in it). Waveguides with induced anisotropy may have additional inter-
est, as they could play a role in biological waveguides (mostly under conditions of
pathological functioning), in polarimetric fiber-optic sensors, and in mechanical stress
sensors.20

We shall comment on those different subjects throughout this chapter. Our empha-
sis will be essentially methodological. We shall provide some basic descriptions of
various systems, in which optical anisotropy arises or could arise. On the other hand,
we shall treat certain theoretical foundations of electromagnetic wave scattering by
and confined propagation in optically anisotropic systems. Detailed applications of
the theoretical formulations to all systems described lie outside our scope. In spite of
that, we shall outline some limited applications. We shall refer to the bibliography
for specific and additional details.

The contents of the present chapter are the following. Section 2.2 will summa-
rize classical electromagnetic wave propagation in an anisotropic dielectric mate-
rial. As an introductory example, the propagation of a plane electromagnetic wave
in an extended homogeneous anisotropic dielectric medium is discussed briefly in
Section 2.2. We overview physically relevant cases in which optical anisotropy
occurs in Sections 2.3, 2.4 and 2.5. Section 2.3 outlines it in crystals and liquid
crystals. Section 2.4 deals with form birefringence. An account of the photo-elastic
effect is given in Section 2.5. Section 2.6 outlines a few aspects of high birefringence
in polarimetric optical fibers and sensors. Section 2.7 discusses, rather qualitatively,
some aspects of biological waveguides (in the eye) as well as form birefringence
in and light scattering by them. Section 2.8 presents a rather general treatment for
the scattering of classical electromagnetic radiation by arbitrary three-dimensional
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optically anisotropic objects, and a multiple-scattering reformulation thereof is out-
lined in Section 2.9. Section 2.10 deals with scattering by parallel cylindrical dielectric
waveguides: one and several waveguides as well as long wavelength approximations
are treated. Section 2.11 summarizes recent work on the scattering of light by parallel
dielectric waveguides, in which the anisotropy has been generated by the photo-elastic
effect, and discusses shortly possible applications to stress sensing. Section 2.12 deals
with confined propagation of classical electromagnetic radiation along cylindrical
anisotropic dielectric waveguides: in particular, the long wavelength approximation
for one waveguide (monomode confined propagation) is analyzed. Section 2.13 con-
tains the conclusions. Various derivations, computations and formulas are collected
in several appendixes.

2.2 CLASSICAL ELECTROMAGNETIC WAVES IN ANISOTROPIC
DIELECTRIC MEDIA

2.2.1 MAXWELL’S EQUATIONS FOR MEDIUM

We shall follow the same conventions as Born and Wolf.1 Let us consider an optically
anisotropic dielectric material. The latter has zero electrical conductivity, real scalar
magnetic permeability (µ0) equal to that of vacuum, and a dielectric permittivity
tensor given as the product: ε0ε̃. ε0 is the real constant (scalar) dielectric permittiv-
ity of some optically isotropic and homogeneous dielectric reference medium (also
with magnetic permeability µ0), to be discussed later. Then, the constant refractive
index of that isotropic reference material is n0 = (ε0µ0)1/2. On the other hand, ε̃

is the dielectric permittivity tensor of the anisotropic material relative to (the per-
mittivity of) the isotropic reference one, mentioned above. ε̃ is a symmetric 3 × 3
matrix with components εi j , i, j = 1, 2, 3 (εi j = ε j i ). Each εi j could depend on the
three-dimensional spatial position (x̄ = (x1, x2, x3)) and on the frequency (ω) of a
propagating electromagnetic field, and could be either real or complex, in principle.
In the general study, we shall allow for εi j to be complex and we shall restrict them
to be real, at the appropriate places. If the optically anisotropic medium reduces to an
isotropic one, then ε̃ becomes proportional to the 3 × 3 unit matrix I3.

Let classical monochromatic (complex) electric (E′ exp(−iωt)) and magnetic
(H′ exp(−iωt)) fields, with real frequency ω, propagate in the anisotropic dielec-
tric medium. As ω will be held fixed, we shall not specify any dependence of εi j

on it. The time-dependent factor (exp(−iωt)) will always be factored out. The t-
independent fields E′ = E′(x̄) and H′ = H′(x̄) fulfill Maxwell’s equations for that
medium, in the absence of charges:1

∇ × E′ = iω

v
(
µ0

ε0
)1/2H′, ∇ · (ε̃E′) = 0 (2.1)

∇ × H′ = − iω

v
(
ε0

µ0
)1/2ε̃E′, ∇ · H′ = 0 (2.2)

Here, v denotes the velocity of light in the isotropic reference medium: v = c/n0. c
will always denote the velocity of light in vacuum (where n0 = 1).
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Let (ε̃)−1 denote the (3 × 3) inverse matrix of ε̃ ((ε̃)−1 · ε̃ = I3, I3 being the unit
3×3 matrix). Using (ε̃)−1, it is easy to reduce exactly the above system in Eqs. (2.1) and
(2.2) involving both E′ and H′ to one system depending only on H′, in which E′ will
be eliminated. For that purpose, we perform, successively, the following operations:
i) we apply (ε̃)−1 to the first equation in Eq. (2.2), ii) we apply ∇× to the result of
i), iii) in the result of ii), we replace ∇ × E′ by (iω/v)(µ0/ε0)1/2H′. The result is the
announced system involving only H′:

∇ × ((ε̃)−1∇ × H′) = ω2

v2
H′, ∇ · H′ = 0 (2.3)

Clearly, the divergence (∇·) of the first equation in Eq. (2.3) is consistent with the
second equation in Eq. (2.3). It is also easy to get another system depending only on
E′,10 in which H′ has been eliminated, but we shall not consider it. Our interest in and
preference for the first equation in Eq. (2.3) rely upon the fact that H′ is divergenceless,
as expressed by the second equation in Eq. (2.3).

Let us now consider two different dielectric media, separated only by a surface
	 (one goes from one medium to the other just by traversing 	). The boundary
conditions to be fulfilled by the electromagnetic field are the following.1 Across 	

and at any point of it, the following six quantities have to be continuous: i) H′ (its
three components), ii) the projection of ε̃E′ orthogonal to 	 (one quantity), iii) the
two tangential components of E′ (namely, the components of the projection of E′ on
	). In order to simplify the analysis, we shall always suppose that all components of
the tensor ε̃ and all their spatial derivatives of first order are continuous inside each
dielectric media. At this stage, the behaviors of the components of the tensor ε̃ (and
of the derivatives thereof) across the interface 	 separating two different dielectric
media have not yet been specified, but we shall have to make suitable assumptions also
about them as we proceed. Of course, Eqs. (2.1), (2.2) and (2.3) hold independently
on assumptions about ε̃ and their first spatial derivatives across any such interface.

2.2.2 EXTENDED AND HOMOGENEOUS ANISOTROPIC MEDIUM

As a simple illustration of electromagnetic wave propagation in an anisotropic
dielectric medium, we shall suppose that the latter is very extended and has no
inhomogeneities, that is, ε̃ is constant (x̄-independent) and it is not proportional
to I3. In such a case, we shall choose the three axis x1, x2, x3 of Cartesian coordinates
so that they coincide with the principal axis of the symmetric tensor ε̃. That is, with
respect to such a coordinate system, ε̃ is represented by a diagonal matrix (εi j = 0,
for i �= j). The anisotropic medium is called uniaxial, if two out of the three non-
vanishing diagonal elements (eigenvalues) εi i are equal to each other, the third one
being different from them. The medium is named biaxial, if all three non-vanishing
diagonal values εi i are different from one another.

In such a coordinate system where ε̃ is diagonal, we shall consider the propagation
of an electromagnetic plane wave with frequency ω and wavevector k̄ = (k1, k2, k3).
Such an electromagnetic wave has to be a solution of Eqs. (2.1) and (2.2) (or, equiv-
alently, of Eq. (2.3)) for any x̄ . Those equations imply an important relationship

© 2007 by Taylor & Francis Group, LLC



42 Optical Waveguides: From Theory to Applied Technologies

(the dispersion relation) between k̄ and ω. The dispersion relation for an anisotropic
dielectric medium is more complicated than (and contains new physical information
compared to) that for an isotropic one. The anisotropic dispersion relation is known
as the Fresnel equation. We use the known structure of the latter1 and recast it in terms
of k̄ and ω. Then, the Fresnel equation reads:

(k1/ | k̄ |)2

[v | k̄ | /ω]2 − µ0ε11
+ (k2/ | k̄ |)2

[v | k̄ | /ω]2 − µ0ε22
+ (k3/ | k̄ |)2

[v | k̄ | /ω]2 − µ0ε33

= 1

[v | k̄ | /ω]2
(2.4)

Various derivations of the Fresnel equation1–3 employ all Eqs. (2.1) and (2.2). An
important physical feature is that, by virtue of anisotropy, the dispersion relation (2.4)
has two (but not more) different solutions for ω2, for a given k̄ (birefringence). There
is an important physical reason for that (namely, that there are only two independent
states of polarization for an electromagnetic plane wave): such a motivation has been
succinctly stated,2 and also explained in more algebraic detail3 in terms of ε̃E′ (the

upon H′ and Eq. (2.3) (thereby allowing us to put them to work). Appendix A will
employ the standard unit polarization vectors, which will be also useful when dealing
with scattering by optically anisotropic objects in three dimensions. We shall not
stop to use H′ and Eq. (2.3) in order to provide another algebraic derivation of the
Fresnel equation. H′ and (2.3) will turn out to be quite useful for general studies about
scattering and confined propagation, later in this chapter.

Below, we shall allow, in principle, for the possibility that ε̃ is not only ω-
dependent but x̄-dependent as well. We shall study phenomena determined by one
or several essentially parallel cylindrical anisotropic dielectric waveguides: wherever
possible in those cases, it will certainly be advantageous to choose the x3-axis so that
it is parallel to the axis of the cylindrical waveguides. That x3-axis will, in principle,
be different from any of the principal axes of the symmetric tensor ε̃. Then, ε̃ will
not be represented by a diagonal matrix for any x̄ , in general (although it may be, in
some special cases).

2.3 OPTICAL ANISOTROPY(I): CRYSTALS AND LIQUID CRYSTALS

Let us consider a crystal, the size of which is not too small. It is formed by a suitably
large number of atoms or molecules, the locations of which form a regular pattern
(essentially periodic in the spatial region occupied by the crystal): positional order. The
atoms and molecules have essentially fixed and well-defined positions and orientations
in the crystal. Moreover, the electrical properties of those atoms and molecules are
typically anisotropic. Altogether, those facts imply that, in principle, the properties
of the crystal are not the same in all directions, namely, anisotropy.1

The propagation of electromagnetic waves (and, in particular, of light) in crystals
depends, typically but not necessarily, on the direction. That is, crystals may display,
but not necessarily, optical anisotropy. In fact, there are crystals in which the relative
dielectric permittivity tensor reduces to a scalar (that is, ε̃ becomes proportional,
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but not equal, to the 3 × 3 unit matrix I3). Such crystals are those belonging to the
so-called cubic system (in which three mutually orthogonal and crystallographically
equivalent directions may be chosen). Crystals belonging not to the cubic system,
but to either the trigonal or the tetragonal or the hexagonal systems (in all of which,
two or more crystallographically equivalent directions may be chosen in one plane)
are uniaxial and, so, optically anisotropic. Crystals belonging not to any of the above
four systems but to either the orthorhombic or the monoclinic or the triclinic systems
(in all of which, no two crystallographically equivalent directions may be chosen)
are biaxial and, so, optically anisotropic as well. Quartz and calcite are examples of
uniaxial crystals. Aragonite and Brazil topaz provide examples of biaxial crystals.

A crystalline grain can be regarded as a crystal, the size of which is quite small.
As the number of atoms forming it is not small, and since their spatial locations
resemble those for a proper crystal, as outlined above, a crystalline grain may also
display, in general, a similar type of optical anisotropy. On the other hand, what one
usually meets and handles easily is a polycrystalline material, which typically has
a size much larger than that of a crystalline grain. A polycrystalline material is an
aggregate formed by a large number of crystalline grains (disjoint but closely packed
among themselves), which are randomly oriented relative to one another. It follows
that the optical anisotropy properties of one crystalline grain in the aggregate tend to be
compensated for by those of the surrounding ones. Then, the average (macroscopic)
optical properties of the polycrystalline material may appear to be approximately
isotropic.1

A liquid crystal has no positional order, but it displays an orientational one. That
medium is formed by molecules, for each of which the structure and properties are
not the same for different directions in principle, as commented above. The positions
of the different molecules in the liquid are fully random. However, the orientations of
those (anisotropic) molecules may turn out to be not completely random. It follows
that, by virtue of that orientational order, the medium is anisotropic and, in particular,
the liquid crystal turns out to be optically anisotropic.3

2.4 OPTICAL ANISOTROPY(II): FORM BIREFRINGENCE

A different and quite interesting case of optical anisotropy is form birefringence,1

which can be described as follows. The electrical properties of atoms and molecules
are typically anisotropic. Let sis be some bound system formed by a sufficiently large
number of those (individually anisotropic) atoms and molecules, which has a size
naturally large compared to typical molecular dimensions and, on the other hand,
small compared to the wavelength of light. We also suppose that sis turns out to be
optically isotropic (so that the anisotropies of the molecules constituting sis cancel
out with one another, on the average).

Let Sanis be another system of larger size, constituted by an ordered arrangement
of a certain number of similar bound subsystems, each of the them identical to sis . To
fix the ideas, we shall also suppose that the separations among neighboring subsystems
of type sis in the assembly Sanis are smaller than typical wavelengths of light. Then,
it follows that the ordered arrangement Sanis appears to display optical anisotropy (in
some effective sense, as explained below).
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Two explicit idealized models, displaying that anisotropy phenomenon, have been
analyzed in certain detail. Several important, and by now classical, results have been
obtained by Lord Rayleigh and O. Wiener, and we refer to Born and Wolf1 for an
account of them. Another clear presentation has been made by Harosi.21 In one
model (model p), sis is chosen to be a thin plate, while Sanis is a regular assembly
of parallel plates, all identical to sis . A key role is played by the axis perpendicular
to the planes of the plates (optic axis). In the second model (model r ), sis is a thin
cylindrical dielectric rod and Sanis is an assembly of rods with parallel axes, all similar
to sis . Then, an axis parallel to those of the rods is important (optic axis). For either
of those two models, let us suppose that a plane electromagnetic wave is incident
on Sanis . For both models, illumination (the wave vector of the incoming light) is
perpendicular to the corresponding optic axis. The wavelength (in the typical optical
range) is supposed to be larger than: i) either the thickness of the plates (model p) or
the transverse diameter of the rods (model r ), and ii) typical separations between two
neighboring plates or rods, as commented above.

For both models, let the electric field of the electromagnetic wave be perpen-
dicular to the corresponding optic axis: ordinary (o) wave case. Then, let εo be the
effective dielectric permittivity of the assembly Sanis (after having performed suit-
able averages), for both models. Next, and also for both models, we suppose that
the electric field of the electromagnetic wave is parallel to the corresponding optic
axis: extraordinary (e) wave case. For both models, let εe be the (effective) dielectric
permittivity of the assembly Sanis . We remark, in order to facilitate the comparison
with Born and Wolf,1 that the dielectric permittivities considered in this section are
not the relative ones, that is, they equal ε0 multiplied by the corresponding relative
dielectric permittivities. It follows that:1 i) εe − εo �= 0, ii) then, Sanis behaves as
a uniaxial optically anisotropic system. Such an anisotropy (on a scale much larger
than the molecular one) is named form birefringence. Quantitatively, the latter is
characterized by the coefficient εe − εo or by the equivalent expression that results
if dielectric permittivities are replaced by refractive indices (so that those dielectric
permittivitties times µ0 equal the corresponding squared refractive indices).

For model p, let us consider a medium consisting of plates of refractive index
n1 and fractional volume f1 embedded in a surrounding substance of index n2 and
fractional volume f2. f1 and f2(= 1 − f1) are the fractions of the total volume
occupied by the plates and by the surrounding medium, respectively. Then:

n2
e − n2

o = − f1 f2(n2
1 − n2

2)2

f1n2
2 + f2n2

1

(2.5)

For model r , let us consider a medium consisting of small, parallel, well-separated
rods of refractive index n1 and fractional volume f1 embedded in a surrounding
substance of index n2 and fractional volume f2. f1 and f2 are, as in the above case of
model p, the fractions of the total volume occupied by the rods and by the surrounding
medium, respectively. In the actual case (model r ), it is assumed that f1 � 1. Then,
the form birefringence coefficient is approximately:

n2
e − n2

o = f1 f2(n2
1 − n2

2)2

(1 + f1)n2
2 + f2n2

1

(2.6)
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In this formula, there is no restriction on the refractive index difference between the
rods and the surrounding substance.

We stress that in both Eqs. (2.5) and (2.6), ne is the (extraordinary) refractive index
for light linearly polarized parallel to the optic axis. no is the (ordinary) refractive index
for light linearly polarized perpendicular to the optic axis. See Born and Wolf1 and
references therein. Notice that the right-hand side of Eq. (2.5) is negative (“negative
uniaxial crystal”) while that of (2.6) is positive (“positive uniaxial crystal”).

The phenomenon of form birefringence has some important applications in
biological microscopy. For instance, the experimental measurement of that optical
anisotropy (that is, of those effective dielectric permittivities) may yield information
regarding the form of sis , the fraction of volume occupied by all sis (over that of the
surrounding medium in which they are located).

The form birefringence phenomenon has continued to attract further interesting
researches. We shall limit ourselves to quote three of them, to which we refer for a
wider perspective and, in turn, for further references. The form birefringence of lamel-
lar systems containing three or more components has been studied by Thornburg.22

The form birefringence of an array of parallel cylinders of arbitrary sizes and sepa-
rations, under the assumption of small variation among the refractive indices of its
components, has been analyzed further by Hemenger:23 a new expression for the form
birefringence coefficient of that assembly has been obtained. The latter expression
depends on the correlation function of the fluctuations in refractive index through the
medium (those fluctuations being small, by assumption). Such a formula,23 which ap-
plies for cylinders with dimensions comparable to or greater than a typical wavelength
of light, generalizes Eq. (2.6). Further interesting investigations of form birefringence
for thin fibers and membranes have been carried out by Zhou and Knighton.24

2.5 OPTICAL ANISOTROPY(III): PHOTO-ELASTIC EFFECT

Another important class of optically anisotropic dielectric media results when orig-
inally (unstressed) isotropic materials are subject to mechanical stresses. The latter
could be due to externally applied forces. Internal mechanical deformations are pro-
duced in those materials which, in turn, give rise to optical anisotropies. This is fre-
quently referred to as the photo-elastic effect.3 It is also known as stress birefringence1

and dynamo-optical effect.2

Brewster provided evidence of the photo-elastic effect through a fundamental
experiment.25 See the quite interesting discussion in Bruhat.26 The photo-elastic effect
is documented in some already classical monographs.27,28

We shall discuss some general features of stress birefringence.2 Let us consider a
solid medium at rest and at equilibrium, which appears to behave as isotropic (both
from the mechanical and optical standpoints), as a zeroth-order approximation. Then,
the dielectric permittivity tensor ε̃ of the material relative to that of another (optically
isotropic) reference material is: εi j = εeδi j , i, j = 1, 2, 3. εe is the relative (dimen-
sionless) dielectric permittivity of the solid medium and δi j denotes the Kronecker
delta symbol (δi i = 1, δi j = 0 if i �= j). In the latter description, one neglects possible
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small local deformations of the material due to internal stresses. In the application of
specific interest in this article, the reference material will have dielectric permittivity
ε0 and be chosen as the surrounding medium in which the above solid one (in the
form of one or several waveguides) will turn out to be located.

A more accurate description of that solid medium requires us to take into account
small elastic deformations in it (arising from small elastic stresses, in the domain of
reliability of Hooke’s law.29) Those small deformations are potentially important for
the optical behavior of the solid medium since, in principle, they give rise to some
(small) optical anisotropy. This is the photo-elastic effect.

In order to outline a quantitative description of such an effect, a few notions of
elasticity theory are required,29 to which we now turn. The deformed solid medium
is also supposed to be at rest and at equilibrium, for the small elastic deformations
to be considered here. Let us consider, in the absence of deformations in the solid
medium, a generic small volume element of it (dx1dx2dx3), located at the generic
position x̄ = (x1, x2, x3). When the solid medium is subject to small deformations,
that small volume element becomes a new small one (dx ′

1dx ′
2dx ′

3), located at the new
position x̄ ′ = (x ′

1, x ′
2, x ′

3) = (x1 + u1, x2 + u2, x3 + u3). ui = ui (x1, x2, x3) is the
displacement, which will always be assumed to be small. Let uik = uik(x1, x2, x3),
i, k = 1, 2, 3, be the (small) components of the deformation tensor in the deformed
solid medium. They are given in terms of the displacements ui , since the latter are
small, as follows: uik � 2−1(∂ui/∂xk + ∂uk/∂xi ). To grasp the physical interest of
uik , we shall limit ourselves to recall that the size of the new (deformed) small volume
element is given, in terms of the one before deformation, as follows: dx ′

1dx ′
2dx ′

3 �
dx1dx2dx3(1 + ∑3

i=1 uii ). Notice that uik = uki and that all uik are dimensionless.
The small deformations are caused by small internal elastic stresses. Specifically,

small internal elastic forces act upon any given volume element of the deformed
solid medium, due to the rest of the material. The physical origin of all those internal
elastic forces could be some force applied externally to the solid material under
consideration. A reliable physical idea is that the net result of all those internal forces
on that volume element acts across its boundary (and also that the external force
applied to the solid material acts across its external surface).29 This idea implies
that the net elastic force per unit volume (F1, F2, F3), on a small domain (having
volume dx1dx2dx3) of the deformed solid medium is given by Fi = ∑3

k=1 ∂σik/∂xk .
σik = σik(x1, x2, x3) is the stress tensor, and it has dimension force/(surface area).
It is symmetric (σik = σki ), under suitable conditions,29 which are supposed to hold
here. A basic approximation that holds for small deformations is a suitable linear
relationship between the components of the stress tensor and those of the deformation
one and conversely (Hooke’s law). Hooke’s law, expressed as that linear relationship
and its inverse, reads:29

σik �
(

λLa + 2µLa

3

)
δik + 2µLa

[
−1

3
δik

3∑
l=1

ull + uik

]
(2.7)

uik � 1

9(λLa + (2/3)µLa)
δik

3∑
l=1

σll + 1

2µLa

[
−1

3
δik

3∑
l=1

σll + σik

]
(2.8)
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λLa and µLa (both positive and with dimension force/(surface area)) are constants,
characteristic of the solid medium. They are known as the Lame coefficients.

We shall now come back to our main subject, namely optics. When the effects of
small elastic deformations of the solid medium are taken into account as discussed
above, one accepts that the relative dielectric permittivity tensor of the latter medium
is:2

εi j � εeδi j + a′
1ui j + a′

2

(
3∑

l=1

ull

)
δi j (2.9)

a′
1 and a′

2 are (dimensionless) photo-elastic constants, characteristic of the deformed
medium, and ui j is its deformation tensor. It is convenient to recast the above εik in
terms of the stress tensor σik , by using Hooke’s law (Eq. (2.8)). One finds easily:

εik � εeδik + a1σik + a2

(
3∑

l=1

σll

)
δik (2.10)

where a1 and a2 are elastic-optical constants (with dimension (surface area)/(force)).
They are given, in terms of the above a′

1 and a′
2, by:

a1 = a′
1

2µL
, a2 = − λLa′

1

2µL (3λL + 2µL )
+ a′

2

3λL + 2µL
(2.11)

As an example, we quote the following values of a1 and a for silica: a1 = 0.38×10−12

m2/Newton and a2 = 2.68 × 10−12 m2/Newton. The photo-elastic effect has certain
interesting consequences regarding optical wave propagation in waveguides formed
by such materials.20,30,31

2.6 HIGHLY BIREFRINGENT WAVEGUIDES

We shall review a few interesting aspects of propagation modes in an ideal optically
isotropic homogeneous fiber with circular cross-section of radius R and refractive
index nco. That waveguide is placed in another homogeneous optically isotropic
medium (cladding) with refractive index ncl(< nco). Let light, with wavelength λ,
propagate confined along the fiber. One introduces the useful dimensionless parameter

V = 2π R

λ

(
n2

co − n2
cl

)1/2
(2.12)

The fundamental (or lowest order) mode is degenerate, that is, there are two
lowest order polarization modes (denoted as H E x

11 and H E y
11), orthogonal to each

other and with the same spatial intensity distribution: they both correspond to 0 <

V < 2.40. The next four modes of first order correspond to 2.40 ≤ V < 3.83:
they are denoted as T E01, T M01, H Eeven

21 and H Eodd
21 . Suitable linear combinations

of these are also currently employed, in order to describe the set of four first order
modes, just above the two ones of zeroth order (namely, the fundamental ones). The
set of all propagation modes of second order correspond to 3.83 ≤ V < 5.13. For
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single-mode or monomode optical fibers, only the (degenerate) fundamental mode
propagates.

Perturbations (induced by pressure, strain, bend, twist, temperature, . . .) in a real or
non-ideal waveguide eventually upset the properties of the propagation modes in it.
Let us consider a real (non-ideal) homogeneous optically isotropic homogeneous fiber
with circular cross-section, and let us suppose that it corresponds to a monomode
waveguide (say, V < 2.40). Let light penetrate into it and start to propagate confined
along it, in a definite polarization state corresponding to one of the degenerate fun-
damental modes. Estimates indicate that, due to those perturbations in the real fiber
and after propagation through a length about 1 m, the polarization of the initially
launched fundamental mode will be modified in an unpredictable way. The control of
that polarization state launched into the monomode waveguide turns out to be essen-
tial for efficient performance. This has led to an added recognition of the importance
of polarization and of its preservation in those single-mode fibers. Single-mode opti-
cal waveguides, in which the polarization state of its propagating modes is preserved
to a high degree, have acquired an increasing technological importance in the last
two decades, in particular through their applications for optical communications, as
high-performance polarimetric optical fibers and sensors.

Research on confined propagation in optically anisotropic dielectric waveguides
has arisen from attempts to preserve (linear) polarization of the propagation modes
in single-mode optical fibers. That preservation has been attempted in two ways.
One has been the minimization of the stress-induced birefringence.32 The other has
been to maximize birefringence, which breaks the degeneracy of the fundamental
modes. The latter can be accomplished: i) by introducing asymmetric profiles for
the refractive index distribution (for instance, through non-circular shapes of the
transverse cross-sections of the waveguides),33,34 and ii) through anisotropic internal
stresses.34,35 Just as an example, we note that a proposal has been reported18 about
confined propagation modes in twisted fibers. The twist gives rise to shearing stresses
which, in turn, introduce optical anisotropy: the dielectric permittivity becomes a
tensor (photo-elastic effect). For a sufficiently large twist, the propagation modes in
the anisotropic fiber retain a high degree of polarization, as analyzed theoretically and
demonstrated experimentally. There is a very active and well documented research36

on birefringent dielectric waveguides aimed at improving optical devices.
Over the last two decades, there have been an increasing number of proposals

for producing sensor optical waveguides and characterizing significant thermal and
mechanical parameters like temperature tolerance and elasticity and optical properties,
such as refractive index distribution.37

The basic idea of stress sensing by means of optical fibers is the following. Let us
consider a dielectric fiber that had been optically isotropic first and, at a later stage
became optically anisotropic. The latter behavior has been due to some externally
applied force, giving rise to the photo-elastic effect in that fiber. Let light beams
propagate confined along the waveguide, first when the latter was optically isotropic
and, later, when it became optically anisotropic. Upon analyzing comparatively the
features of both confined beams, physically relevant information can be obtained about
the state of stress of the anisotropic waveguide, and, eventually, about the external
force that has given rise to it. Alternatively, one could scatter light by the fiber, first

© 2007 by Taylor & Francis Group, LLC



Birefringent Optical Waveguides 49

when it was optically isotropic and, later, when it had been perturbed, by developing
the optical anisotropy. Suitable differences between the light scattering distributions
in both cases can now yield information about the additional internal stress of the
perturbed waveguide and its cause (the external force on it).

In many applications in civil engineering (mining, construction projects, con-
crete structures), it is important to evaluate the response of a structure for safety
purposes and damage assessment. Sensing pressure in those environments can be
acomplished very efficiently by using technology based upon optical fiber sensors,
specifically those employing highly birefringent waveguides (polarimetric sensors).
Similar statements appear to apply to evaluating machinery in engineering mechanics
and aerospace industries (strains in advanced aircraft and space vehicles). One very
interesting possibility consists of embedding sensors based upon highly birefringent
fibers into the structures of composite materials.

Different kinds of optical fiber sensors based upon the confined propagation
of light for stress sensing have been investigated, for example, interferometric and
grating-based systems.36

In previous work on light scattering applied to stress sensing, experimental
determination of backward-scattering data yielded information on the refractive
index distribution. Therefore, changes in the latter due to stresses and strains could
be detected by analyzing the distribution of the scattered radiation at 180◦.38

2.7 BIOLOGICAL WAVEGUIDES IN THE EYE

The interaction of light with biological tissues as dielectric matter in the eye has
enormous relevance, at least: i) in order to understand the behavior of some very
important biological phenomena, and ii) for its application as an optical method to
investigate certain, also very important, elements in the eye, under both normal and
pathological functioning conditions. We shall limit ourselves to discussing a few
general aspects.

The retina is a soft biological tissue with thickness smaller than about 0.5 mm
and transparent to light.16 Its outermost part is the pigment epithelium (in which
the optical image is formed), and its innermost part (the inner limiting membrane)
is connected to another crucial part of the eye system, namely the optic nerve. The
connection between those inner parts of the retina and the optic nerve is named the
optic disk.

Leaving aside other elements in the retina, we shall focus on the retinal photore-
ceptors (that start below the pigment epithelium and are roughly perpendicular to it)
and on the retinal nerve fiber layer (which is just above the inner limiting membrane).
Input light that penetrates into the eye through the cornea and traverses the pigment
epithelium enters into the retinal photoreceptors and propagates confined along them.
At some later stage, and through some involved processes (not to be discussed in this
chapter), light is absorbed by certain organic molecules (rhodopsin) and the resulting
output biological signal is transmitted to the optic nerve. There are two kinds of
photoreceptors: the rods (operating maximally at low light intensities, say, at night)
and the cones (operating maximally at high light intensities and in color vision). Some
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features of the retinal nerve fiber layer and some further ones of photoreceptors will
be commented on later in this section.

The retinal photoreceptors and the retinal nerve fiber layer are very complex
structures. Following previous researchers16 and as a zeroth-order approximation,
one models the retinal photoreceptors as arrays of approximately parallel cylindri-
cal dielectric waveguides (each having a length larger than its transverse diameter).
Qualitatively similar models (but unrelated to those for photoreceptors) will be
assumed for the elements of which the retinal nerve fiber layer is composed.24

In order to motivate our further discussions in this section, we shall simply notice
that the macula (a central part of the retina) has significant involvement in ocular
pathology and can display considerable birefringence. The measurement of birefrin-
gence in the macula may indicate the existence of a pathology.23

In the following subsections of this section, we shall offer a qualitative partial
overview of various arrays of (more or less) approximately parallel cylindrical di-
electric waveguides located inside the eye (in the cornea and in the retina). The
propagation of light inside the eye gives rise to certain important phenomena in those
arrays, which will also be discussed in those subsections. The average refractive
index of the retina (regarded as a surrounding biological medium in which the vari-
ous retinal waveguides are embedded) is about 1.34 (very close to that for water).39

Other authors take 1.36 an as average value for the refractive index of the retina.24

See also Subsection 2.7.1. The various retinal waveguides are regarded as optically
isotropic, at least as a zeroth-order approximation in normal functioning conditions.
In other situations (namely, beyond the zeroth-order approximation in normal func-
tioning conditions or in pathological functioning ones), optical anisotropy may be
considered or does arise. Form birefringence and scattering occur. Multiple scatter-
ing effects can be approximately neglected in some situations, but not in others.

We note that the presence of some birefringence in retinal photoreceptors and in the
nerve fiber layer of the human retina appears to be known from various experimental
data and procedures. That birefringence is associated, at least to a certain degree
with dichroism1,21 in the material structure. We employ the term dichroism to refer to
different amounts of absorption by the material for various light beams propagating
through it and polarized in different directions. For our purposes (and, at least, in a
qualitative or general sense), we may understand such dichroism by recalling that
the components εi j of the relative dielectric permittivity tensor were allowed to be
complex. Dichroism is anisotropy in absorption. Let a composite body, formed by
light- absorbing particles, be similar to those described in Section 2.4 (the wavelength
of light being also adequately larger than typical dimensions). Then, the composite
body may exhibit anisotropic absorption of light (form dichroism).21

2.7.1 SCATTERING BY CYLINDRICAL WAVEGUIDES IN CORNEA

The normal cornea is nearly transparent to light, except for some (weak) scattering
phenomena which occur in it. The corneal stroma (the tissue forming its ground
substance) is formed by stacked sheets (named lamellae). Each sheet contains long
thin parallel collagen fibers (fibrils), embedded in a ground substance (composed
of glycosaminoglycans in a salt solution). The ground substance can be regarded to
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be optically homogeneous. The fibril axes are parallel to the surfaces of the cornea.
Fibrils in normal or swollen corneas seem to have essentially the same diameter
(about a few tens of nanometers, nm), while those in scarred corneas have a rather
wide range of diameters. The distribution of fibrils in a normal cornea is different
from those for swollen corneas. Light propagating through the cornea is scattered
by the individual fibrils. Scattering phenomena in normal corneas will be different,
eventually, from those taking place in swollen or scarred corneas. The scattering of
light by the fibrils in a normal cornea, in the so-called Debye-Born-Rayleigh-Gans
approximation (to be discussed in Sections 2.8 and 2.10) for each individual fibril,
has been studied.40 The fact that the fibrils in a normal cornea do not behave as
independent scatterers gives rise to important cancellations in the differential cross-
section. The latter, in turn, account for the near transparency of a normal cornea.
Smaller cancellations would take place for scatterings in swollen or scarred corneas,
which would imply less transparency for them.40 Multiple scattering in the cornea
has been investigated,41 and birefringence in the cornea has been studied.42 See also
next subsection.

2.7.2 RETINAL NERVE FIBER LAYER: FORM BIREFRINGENCE AND SCATTERING

The retinal nerve fiber layer (that part of the retina that is connected to the optic
nerve) is a complex structure which, regarding light propagation, is nearly transparent
and behaves as weakly reflecting. Consequently, the retinal nerve fiber layer scatters
some light (to a certain limited extent). It seems that such a scattering is due to
structures (cellular organelles), approximately cylindrical and parallel to one another
that are distributed throughout the thickness of the retinal nerve fiber layer. Cellular
organelles at the retinal nerve fiber layer (RNFL) provide another important example
of approximately parallel cylindrical biological waveguides as microtubules.24

As revealed by electron microscopy, the RNFL contains bundles of nerve cells
(nerve-cell axons) that run just under and across the surface of the retina. A nerve
fiber bundle contains four different kinds of approximately cylindrical structures: a)
axonal cell membranes around nerve axons (axonal membranes), b) microtubules, c)
neurofilaments, and d) mitochondria. Those structures lie in a rather complex cellular
environment (some aqueous solution of proteins and other cellular constituents).
Within the scope of this chapter, it is interesting to describe briefly those structures
and their sizes.24

Axonal membranes are thin phospholipid bilayers (with transverse sizes about
6 to 10 nm) that form cylindrical shells enclosing the axonal cytoplasm. Microtubules
are long (10 to 25 microns) tubular cylinders of the protein tubulin; they have inner
and outer diameters about 15 and 25 nm, respectively. Neurofilaments are stable
proteins, having a diameter about 10 nm. Mitochondria are ellipsoidal organelles
that contain membranes of lipid and protein: their length and thickness are about
1 to 2 microns and about 100 to 200 nm, respectively. It follows that the transverse
dimensions of axonal membranes, microtubules and neurofilaments are appreciably
smaller than typical wavelengths of light (thin fibers) while those of mitochondria are
not. The typical separations between two neighboring cylindrical structures of those
kinds appear to be smaller than the wavelength of light.
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The refractive indices of the various organelles in the RNFL range from about
1.36 up to about 1.64.24

The resulting arrays of approximately parallel cylinders appear to display some
form birefringence: compare with Section 2.4 (model r ). Then, cellular organelles at
the retinal nerve fiber layer (RNFL) provide an example of optical anisotropy.24

To appreciate the potential interest of researchers about light scattering by the
latter cylindrical structures, we shall limit ourselves to point out the following. The
retinal nerve fiber layer is damaged in glaucoma and other diseases affecting the optic
nerve. Detectable modifications of the retinal nerve fiber layer (say, its thinning) may
occur before losses of vision become manifest and measurable. Then, optical methods
that enable us to assess the state (thickness) of the retinal nerve fiber layer may provide
aids for diagnosis. The optical methods involved include the analysis of the reflected
light (arising from its scattering by the retinal nerve fiber layer into the backward
direction).24

Further and interesting discussions of form birefringence for the RNFL arose,24

by means of a relatively recent formula for an assembly of parallel cylinders. Some
detailed analysis of the scattering of light by the organelles in the RNFL, each of them
treated as an optically isotropic waveguide, have also been carried out in the same
investigation.24

Various experiments implying birefringence in the RNFL have been reported in
recent decades.43,44 Other experiments,45 using a laser ellipsometry technique demon-
strated that the RNFL of the human retina exhibits substantial uniaxial birefringence.
Additional studies have demonstrated that the RNFL possesses dichroism (inter-
preted possibly, as form dichroism, due to microtubules and neurofilaments).46 Those
studies45,46 also deal with birefringence and dichroism in the cornea.

2.7.3 RETINAL PHOTORECEPTORS

Retinal photoreceptors in the eye can be regarded at least as a zeroth order of approx-
imation, as arrays of optically isotropic cylindrical dielectric cylinders with circular
cross-sections of radius R.16,17 The transverse diameters of the various photoreceptors
can be taken to vary between about 0.6 µ m and about 2 µ m. The average separations
between two neighboring photoreceptors can be regarded be to about 0.5 µ m (or, at
most, a bit larger, up to about 2 µ m).

Let n1 and n2 be the refractive indices of the photoreceptor and of the surrounding
medium, respectively.

The refractive indices n1 of the various photoreceptors have been estimated to
range from about 1.36 up to about 1.41.16 One may also estimate the value for n1 as
1.35, since the fibers of the RNFL (see Subsection 2.7.2) are not coated with white
matter or myelin. The considered value corresponds more to “grey matter” or axonal
material.

The refractive index n2 of the surrounding medium can be estimated as follows.
As established earlier by Sidman,39 the interstitial organic material surrounding a
biological waveguide has a refractive index very close to that for water (H2 O): n2 =
nH2 O + αC . α is a numerical coefficient and C is the percentage of concentration
of solids (proteins, lipoproteins or lipids). We point out that α is rather stable for
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bio-materials, and |αC | << 1. Since: nH2 O = 1.3334, we assume n2 � 1.34 (for
a wavelength of light in free space corresponding to an average over the visible
spectrum, namely, for λ = 0.5 µ m). Notice that 1.34 is also used as a value for
the refractive index of the cytoplasm (see, for example, Sidman39

therein). Thus, the refractive indices of the various photoreceptors minus that of the
surrounding medium (say, the average refractive index of the retina) in which the
former are embedded may be about 0.01.

As was established by Enoch,16 optical photoreceptors are guiding light under
conditions of total internal reflection and behave as waveguides under ordinary con-
ditions (normal functioning). In a geometrical optics description, light that has pen-
etrated into one photoreceptor is guided along it subject to successive total internal
reflections. In the electromagnetic wave description, light propagates confined along
the photoreceptor in the form of propagation modes. For photoreceptors with circular
cross-section of radius R, each set of modes is characterized by the values of the
so-called V parameter given in Eq. (2.12), where: n1(= nco) and n2(= ncl) are the
refractive indices of the photoreceptor (core) and of the surrounding media (cladding),
discussed above, and 2R is the diameter of the photoreceptor. In more technical terms,
the V parameter determines the specific cut-off frequency for the corresponding set
of modes.10 We consider 2R � 2.0 µ m.

It is accepted that human optical photoreceptors (regarded, in a zeroth order
approximation, as homogeneous optically isotropic dielectric fibers of circular cross-
section) support about six propagation modes. The latter include the set of two fun-
damental modes (zeroth order) and other higher order modes (first and second order
ones).16 Recall the short summary about propagation modes in Section 2.6. Modes
of order two or higher transport a much smaller percentage of energy than the funda-
mental ones.17 For a waveguide supporting low-order modal patterns, as is the case
with human receptors, one may take 0 < V < 10.9, where the upper limit has been
taken as rather high, so as to include a set of low order modes.

The absorption of light by the organic material in photoreceptors during the con-
fined propagation appears to be small and it constitutes an interesting phenomenon.

Birefringence and dichroism in retinal photoreceptors have been established and
analyzed in detail.21

Mitochondria may introduce (small) anisotropies in photoreceptors.47

The birefringence of biological waveguides and, in particular, of retinal optical
photoreceptors has been studied and measured by several authors during recent
decades by using various techniques in mammalians and also for the human eye.39,48

The birefringence in biological waveguides is due to the particular assembly of
anisotropic organic molecules constituting the material of each one of the segments
forming the whole waveguide structure and to the photochemical properties of the
components. Recall that for the RNFL, Dreher et al.45 measured the degree of pre-
served polarization and amount of dichroism as functions of angular position of
measurement locations in eight postmortem human eyes. The authors obtained two
maxima that correlate with the areas of the thickest RNFL.

To summarize, one can make a quantitative assessment of the amount of bire-
fringence by means of the so-called net birefringence (�n), which is a suitable sum
of differences of refractive indices (each difference being due to a specific physical
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effect). A non-vanishing value for the net birefringence (�n �= 0) is a manifestation
of overall optical anisotropy. In principle, the net birefringence is the sum of the
intrinsic, form and chromatic birefringences: �n = �nI +�nF +�nC . We anticipate
that the contribution of the chromatic birefringence (�nC ) will be neglected.

Liebman48 succeeded in measuring the intrinsic (�nI ), form (�nF ) and net bire-
fringence (�n) in unbleached and bleached rod outer segments (ROS) in R. Pipiens.
He assumed that the ROS behaves as a uniaxial crystal. By measuring the percent-
age of retardation of light, he found for the net birefringence: �n � +0.0015 (for
a wavelength of light in free space λ = 0.5 µ m). Since birefringence depends on
wavelength, we can estimate �n � +0.0010 for λ = 0.68 µ m , by following the
mentioned results. The measured value of the net birefringence is affected by contri-
butions with negative signs. It turns out that �nF takes on negative values.

For the purposes of characterizing the birefringence, one needs particular exper-
imental values of �nF = ne − no = c/ve − c/vo, where ve and vo are the velocities
associated with the extraordinary and ordinary rays, respectively, in relation with the
direction of the optic axis. We notice that the measured experimental values used to be
very much influenced by the experimental procedure and by photochemical reactions
induced in the structure of the organic components of the waveguide at the time of
carrying through the measurements.

At this point, let us recall the form birefringence coefficient given in Eq. (2.5),
which turns out to be negative. In the case of interest for us here, this behavior could
correspond, for example, to the real lamellar structure originated by the disposition
of fibers (n1) and the interstitial matrix (n2) in the array of the RNFL of the retina
(polarization properties) as theoretically considered in the present study (n1 > n2).
In so doing, we are identifying (or approximating) these n1 and n2, respectively, with
the values for the refractive indices of the photoreceptor (n1) and of the surounding
medium (n2), discussed previously in this subsection. Upon proceeding with the form
birefringence coefficient given in Eq. (2.5), let f1 = f2 = 1/2 (namely, the case of
two components with equal fractional volumes) and we consider small birefringence,
so that ne + no � n1 + n2. Then, the form birefringence coefficient given in Eq. (2.5)
(actually, a simplification of Wiener’s formula1) yields the following approximate
formula for the form birefringence:

�nF = ne − no �= − (n1 − n2)2(n1 + n2)

2
(
n2

1 + n2
2

) (2.13)

This behavior is characterizing a particular form birefringence.45 See Figure 2.1. We
observe that �nF has negative small values (negative uniaxial crystal).

Thus, from a theoretical point of view, this degree of birefringence of photore-
ceptors (for one single receptor) is related to their waveguiding properties.

The degree of birefringence is also a function of the V parameter of the waveguide:
n1 = n1(V ). In order to understand this dependence, we have analyzed the behavior
of �nF = �nF (V ), for two values of the wavelength: λ = 0.6328 µ m and λ = 0.5
µ m. For a fiber behaving as a single mode waveguide (or for 0 < V ≤ 4), the
difference of the values of �nF for those two close values of λ appears to be very
small (almost zero). On the other hand, as we approach the behavior of the fiber as
multimode supporting two sets of modes or as V increases (say, for 6 < V ≤ 10), the
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Refractive index of the fiber (λ =550 nm)

D
eg

re
e 

of
 fo

rm
 b

ire
fr

in
ge

nc
e

0

–0.005

–0.01

–0.015

–0.02

–0.025
1.3         1.35           1.4           1.45           1.5           1.55

n1

FIGURE 2.1 Behavior of �nF as a function of the refractive index n1, for a wavelength
λ = 0.55 µ m of light.

difference between the two values of �nF for those two wavelengths dramatically
increases as V does.

Assuming that n2 � 1.34 and �nF = −0.009 (as theoretically calculated by
Harosi,21) we can observe that this value is obtained for V = 8.4 (<10.9) for λ = 0.5
µ m and V = 6.6 (λ = 0.6328 µ m). From this result, we can interpret that the
value �nF = −0.009 is acceptable, and the fiber is far from being considered as
a single mode one. Nevertheless, it is not warranted, a priori, that all allowed high-
order propagation modes will be effectively excited. We can still keep the single mode
approximation for the sake of simplicity of the present model.

Notice that in order to obtain positive values for �n, we still need to include
the additional contribution corresponding to the intrinsic birefringence properties
of the concentration of solids along the axial direction of the fiber (in particular,
lipid molecules), namely, �nI . Upon neglecting the chromatic birefringence, we
have �n � �nF + �nI . Specifically, in order to obtain the positive experimental
values reported in the literature (�n � 0.0015), and since �nF = −0.009, one has
�nI = 0.0105, corresponding to a higher birefringence value. The latter, in turn,
may be originated by a permanent organization of lipid molecules.

Let us regard each photoreceptor as a uniaxial birefringent medium in the form of
a cylindrical waveguide and assume the x3 axis lies along the axis of the waveguide.
The values of the non-diagonal elements of the relative dielectric permittivity tensor
are associated with optical activity (related, in turn, to the presence of non-symmetric
molecules). At this point, we can mention that rhodopsin contains non-symmetric
molecules like α-helical structures. A measurement of the optical activity can be
performed by determining circular birefringence, but the importance of the induced
phenomenon would be very weak.21 Then, one may estimate approximately that, in
the actual case, the corresponding relative dielectric permittivity tensor has ε12 � 0.
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There are some important effects regarding the capture of light by retinal photore-
ceptors and visual response. One of them is the Stiles-Crawford effect of first kind
(SCE-I) that evidences the behavior of retinal photoreceptors as antennas and opti-
cal dielectric waveguides.16,17 In the SCE-I, the profile of the experimental intensity
distribution of the luminous energy scattered by the retinal photoreceptors exhibits
a maximum in the direction of the center of the eye pupil. For the particular case of
the SCE-I, and due to the limited range of the measured angles (limited eye pupil),
the experimental results turn out to correspond to a selective angular range that is
close to the forward scattering direction. The numerical representation of the angular
distribution of the luminous energy evidences a maximum for the forward scatter-
ing direction. This result indicates the orientational properties of groups of retinal
photoreceptors.

Recall that the receptor orientation is the result of several forces: a) phototropic
(orienting the photoreceptors toward the center of the pupil), b) a force perpendicular
to the retinal epithelium (for alignment of the photoreceptors toward the center of the
retinal sphere), c) retinal tractions, and d) receptor packing. Results obtained earlier
for the SCE-I in observers having ectasia (Fuch’s coloboma) show receptor alignment
abnormality or disturbance.49

Further experimental results in relation to the SCE-I, with dramatic changes of
the data have revealed systematic strains causing orderly alterations in photoreceptor
orientations in observers with high myopia.50 One possible qualitative explanation of
the latter experimental results could be that, under such anomalous conditions (high
myopia), some optical anisotropy (implied by the photo-elastic effect) could have
arisen in those biological cylindrical waveguides, namely in the retinal photoreceptors
and in the retinal nerve fiber layer.

2.8 CLASSICAL ELECTROMAGNETIC SCATTERING BY
ANISOTROPIC OBJECTS IN ISOTROPIC MEDIUM

Let us consider in three-dimensional space an infinite isotropic and homogeneous
dielectric reference medium, that has real constant dielectric permittivity ε0, zero
electrical conductivity, magnetic permeability equal to that of vacuum (µ0, real) and,
hence, constant refractive index n0. We also consider N separate (non-overlapping)
optically anisotropic dielectric objects (with arbitrary shapes and relative orientations
with respect to one another) located at fixed positions in the reference medium.
Each object has zero electrical conductivity, magnetic permeability equal to µ0 and a
(symmetric) dielectric permittivity tensor ε0 · ε̃, where ε̃ is the dielectric permittivity
tensor of the object relative to that of the surrounding reference medium. εi j is, in
general, complex.

We shall suppose that each εi j and its first spatial derivatives are continuous
everywhere, that is, also across the interface separating any two different dielec-
tric media. Strictly speaking, each εi j and the first spatial derivatives thereof, be-
ing continuous across the limiting surface of any of those objects, must vary in a
certain three-dimensional region containing those boundary surfaces. We suppose
that the sizes (or transverse widths) of those regions in the directions orthogonal to the
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corresponding surfaces are adequately small. Except for the last assumptions regard-
ing εi j , the formulation in this section is rather general, and it applies regardless of the
fact that the objects are or are not identical cylindrical waveguides. The generalization
of that three-dimensional formulation when εi j or the first spatial derivatives thereof
are allowed to develop discontinuities at the boundaries of the dielectric objects, is
rather complicated and it will not be attempted here. That generalization for electro-
magnetic scattering by optically anisotropic cylindrical waveguides, which becomes
a two-dimensional situation, has already been carried out and reference to it will be

Let ε̄(k̄, σ ) be the standard linear (real) or circular (complex) unit polarization
vectors; they are given by the same expressions as for electromagnetic wave propa-
gation in vacuum.51 The (linear or circular) polarization index σ takes on only two

monochromatic (complex) electric (E′
in exp(−iωt)) and magnetic (H′

in exp(−iωt))
fields, with real frequency ω and wavevector k̄, propagate freely in the surrounding
reference medium at very large distances from the N objects (say, for distances much
larger than their characteristic sizes and larger than the wavelength). Certain shapes of
the objects require specific discussions and treatments of what is meant by “distances
much larger than their characteristic sizes.” The case of cylindrical objects that have
(relatively) large sizes along certain directions will be dealt with in Section 2.10. Both
E′

in and H′
in fulfill Maxwell’s equations (that is, Eqs. (2.1) and (2.2) with ε̃ = I3).

Then, both equations in (2.3) for H′
in = H′

0 exp i k̄ x̄ , with constant H′
0, read for

any x̄ :

∇ × (∇ × H′
in) = ω2

v2
H′

in, ∇ · H′
in = 0 (2.14)

The v now denotes the velocity of the electromagnetic wave in the surrounding
reference medium. In general, H′

0 is a linear combination of the two vectors ε̄(k̄, σ ),
for both values of σ . In order to simplify the analysis without an essential loss of
generality, we choose H′

0 = ε̄(k̄, σin), with some given initial (linear or circular)
polarization index σin . The first equation in (2.14) can be re-expressed using the
second one as:

[� + K 2
cl]H

′
in = 0, K 2

cl = ω2

v2
(2.15)

where � = ∂2/∂x2
1 + ∂2/∂x2

2 + ∂2/∂x2
3 .

Let those incoming fields approach the anisotropic objects and be scattered by
them. The total electric field (E′ exp(−iωt)) equals the incoming plus the scattered
field and so on for the total magnetic field (H′ exp(−iωt)). Both E′ and H′ fulfill
Maxwell’s equations (2.1) and (2.2) for any x̄ (in the surrounding reference medium
and inside the objects). Notice that ε̃ �= I3 inside the objects. We shall concentrate
on the total magnetic field that satisfies Eq. (2.3). For convenience, we shall recast
Eq. (2.3) for H′ at any x̄ as:

[� + K 2
cl]H

′ = j′, ∇ · H′ = 0 (2.16)

j′ = ∇ × ([(ε̃)−1 − I3]∇ × H′) (2.17)
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given in Appendix E.

values. Their basic properties are summarized in Appendix A. Let incoming classical
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It is easy to check that ∇ · j′ = 0, so that Eq. (2.17) is consistent with the second
Eq. (2.16). The structures of Eqs. (2.16) and (2.17) can be easily justified as follows.
Let there be no anisotropic objects (εi j thereby becoming equal to δi j ), so that the
region of space occupied by them becomes similar to the surrounding reference
medium. Then, there would be no scattered waves and, hence, H′ would become H′

in ,
j′ = 0 (the right-hand side of Eq. (2.17) vanishing identically) and the first Eq. (2.16)
would become the first Eq. (2.15).

A Green’s function (GT r (x̄)) adequate for dealing with both equations in (2.16)
(and, specifically, for solving the difficulties arising from the second equation) has
been proposed and adequately studied.52,53 GT r (x̄) is named the transverse Green’s

Green’s function techniques with GT r (x̄ − x̄ ′), the partial differential equations in
(2.16) can be recast as the following linear integral equation valid for any x̄ (that is,
both in the surrounding reference medium and inside any anisotropic object):

H′(x̄) = H′
in(x̄) +

∫
d3 x̄ ′GT r (x̄ − x̄ ′)j′(x̄ ′) (2.18)

The integration over x̄ ′ is extended to the whole regions occupied by the N separate
optically anisotropic dielectric objects. Using the properties of GT r (x̄), as outlined
in Appendix B, one sees easily that H′(x̄), as given by the right-hand side of (2.18)
fulfills, throughout all space, both the first (2.16) (for x̄ inside the anisotropic objects
and outside them) and the second (2.16). Eq. (2.18) is the basic integral equation de-
scribing the scattering of the classical electromagnetic wave by the separate optically
anisotropic objects.

For | x̄ |→ +∞, along a fixed direction (say, fixed xl/ | x̄ |, l = 1, 2, 3), by using
Eq. (B.7), with k̄ ′ = Kcl(x̄/ | x̄ |), Eq. (2.18) becomes:

H′(x̄) → H′
in(x̄) + exp i Kcl | x̄ |

| x̄ |
∑

σ

ε̄(k̄ ′, σ ) f (k̄ ′, σ ; k̄, σin) (2.19)

f (k̄ ′, σ ; k̄, σin) = − 1

4π

∫
d3 x̄ ′ exp[−i k̄ ′ x̄ ′]ε̄(k̄ ′, σ )+j′(x̄ ′) (2.20)

The two ε̄(k̄ ′, σ )’s are also standard linear (real) or circular (complex) polarization
vectors in three dimensions (see Appendix A). Recalling that H′

in = ε̄(k̄, σin) exp i k̄ x̄ ,
we choose, for consistency, the ε̄(k̄ ′, σ )’s in (2.19) to represent the same type of
polarization (linear or circular) as ε̄(k̄, σin). The row vector ε̄(k̄ ′, σ )+ is the adjoint
(involving complex conjugation and matrix transposition) of the column vector
ε̄(k̄ ′, σ ). Then, ε(k̄, σ )+j′(x̄ ′) denotes the scalar product of the vector ε̄(k̄ ′, σ ) (in-
volving the complex conjugate of its components) times j′(x̄ ′). The sum over the
polarization index σ is carried out only over its two allowed values. f (k̄ ′, σ ; k̄, σin)
is the three-dimensional electromagnetic scattering amplitude by the assembly of all
anisotropic objects. See Figure 2.2.
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function and it is a 3×3 tensor, characterized in Appendix B. Upon applying standard



Birefringent Optical Waveguides 59

k

k

v

v

FIGURE 2.2 Top: Incoming electromagnetic radiation with wavevector k̄ approaches an
optically anisotropic three-dimensional object (V ). Bottom: Scattered radiation by the opti-
cally anisotropic object in the direction corresponding to the outgoing wavevectors k̄ ′.

Let us consider the flux of the Poynting vector determined by the incoming fields
E′

in exp(−iωt) and H′
in exp(−iωt) (across a unit planar surface orthogonal to k̄) and

that corresponding to (2.19) and to its associated electric field (across a very small
surface element orthogonal to k̄ ′, located at | x̄ |→ +∞). The ratio of the second
flux over the first one yields the differential cross-section for the scattering by that
assembly of anisotropic objects. That differential cross-section is proportional to
| f (k̄ ′, σ ; k̄, σin) |2. We shall omit further details, as one may see similar computations
elsewhere.54

Eq. (2.18) is a linear inhomogeneous integral equation that can be solved formally
by successive iterations. The latter generate an infinite series for H′(x̄), which solves
Eq. (2.18). For weak scattering processes, it suffices to approximate H′(x̄) by H′

in(x̄)
plus the result of the first iteration. This yields the following approximate explicit
representation for H′(x̄):

H′(x̄) � H′
in(x̄) +

∫
d3 x̄ ′GT r (x̄ − x̄ ′)j′(1)(x̄ ′) (2.21)

j′(1)(x̄ ′) = ∇ × ([(ε̃)−1 − I3]∇ × H′
in(x̄ ′)) (2.22)

In this approximation (named the Debye-Born-Rayleigh-Gans or DBRG), f (k̄ ′, σ ;
k̄, σin) is obtained by replacing j′(x̄ ′) in (2.20) by j′(1)(x̄ ′):

f (k̄ ′, σ ; k̄, σin) � f (k̄ ′, σ ; k̄, σin)DBRG

= − 1

4π

∫
d3 x̄ ′ exp[−i k̄ ′ x̄ ′]ε̄(k̄ ′, σ )+j′(1)(x̄ ′) (2.23)
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Some necessary conditions for this approximation to hold are: i) ε̃ differs little from
I3, that is, all | εi i − 1 | and all | εi j |, i �= j , are small compared to unity, and ii)
all εi j vary slowly inside the objects. We shall leave the approximate explicit integral
representation for H′(x̄) given by Eqs. (2.21) and (2.22) as it stands. In principle,
it could be applied directly to some physically interesting scattering situations, say,
through numerical integration. However, as we shall see, one may easily understand
that its practical reliability would become reduced, at least, as the number of scattering
objects increases; say, as the possibility of multiple scattering effects becomes non-
negligible. That is, the above necessary conditions i) and ii) will not be sufficient for
the reliability of (2.21) and (2.22) if the number of scattering objects is not adequately
small.

Intuitively, one could imagine that the incoming field H′
in(x̄) is scattered once

by each of the N anisotropic objects. Then, let the magnetic field arising from the
scattering by the i-th anisotropic object alone be, in turn and subsequently, scattered
by the j-th object ( j �= i) and so on. This gives rise to imagining a whole series of
successive multiple scatterings of the electromagnetic wave by the different objects.
At this stage, one could argue, quite naturally, that the exact total magnetic field H′(x̄),
given by Eq. (2.18), should also be equal to the total magnetic field resulting from all
those multiple scatterings. Such a multiple scattering point of view is physically cor-
rect and mathematically consistent, and it has given rise to further insight and useful
approximations. Of course, the approximate (2.21) and (2.22) amount to neglecting
all multiple scatterings (double, triple,. . . ). So, a posteriori, we see that the approx-
imate reliability of (2.21) and (2.22) would require that multiple scattering effects
be adequately small, intuitively. The latter condition appears not to be fulfilled in
many physically interesting cases (eventually not, if the number of scattering objects
is adequately large).

Then, it makes sense to develop further alternative and general procedures that
deal with multiple scattering specifically. A rather general formulation will be outlined
in the next section. Its applicability (for N parallel cylindrical long waveguides) will
be explained later in this chapter.

2.9 MULTIPLE SCATTERING BY OPTICALLY ANISOTROPIC
OBJECTS IN THREE DIMENSIONS: AN OUTLINE

Let there be only one optically anisotropic object, namely, the i-th one (as if all the
remaining N − 1 ones had been removed). Let H′(x̄)(a)

i be the total magnetic field
describing the scattering of the incoming field H′

in(x̄) by the i-th anisotropic object
alone (superscript a). H′(x̄)(a)

i fulfills Eq. (2.18) with only the i-th scattering object,
which we cast as:

H′(x̄)(a)
i = H′

in(x̄) +
∫

i
d3 x̄ ′GT r (x̄ − x̄ ′)j′(x̄ ′)i (2.24)

j′(x̄ ′)i is obtained from j′(x̄ ′) (Eq. (2.17)) upon replacing in it H′(x̄) by H′(x̄)(a)
i . The

subscript i in the integral in Eq. (2.24) indicates that the integration over x̄ ′ is extended
only over the region occupied by the i-th object. The series for H′(x̄)(a)

i formed by
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the all successive iterations of Eq. (2.24) can be recast symbolically as:

H′
i (a) = H′

in + GT rτi H′
in (2.25)

Eq. (2.25) defines the scattering integral operator τi (which is also a 3 × 3 matrix)
for the i-th object. More specifically, τi is given by a series, so that the n-th term in
it is obtained from the n-th iteration of Eq. (2.24). For instance, the first iteration of
Eq. (2.24) gives the first contribution, τ

(1)
i , to τi (τi � τ

(1)
i ):

GT rτ
(1)
i H′

in =
∫

i
d3 x̄ ′GT r (x̄ − x̄ ′)j′(1)(x̄ ′)i (2.26)

j′(1)(x̄ ′)i is given in (2.22) only for x̄ ′ in the region occupied by the i-th scattering
object. One can identify the explicit form of τ

(1)
i from (2.26) but, for brevity, we shall

not write it (a similar identification will be carried out later in the simpler case of
cylindrical waveguides). Similarly, the second iteration of Eq. (2.24) gives the second
contribution, τ

(2)
i , to τi (τi � τ

(1)
i + τ

(2)
i ). In order to illustrate the potential useful-

ness of these studies, we note that the second iteration of (a far simpler version of)
Eq. (2.24) was one key element in deriving the form birefringence coefficient for an
array of parallel cylinders of arbitrary sizes and separations.23 And so on for higher
order contributions to τi . In the remainder of this section, we shall work with τi but
no longer with H′(x̄)(a)

i .
Next, we again consider the case with all (N ) optically anisotropic objects present

and we treat all possible scatterings of the magnetic field by them. That is, we come
back to the total magnetic field H′(x̄) describing the scattering of the incoming field
H′

in(x̄) and to Eq. (2.18). The key features of the alternative multiple scattering for-
mulation of Eq. (2.18) are the following. The same total magnetic field H′(x̄) ≡ H′,
which solves Eq. (2.18), is also given by the representation:

H′ = H′
in +

N∑
i=1

GT rτi H′
i (2.27)

In turn, the new “partial” magnetic fields H′
i = H′(x̄)i , i = 1, . . . , N , are the solution

of the system:

H′
i = H′

in +
N∑

j=1, j �=i

GT rτ j H′
j (2.28)

τi in both Eqs. (2.27) and (2.28) is the same as in Eq. (2.25), namely, the scattering
integral operator for the i-th object. Eq. (2.28) is an inhomogeneous linear system of
N integral equations for all H′

i , i = 1, . . . , N . Notice that the i-th Eq. (2.28) does
not contain H′

i in its right-hand side. Physically, this can be interpreted through the
statement that the magnetic field that reaches the i-th object is the sum of the incoming
one plus the superposition of all those generated by the remaining N − 1 objects.
We emphasize that H′(x̄)i is physically different from H′(x̄)(a)

i and it would be erro-
neous to confuse them; only the i-th object was present when H′(x̄)(a)

i was defined
(in Eq. (2.24), while all (N ) objects were considered in Eq. (2.28) for H′(x̄)i . A key
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property is that the solution for H′ obtained by all iterations of Eq. (2.28) together
with Eq. (2.27) is equivalent to a rearrangement of the series obtained by iterating
Eq. (2.18). It can be proved upon comparing the series formed by all successive itera-
tions for Eq. (2.18) with the one provided by Eq. (2.27) and all successive iterations of
Eq. (2.28).

The scattering amplitude f (k̄ ′, σ ; k̄, σin) ((2.17)) can be obtained, for instance,
through the substitution of H′ in (2.17) by the right-hand side of (2.27).

The multiple scattering formulation in quantum mechanics is well documented.54–56

Its extension for the multiple scattering formulation of electromagnetic waves had to
deal with the additional difficulties arising from the second equation in Eq. (2.16).
The transverse Green’s function GT r allowed us to solve those difficulties, as shown
through further computations and estimates.57

In practice, the above multiple scattering formulation, although physically quite
appealing, is not easy to apply, with the above generality, in three dimensions as the
number N of scattering objects increases. Fortunately, the application of such formula-
tion for parallel cylindrical waveguides (which boil down to treating two-dimensional
situations) under additional simplifying assumptions will be more tractable, as we
shall see. The rather general formulations in this and the preceding section could
also provide some starting point for the study of electromagnetic wave scattering
by objects, when those simplifying assumptions are not met with sufficient approx-
imation (or are not fulfilled at all): for instance, for cylindrical waveguides with
misalignments.

2.10 SCATTERING BY ANISOTROPIC CYLINDRICAL WAVEGUIDES

2.10.1 TWO-DIMENSIONAL MAXWELL’S EQUATIONS FOR ANISOTROPIC

CYLINDRICAL WAVEGUIDES

We shall now assume that each of the N objects is an optically anisotropic cylindrical
waveguide with arbitrary transverse cross-section � and suitably large length L . Let
R be some length scale so that the area of � is of order R2. L is supposed to be
much larger than R and than typical wavelengths of light, so, for practical purposes,
the waveguide will be regarded to have infinite length (L � ∞). See Figure 2.3. We
suppose that all N waveguides have their axes parallel to one another. See Figure 2.4.
We shall choose the x3-axis to be parallel to the axis of the waveguides (for both
N = 1 and N > 1) and write: x̄ = (x, x3), so that x = (x1, x2). We shall suppose
that ε13 = ε23 = 0, and that the non-vanishing εi j are real for typical frequencies of
light, at least, approximately (absence of absorption). If, in addition, ε12 = ε21 = 0,
the material of which the waveguide is made is, by definition, not optically active.
Let a material be not optically active, then, the case ε11 = ε22 �= ε33 corresponds
to uniaxial anisotropy, while if all εi i differ from one another, one meets the biaxial
one. In the general study that follows, and unless explicitly stated, we shall allow for
optically active materials (ε12 = ε21 �= 0).

Under the above additional simplifications, the general three-dimensional scat-
tering problem treated in Section 2.8 can be reduced to a somewhat simpler one,
in two spatial dimensions. In fact, with L � +∞, it is consistent to search for
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R

β

FIGURE 2.3 One single anisotropic object having the form of a cylindrical waveguide of
radius R. The constant β appearing in Eq. (2.30) is displayed. β also gives the component of
the wavevector of the incoming radiation parallel to the axis of the waveguide.

physically consistent solutions of Maxwell’s equations, in which the x3-dependences
are factorized in the total electric and magnetic fields:

E′ = exp(iβx3)E (2.29)

H′ = exp(iβx3)H (2.30)

d  

β

FIGURE 2.4 N anisotropic objects, each having the form of a cylindrical waveguide. The
axes of the N waveguides are parallel to one another. The average distance between any pair
of neighboring waveguides is d. The constant β appearing in Eq. (2.30) is displayed (see also
caption of Figure 2.3). For comparison with Figure 2.6, the optic axis of each waveguide is
supposed to be parallel to its geometric axis.
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Both E and H are independent on x3, but they do depend on x = (x1, x2). On the
other hand, β is a real constant (as absorption effects are regarded as negligible).

Let E = (E1, E2, E3) and H = (H1, H2, H3). In this case, we shall give a simpler
(two-dimensional) form of Maxwell’s equations, involving only H1 and H2. Such a
form will turn out to be equivalent to the two equations in (2.3) plus Eq. (2.30). For

shall proceed through an alternative route. Thus, we consider the first components of
the first (vector) equation in (2.2) and the third component in the first (also vector)
equation in (2.1) and take Eq. (2.29) into account. All those yield:

∂ H2

∂x1
− ∂ H1

∂x2
= − iω

v

(
ε0

µ0

)1/2

ε33 E3 (2.31)

∂ E3

∂x2
− iβE2 = iω

v

(
µ0

ε0

)1/2

H1, −∂ E3

∂x1
+ iβE1 = iω

v
(
µ0

ε0
)1/2 H2 (2.32)

Eqs. (2.31) and (2.32) allow us to obtain, successively, E3 and, then, E2 and E1 in terms
of H1 and H2. Then, we consider ∇ × (∇ × H′) = −i(ω/v)(ε0/µ0)1/2∇ × (εE′), take
its first two components, use the second equation in (2.2) and Eq. (2.30) and employ
the above expressions for E3, E2 and E1 in terms of H1 and H2 and spatial deriva-
tives thereof. Thus, one finds the announced system depending only on H1 and H2

(with �T ≡ ∂2/∂x2
1 + ∂2/∂x2

2 and K 2 = (ω/v)2 − β2):

[�T + K 2]Hi = ji , i = 1, 2 (2.33)

j1 = −(ω/v)2(ε22 − 1)H1 + (ω/v)2ε21 H2 − ∂ ln ε33

∂x2

[
∂ H2

∂x1
− ∂ H1

∂x2

]

+
(

ε21
∂

∂x1
− (ε33 − ε22)

∂

∂x2

) [
1

ε33

(
∂ H2

∂x1
− ∂ H1

∂x2

)]
(2.34)

j2 = −(ω/v)2(ε11 − 1)H2 + (ω/v)2ε12 H1 + ∂ ln ε33

∂x1

[
∂ H2

∂x1
− ∂ H1

∂x2

]

−
(

ε12
∂

∂x2
− (ε33 − ε11)

∂

∂x1

) [
1

ε33

(
∂ H2

∂x1
− ∂ H1

∂x2

)]
(2.35)

for any x. Both j1 and j2 vanish outside the transverse cross-section of any anisotropic
waveguide. A distinguishing feature of (2.34) and (2.35) is that the components of
ε̃−1 do not appear explicitly in them. Notice that the above Eqs. (2.34) and (2.35)
correct for a sign missprint in a previous work19 (specifically, in the second term on
the right-hand side of Eq. (2.1.8) in that work.19) Eqs. (2.33), (2.34) and (2.35) hold
independently on any assumption about the behavior of the components of ε̃ and their
first spatial derivatives across any interface between the cylindrical waveguides and
the surrounding medium (cladding).

In turn, Eqs. (2.33), (2.34) and (2.35) can be recast as

[�T + K 2]h(x) = j(x) (2.36)
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that purpose, one could use Eq. (2.3), as we shall comment in Appendix C, but we
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where h = h(x) and j = j(x) are the two column vectors formed, respectively, by
Hi , i = 1, 2 and by ji , i = 1, 2.

In what follows, and in order to simplify the analysis, we shall suppose that
εi j , i, j = 1, 2, ε33 and their first spatial derivatives are continuous throughout all
space (that is, and in particular, also across any interface separating any anisotropic
waveguide and the surrounding cladding). This is the counterpart for the actual cylin-
drical waveguides of similar assumptions for the three-dimensional case made in
Section 2.8.

2.10.2 SCATTERING BY N ANISOTROPIC CYLINDRICAL WAVEGUIDES:
GENERAL ANALYSIS

(1)
0 (K | x |) be Hankel’s outgoing function of zeroth order.58 It fulfills:

[�T + K 2]
H (1)

0 (K | x − x′ |)
4i

= δ(2)(x − x′) (2.37)

δ(2) being the two-dimensional Dirac delta function. That is, H (1)
0 (K | x − x′ |)/4i is

a Green’s function for �T + K 2, in two spatial dimensions. Some useful properties
of H (1)

0
waveguides, and upon applying standard Green’s function techniques, the partial
differential equation (2.36) can be recast as the following linear integral equation

h(x) = h(0)(x) +
∫

d2x′ H (1)
0 (K | x − x′ |)

4i
j(x′) (2.38)

The integral in Eq. (2.38) is extended over the transverse cross-sections of the
N anisotropic waveguides. The inhomogeneous term h(0)(x) fulfills [�T + K 2]h(0)

(x) = 0 for any x. For the scattering situation, there certainly is one physically
propagating wave very far from the waveguide, namely the incoming plane wave:
in this case, h(0)(x) = h(0) exp ixk, with k2 = K 2 > 0, that is, K is real. On the
other hand, h(0) is x-independent. Without an essential loss of generality, we can
choose h(0) to equal a two-component linear (real) or circular (complex) polarization
vector ε(k, σin in

ear or circular) polarization index. The three-dimensional Eq. (2.18) has simplified
to the two-dimensional Eq. (2.38). h(0)(x) in (2.38) is the present two-dimensional
counterpart of H′

in for (2.18).
For | x |→ +∞, along a fixed direction (say, fixed xl/ | x |, l = 1, 2), and with

k′ ≡ K (x/ | x |), Eqs. (2.38) and (D.2) lead to:

h(x) → h(0)(x) + exp i K | x |
| x |1/2

∑
σ

fw(k′, σ ; k, σin)ε(k′, σ ) (2.39)

fw(k′, σ ; k, σin) = 1

4i

[
2

π K

]1/2

exp[−iπ/4]
∫

d2x′ exp[−ik′x′]ε(k′, σ )+ j(x′) (2.40)

ε(k′, σ ) is a possible two-component linear (real) or circular (complex) polarization
vector in two dimensions (Appendix D). The sum over the polarization index σ is
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(K | x |) are collected in Appendix D. For the general case of N cylindrical

Let H

denotes the initial (lin-) in two dimensions (see Appendix D). σ
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carried over only two values. fw(k′, σ ; k, σin) is the two-dimensional electromagnetic
scattering amplitude by the N anisotropic cylindrical waveguides.

Eq. (2.38) also applies for confined propagation (with h(0)(x) = 0 and K pure
imaginary); Section 2.12 will be devoted to studying that physical situation.

2.10.3 ONE ANISOTROPIC CYLINDRICAL WAVEGUIDE: WEAK SCATTERING

We now restrict the study in the precedent subsection to the case of only one cylin-
drical waveguide (all the remaining N − 1 ones being removed by assumption). We
concentrate on Eq. (2.38), when the integral in it refers only to that unique waveguide.

Notice that h(x′) and derivatives thereof appear inside j(x′) (as implied by
Eqs. (2.34) and (2.35)). It is possible to recast Eq. (2.38) into an equivalent form
in which only h(x′) (but not its derivatives) appears inside the integral over x′. This
is at the expense of having derivatives of H (1)

0 (K | x − x′ |) inside that integral. The

treated in detail previously.19

If the anisotropic waveguide is a weak scatterer (say, if all | εi i − 1 | and | ε12 |
are small compared to unity), it suffices to approximate h(x) by h(0)(x) plus the result
of the first iteration of Eq. (2.38). One gets:

h(x) � h(0)(x) +
∫

d2x′ H (1)
0 (K | x − x′ |)

4i
j (1)(x′) (2.41)

where j (1)(x′) is obtained upon replacing h(x′) by h(0)(x′) in j(x′) (notice that a similar
procedure was employed in Eqs. (2.21) and (2.22)). The integral in the right-hand
side of Eq. (2.41) is extended only over the transverse cross-section of the unique
waveguide considered here. In turn, the replacement of h(x′) by h(0)(x′) in Eq. (2.40)
provides the Debye-Born-Rayleigh-Gans approximation fw(k′, σ ; k, σin)DBRG for
fw(k′, σ ; k, σin):

fw(k′, σ ; k, σin)DBRG = 1

4i

[
2

π K

]1/2

exp[−iπ/4]

·
∫

d2x′ exp[−ik′x′)]ε(k′, σ )+ j (1)(x′) (2.42)

In previous works,20,31 the scattering by one anisotropic waveguide has been studied
using Eq. (2.41) and a detailed numerical analysis. In those works, the following
useful and practical conclusions have been reached for weak scattering. Let: i) ε12

and ε11 − ε22 be suitably small (say, small optical activity and anisotropic waveguide
relatively close to uniaxial behavior), ii) ε11 and ε33 be weakly dependent on x, and
iii) let k be suitably small, so that h(0)(x′) varies little as x′ does inside the transverse
section of the waveguide. Then, the contribution of j (1)(x′) to the integral in (2.41) is
dominated by the terms independent on spatial derivatives of H (1)

0 (K | x − x′ |).20,31
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alternative form of Eq. (2.38) is commented succinctly in Appendix E and has been
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2.10.4 SCATTERING BY ONE ANISOTROPIC CYLINDRICAL WAVEGUIDE:
LONG WAVELENGTH APPROXIMATION

We shall now outline a long-wavelength approximation for the scattering by one
waveguide. Besides the above weak scatterer assumptions in the previous subsection,
let us suppose that K (real) is such that the dimensionless product | K | R is smaller
than unity (the area of the transverse cross-section � of the cylindrical waveguide be-
ing of order R2). Consistently with the last assumption, we neglect the x′ dependence
in h(x′) inside the integral, as we integrate over x′ with | x′ | less than about R. Also,
we shall restrict to x such that | K || x |≤ 1. Then h(0)(y) = h(0) exp i yk � h(0) for
y = x, and x′. Also, h = h(x) is essentially independent on x, and we also denote its
two constant components by Hi , i = 1, 2. One can apply the approximation (D.5) to
the integral in the second term of the right-hand side of the exact Eq. (2.38) (but, in
principle, not to that of the first-order correction to Eq. (2.38), given in Eq. (2.41)).
Then:

h � h(0) + 1

2π
ln[−2−1i K R exp γ ]

∫
d2x′ j(x′) (2.43)

γ being Euler’s constant.58 In turn, as we have neglected the x′ dependence of h inside
the integral, one has ∂ Hi/∂x j = 0 for i, j = 1, 2, and the two components of the
actual j(x′) in (2.43) reduce to:

j(x′)1 =
(ω

v

)2
[−(ε22(x′) − 1)H1 + ε21(x′)H2] ≡

2∑
j=1

(A2(x′))1 j Hj (2.44)

j(x′)2 =
(ω

v

)2
[−(ε11(x′) − 1)H2 + ε12(x′)H1] ≡

2∑
j=1

(A2(x′))2 j Hj (2.45)

The right-hand sides of (2.44) and (2.45) define the four elements (A2(x′))i j of the
2 × 2 matrix A2(x′). The notation indicates the fact that εi j may still depend on x′.
Eq. (2.43) should not be confused with Eq. (2.41). Thus, Eq. (2.41) requires weak
scattering and includes only the first iteration, but it is not restricted to long wavelength.
On the other hand, Eq. (2.43) requires weak scattering as well, but it amounts to
treating approximately all iterations of Eq. (2.38), although it is restricted to long
wavelength. Thus, even if, for physical consistency, the weak scatterer assumptions
are also involved in Eq. (2.43), all higher order iterations of Eq. (2.38)) are to be taken
into account in the approximation. Eq. (2.43) is an inhomogeneous linear system of
two equations for Hi , i = 1, 2 that can be trivially solved and so provides the basis
for an explicit approximate solution valid for long wavelength scattering. One gets:

h � [I2 − (2π )−1 ln(−2−1i K R exp γ )A2]−1h(0) (2.46)

A2 ≡
∫

d2x′ A2(x′) (2.47)

I2 is the 2 × 2 unit matrix. Notice that [I2 − (2π )−1 ln(−2−1i K R exp γ )A2]−1 is a
2 × 2 matrix.
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Using Eqs. (2.40) and (2.46), the scattering amplitude in the long wavelength
approximation reads:

fw(k′, σ ; k, σin) � 1

4i
exp[−iπ/4]

[
2

π K

]1/2

× ε(k′, σ )+ A2[I2 − (2π )−1 ln(−2−1i K R exp γ )A2]−1h(0) (2.48)

The well known optical theorem,54,56 is a general consistency requirement that must
be satisfied by the scattering amplitude. It is easy to see that the long wavelength
approximation given in Eq. (2.48) satisfies approximately the optical theorem. For
brevity, we shall omit details.

2.10.5 MULTIPLE SCATTERING BY N PARALLEL ANISOTROPIC WAVEGUIDES:
APPROXIMATIONS

With a view toward the analysis of the interaction of light with N parallel optically
anisotropic cylindrical waveguides and a multiple scattering formulation thereof
(restricting the general three-dimensional approach outlined in Section 2.9 to the
actual two-dimensional case), we shall start with the case of only one cylindrical
waveguide (all the remaining N − 1 ones being removed for the time being). Then,
we consider Eq. (2.38) for only one cylindrical waveguide. We notice that the series
for h(x) formed by the all successive iterations of Eq. (2.38) (providing its solu-
tion for one waveguide) can be rewritten formally as follows. By omitting explicit x
dependences, such a series solution of Eq. (2.38) can be cast as:

h = h(0) + H (1)
0

4i
τwh(0) (2.49)

which defines the waveguide scattering integral operator τw (which is also a 2 × 2
matrix). In detail, Eq. (2.49) reads:

h(x) = h(0)(x) +
∫

d2x′
∫

d2x′′ H (1)
0 (K | x − x′ |)

4i
τw(x′, x′′)h(0)(x′′) (2.50)

The integrations over both x′ and x′′ in (2.50) are carried out over the transverse
cross-section of the waveguide. The comparison between the exact Eq. (2.50) and the
approximate Eq. (2.41) would allow us to characterize the first approximation τ (1)

w for
τw. One has: ∫

d2x′′τ (1)
w (x′, x′′)h(0)(x′′) = j (1)(x′) (2.51)

τ (1)
w (x′, x′′) could be inferred from the validity of Eq. (2.51) for any h(0). We shall

not pursue this and we shall now give an explicit long wavelength approximation for
τw, based upon the previous subsection. Thus, under the long wavelength approxi-
mation (so that both h and h(0) are x-independent), the comparison between (2.50)
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and (2.46) yields an explicit approximation,
∫

d2x′ ∫ d2x′′τw,lw, for the double
integral

∫
d2x′ ∫ d2x′′τw:∫

d2x′
∫

d2x′′τw,lw(x′, x′′)

= A2[I2 − (2π )−1 ln(−2−1i K R exp γ )A2]−1 (2.52)

We now come back to the scattering of the incoming field h(0)(x) by all (N )
parallel anisotropic cylindrical waveguides, by restricting to two dimensions the
three-dimensional multiple scattering approach outlined in Section 2.9. Neither weak
scatterer nor long wavelength approximations will be made, unless otherwise stated.
In such an application, an important additional simplification occurs: one no longer
works with the more complicated transverse Green’s function GT r but with the simpler
Green’s function H (1)

0 /4i .
We shall also have in mind Eqs. (2.38) and (2.49) for each single waveguide:

they characterize the waveguide scattering (2 × 2 matrix) integral operator τw,i (=
τw,i (x′, x′′)) for the i-th anisotropic waveguide. Let h(x) be the total magnetic field
describing the scattering of the incoming field h(0)(x) by the N waveguides: h(x) ≡ h
(which is a column vector with two components) fulfills Eq. (2.38), the integration
over x′ being extended over the N transverse cross-sections of the waveguides. In the
multiple scattering formulation, the same total magnetic field h, is also given by:

h = h(0) +
N∑

i=1

H (1)
0

4i
τw,i hi (2.53)

In turn, the new “partial” magnetic fields hi = hi (x), i = 1, . . . , N , are the solution of:

hi = h(0) +
N∑

j=1, j �=i

H (1)
0

4i
τw, j h j (2.54)

Eq. (2.54) is an inhomogeneous linear system of N integral equations for all h j ,
j = 1, . . . , N . Recall that each h j is a column vector with two components. At
this stage, we take the long distance limit in Eq. (2.53) (| x |→ +∞, along a fixed
direction, with k′ ≡ K (x/ | x |)) and recall Eq. (D.2). One gets again Eq. (2.39), with
an alternative representation for the scattering amplitude fw(k′, σ ; k, σin) in terms of
all hi , namely:

fw(k′, σ ; k, σin) = 1

4i

[
2

π K

]1/2

exp[−iπ/4]
N∑

i=1

∫
d2x′d2x′′ exp[−ik′x′]

× ε(k′, σ )+τw,i (x′, x′′)hi (x′) (2.55)

We emphasize that no approximations are involved in either Eq. (2.53) or Eq. (2.54).
We shall turn to perform approximations on them in the remainder of this subsection
and in the following one.

Let us choose some fixed axis inside the i-th cylindrical waveguide and another
one in the j-th one (i �= j), both of them being parallel to the x3 axis. Let Di j , i �= j ,
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be the distance between those two axes (measured, of course, in a plane orthogonal
to the x3 axis). Di j gives information about the average separation between those
waveguides. In various cases of physical interest, like several that apply to biological
waveguides in the eye (Section 2.7), Di j , R (the typical transverse dimension of
any waveguide) and the typical wavelengths of light have about similar orders of
magnitude. Then, Eq. (2.54) is not easy to analyze and one may have to turn to
numerical studies directly.

Certain cases, in which some length parameters are larger than the others, become
more tractable from the theoretical point of view, as we shall see. Let us suppose that all
Di j are adequately larger than R (the typical transverse dimension of any waveguide)
and than 2π K −1 (the wavelength of light). Let x lie inside the transverse cross-
section of any of the N waveguides. Then, we replace, at least formally, all H (1)

0 /4i in
Eq. (2.54) by their large separation approximation, as given in (D.6). Thus, Eq. (2.54)
becomes:

hi (x) � h(0)(x) +
N∑

j=1, j �=i

1

4i

[
2

π K Di j

]1/2

exp i(K Di j − π/4)

× exp[i K ui j (x − zi )]Y j (ui j ) (2.56)

Y j (ui j ) ≡
∫

d2x′
∫

d2x′′ exp[−i K ui j (x′ − z j )]τw, j (x′, x′′)h j (x′′) (2.57)

The integrations over both x′ and x′′ in (2.57) are carried out over the transverse
cross-section of the j-th waveguide. Notice the key feature that all Y j (ui j ) are column
vectors with two (x-independent but ui j -dependent) components. Next, we consider
(2.56) for i = 1 and x lying inside the transverse cross-section of that first waveguide
and we multiply, successively, that equation by exp[−i K us1(x′′′ − z1)]τw,1(x′′′, x),
with s = 2, . . . N . This gives rise to N −1 separate equations, for the different values
of s. In each of the N −1 equations so resulting, we integrate the above products over
both x′′′ and x inside the transverse cross-section of the first cylindrical waveguide.
Then, the left-hand sides of the resulting N −1 equations become Y1(us1). We perform
similar operations successively with (2.56) for i = 2, . . . N and x lying, in each case,
inside the transverse cross-section of that i-th waveguide. Then, (2.56) becomes an
inhomogeneous linear and purely algebraic system for all Yi (usi ), s �= i :

Yi (usi ) = Y (0)
i (usi ) +

N∑
j=1, j �=i

�i, j (usi , ui j )Y j (ui j ) (2.58)

where:

Y (0)
i (usi ) =

∫
d2x′′′

∫
d2xi exp[−i K usi (x′′′ − zi )]τw,i (x′′′, x)h(0)(x) (2.59)

�i, j (usi , ui j ) = 1

4i

[
2

π K Di j

]1/2

exp i(K Di j − π/4)
∫

d2x′′′
∫

d2x

× exp[−i K usi (x′′′ − zi )]τw,i (x′′′, x) exp[i K ui j (x − zi )] (2.60)

© 2007 by Taylor & Francis Group, LLC



Birefringent Optical Waveguides 71

All Y (0)
j (usi ) are column vectors with two x-independent components, while each

�i j (usi , ui j ) is a 2 × 2 matrix with four x-independent components.
To summarize: all Yi (usi ), s �= i , are given by solving the inhomogeneous alge-

braic system (2.58). Then, Eq. (2.56) provides hi (x) for x inside the i-th waveguide.
Finally, Eq. (2.55) gives the scattering amplitude in terms of all hi (x), as x varies
inside the i-th waveguide. Then, when all Di j are suitably large, the solution of the
multiple scattering of an electromagnetic wave by N parallel anisotropic cylindrical
waveguides is, in essence, reduced to the explicit knowledge of suitable integrals of
all τw,i (x′′′, x) and to the solution of an inhomogeneous system of algebraic system
(for all Yi (usi ), s �= i). τw,i (x′′′, x) are discussed further below.

In general, there still remain the difficulties involved in the computations of inte-
grals of all τw,i (x′′′, x), which, in particular, are required in order to know the constant
column vectors Y (0)

i (usi ) and the constant 2 × 2 matrices �i, j (usi , ui j ). One could
proceed further, upon replacing each τw,i by its first approximation τ (1)

w , character-
ized previously in this subsection. Another possibility consists in applying the long
wavelength approximation, to which we now turn. As not only all Di j are large but
the wavelength is also large, we have to be more specific about their relative magni-
tudes. For the validity of the approximate equations below, we shall suppose that all
separations are larger than the wavelength which, in turn, is larger than the typical
transverse sizes of all waveguides: Di j > 2π K −1 > R. Then, upon integrating in-
side the transverse cross-section of each cylindrical waveguide in Eqs. (2.59), (2.60),
h(0)(x) can be regarded as approximately constant and all K -dependent exponentials
can be approximated by unity. The new simplifying feature is that Eq. (2.52) can now
be applied for each waveguide. Then, Eqs. (2.59) and (2.60) become:

Y (0)
i (usi ) �

∫
d2x′′′

∫
d2xτw,i (x′′′, x)h(0) (2.61)

�i, j (usi , ui j ) � 1

4i

[
2

π K Di j

]1/2

exp i(K Di j − π/4)

×
∫

d2x′′′
∫

d2xτw,i (x′′′, x) (2.62)

The double integral
∫

d2x′ ∫ d2x′′τw,i (x′, x′′) (a constant 2×2 matrix) is given by the
right-hand side of (2.52) for each waveguide. In this long wavelength approximation,
all inhomogeneous terms and all coefficients in the linear system of equations for
all Yi in (2.58) are fully explicit. Then, the solution of the multiple scattering of an
electromagnetic wave by N parallel anisotropic cylindrical waveguides boils down
to solve such an algebraic system for all Yi . It may have some interest to have treated
the above cases in which all Di j are adequately larger than the other length parame-
ters. In fact, such cases could provide some clue or some starting approximation for
other situations in which Di j ’s be only slightly or barely larger than the transverse
dimensions of the waveguides and the typical wavelengths of light.
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2.10.6 MULTIPLE SCATTERING BY N PARALLEL ANISOTROPIC WAVEGUIDES:
APPROXIMATE CALCULATION USING SAMPLING THEOREM

The computation of the scattered field for an array of parallel cylindrical anisotropic
waveguides is not an easy task. We shall now outline the results of an approxi-
mate calculation in which the separation between two neighboring waveguides is not
appreciably larger than their transverse size (R), based on the application of sam-
pling methods.59 The latter methods have already been employed in previous works
in optical diffraction theory60 and biological waveguides.61

shall change some notations. Thus, (x, y) and 1/(2B), employed in Appendix F, are
replaced here by (x1, x2) and d/2, respectively. A point (nd/2, md/2) for each (n, m)
is associated to one waveguide. The distance d/2 gives a scale characterizing the
average separation between any two adjacent waveguides (say, between two axes suit-
ably chosen in them). Roughly speaking, the transverse size of each waveguide (say,
twice its radius, R) should not exceed lengths that are about that average separation
(d/2); this is the so-called Nyquist limit. In some cases, 2R may even be allowed to
exceed d/2 slightly, but not much; in such a case, numerical studies are required in
order to check the reliability of those values. Let us recall the form of the sampling
theorem as given in Eq. (F.4) with the function g replaced by h = h(x) = h(x1, x2),
which is a column vector with two components. Each of the latter are, in turn, supposed

provided by the sampling theorem:

h(x1, x2) =
+∞∑

n=−∞

+∞∑
m=−∞

h

(
nd

2
,

md

2

)
π

4

×2J1(2π ((x1 − nd/2)2 + (x2 − md/2)2)1/2/d)

2π ((x1 − nd/2)2 + (x2 − md/2)2)1/2/d
(2.63)

J1(x) is the ordinary Bessel’s function of order 1.56

In particular, Eq. (2.63) becomes an identity if h(x) and h( nd
2 , md

2 ) are replaced
by h(0)(x) = h(0)(x1, x2) and h(0)( nd

2 , md
2 ), respectively.

Next, we perform the following approximation on Eq. (2.63): we replace the
double infinite series in it by two finite sums, so that the total number of terms in the
latter coincides with the total number of parallel cylindrical anisotropic waveguides.
Then, the identity (2.63) becomes the approximate formula:

h(x1, x2) �
∑
n,m

h

(
nd

2
,

md

2

)
π

4

×2J1((2π/d)((x1 − nd/2)2 + (x2 − md/2)2)1/2)

(2π/d)((x1 − nd/2)2 + (x2 − md/2)2)1/2
(2.64)

© 2007 by Taylor & Francis Group, LLC

to be band-limited functions (see Appendix F). One has the following identity,

A summary of the sampling theorem is given in Appendix F. For convenience, we
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After that approximation, notice the following. Let h(x) and h( nd
2 , md

2 ) be replaced by
h(0)(x) = h(0)(x1, x2) and h(0)( nd

2 , md
2 ), respectively, in Eq. (2.64). Then, one no longer

has an identity, that is, the left-hand side of Eq. (2.64) and its right-hand side are not
equal to each other. Clearly, their discrepancy becomes the smaller; the larger is the
total number of terms in the two finite sums in Eq. (2.64). Of course, these remarks
(the discrepancy and its reduction, as the total number of terms retained increases) also
apply if, in the application of Eq. (2.64) for an array of parallel cylindrical anisotropic
waveguides, both h(x1, x2) and h( nd

2 , md
2 ) stand for the total magnetic field (that

given by Eq. (2.53)). However, the latter application would appear to be useless. In
fact, one would not know, a priori, the total field (h( nd

2 , md
2 )) at the finite number

of points (nd/2, md/2) associated to the terms retained in the two finite sums in
Eq. (2.64).

Fortunately, at this stage, we can still employ Eq. (2.64) for an approximate
computation of the total magnetic field (given by (2.53)), provided that we make
the following additional assumption. We approximate h( nd

2 , md
2 ) in the right-hand

side of Eq. (2.64) by the total magnetic field corresponding to the scattering by just
one waveguide, namely the one corresponding to (x1 = nd/2, x2 = md/2). In this
way, one profits from the knowledge of the total field corresponding to the scattering
by single waveguides which is simpler to obtain. In other words, such a h( nd

2 , md
2 )

is approximated by the solution of Eq. (2.49) for the single waveguide correspond-
ing to (nd/2, md/2). Equivalently, which may add a bit more insight, h( nd

2 , md
2 ) is

replaced by the right-hand side of (2.53), when, in the latter, we approximate the
full h(0) + ∑N

i=1(H (1)
0 /4i)τw,i hi just by h(0) + (H (1)

0 /4i)τw,i h(0), the retained i corre-
sponding to (nd/2, md/2). In turn, h(0) + (H (1)

0 /4i)τw,i h(0) is approximated by the
right-hand side of Eq. (2.41), with the adequate j (1)(x′) (obtained upon replacing h(x′)
by h(0)(x′) in j(x′)). That is, h(0) + (H (1)

0 /4i)τw,i h(0) is approximated by the Debye-
Born-Rayleigh-Gans approximation. Of course, if there were no scattering (τw,i = 0
for all i , say, for all (nd/2, md/2)), then the resulting (2.64) would reduce to the
approximate form of the sampling theorem corresponding to h(0)(x1, x2) discussed
above.

The spirit of the above approximations is that the resulting (2.64) could still yield
an acceptable approximation for the total magnetic field when multiple scattering
effects are included, that is, that provided by the multiple scattering approach.
Alternatively, one expects that (2.64) would provide a reasonable approximation for
(2.53).

Depending on the symmetry of the problem, different sampling lattices may
be used. Eqs. (2.63) and (2.64) correspond to one of such choices. See Figure 2.5.

Applications of (2.64) for transverse sizes of the waveguides and average sepa-
rations between adjacent ones about the micron range have been carried out.20,31 In
the numerical calculations carried out in the latter references, the values d = 2 µm
and R = 0.75 µm have been employed. Therefore, 2R = 1.5 µm is, a priori,
slightly beyond the 2R ≤ d/2 bound (Nyquist limit). However, no artifacts have
been observed upon performing the numerical computations, so that the results of the
different analysis20,31 appear to be reasonable.
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(a) (b)

(c)

d/2

FIGURE 2.5 Three different geometries of the sampling lattice. Eqs. (2.63), (2.64) and (F.4)
correspond to c), while Eq. (F.2) corresponds to b).

2.11 ANISOTROPIC DIELECTRIC WAVEGUIDES
WITH PHOTO-ELASTIC EFFECT

We continue to assume that the non-vanishing εi j are real for typical frequencies of
light, at least, approximately (absence of absorption).

2.11.1 SCATTERING

Let us consider an extended isotropic and homogeneous reference medium, with
real constant dielectric permittivity ε0. Let N (≥ 1) parallel cylindrical dielectric
waveguides be located inside that medium. The latter are supposed to be isotropic
(and optically isotropic) to some zeroth-order (or leading order) approximation or in
the absence of externally applied forces or actions. Those waveguides have dielectric
permittivity tensor εik = εeδik , i, k = 1, 2, 3, relative to that of the surrounding
medium. In a next-to-leading order approximation or under externally applied forces,
small additional internal stresses σik inside those waveguides should be taken into
account, so that the latter become optically anisotropic by virtue of the photo-elastic
effect (as explained in Section 2.5). Then, the induced relative dielectric permittivity
tensor εik of the waveguides is given by Eq. (2.10).
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In a strict sense, when the photo-elastic effect is taken into account, εik as given
by Eq. (2.10) lies outside the domain of validity of the simplifications considered
in Subsection 2.10.1, which enabled reduction of the three-dimensional problem to
a two-dimensional one. In fact, one may expect that, by virtue of the photo-elastic
effect, one has ε13 �= 0 and ε23 �= 0, in general and, so, the simpler (two-dimensional)
scattering theory of Section 2.10 would not apply. Instead, the more general (three-
dimensional) one as outlined in Section 2.8 should be employed, but its use involves
a larger amount of computational work. In order to avoid three-dimensional compli-
cations wherever possible, we shall suppose, at least tentatively, that ε13 and ε23 can
still be regarded as negligible, say, at the present next-to-leading order approximation.
With this simplifying assumption, strained cylindrical parallel waveguides, in which
the induced anisotropy comes from the photo-elastic effect, can still be treated through
the simpler two-dimensional procedures cited in Section 2.10, as we shall now out-
line. We shall summarize the analysis carried out,20,31 in which further simplifying
assumptions were also made. Suitable components of the stresses σik were taken as
proportional to the transverse force per unit length applied to each waveguide. Thus,
for a force (with absolute magnitude F) applied parallel to the x2 axis, the mechanical
effects will be produced in the (x1, x2) plane. Then, σ11 is estimated to be F/(π R2),
and σ22 = −3σ11, σ33 = 0 with all the remaining σik � 0, i �= k. See Figure 2.6. With
the induced anisotropy due to the photo-elastic effect, ε12 = ε21 � 0 were regarded
also as negligible. Then, the non-vanishing elements of εik are:

ε11 � εe + a1σ11 + a2σ22 + a2σ33

ε22 � εe + a2σ11 + a1σ22 + a2σ33

ε33 � εe + a1σ11 + a2σ22 + a1σ33 (2.65)

Optic Axis

F

X1

X3

X2

X1 X2

d

FIGURE 2.6 Model for the photo-elastic effect. A weak external force is applied in the (x1,
x2) plane. The optic axis of each waveguide, when the external force is applied, is displayed
(the optic axis of each waveguide is parallel to the x3 axis, in the absence of external force).
The angle between the optic axis of each waveguide (when the external force is applied) and
the x3 axis is assumed to be small.
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FIGURE 2.7 Spatial dependence of the forward-scattering light intensity in an interval about
the forward direction (a.u.= arbitrary units). Dotted curve: zero applied force (F = 0). Dashed
curve: F = 0.01 Newton, light polarized along x1. Solid curve: F = 0.01 Newton, light
polarized light along x2. The external force F is applied along the x2 direction.

a1 and a2 being the elastic-optical constants. Then, under the action of the exter-
nally applied force, each waveguide behaves as a uniaxial crystal. At this stage, the
analysis of the total field for one single waveguide (Subsections 2.10.3 and 2.10.5)
and for N parallel waveguides (using the approximations in Subsection 2.10.6 and
the sampling theorem) can be directly employed. This has led to detailed numerical
computations.20,31

The results of those computations for the intensity of light scattered in an interval
about the forward direction are displayed in Figure 2.7. This figure shows the inten-
sities for scattered light without external force (F = 0) and with a given value of the
applied force (F �= 0). In the latter case, results are also displayed for light polarized
along different directions in the (x1, x2) plane. Figure 2.8 shows the intensity for light
scattered in the forward direction against the strength of the applied force F , also for
different polarizations of light in the (x1, x2) plane.

2.11.2 POSSIBLE APPLICATIONS TO STRESS SENSING

The multiple scattering of light by an array of birefringent optical waveguides (aris-
ing from mechanical stresses), as described in the previous subsection, could provide
another alternative for stress sensors.31 The question of physical interest is to esti-
mate, upon combining experimental data regarding light scattering by the strained
waveguides (due to the photo-elastic effect) and theory, what the stresses σik are;
this is what stress sensing is about. One would study experimentally the scattering of
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FIGURE 2.8 Forward-scattering intensity of light versus the strength F of the external force
(applied along the x2 direction) in Newton (N) (a.u. = arbitrary units). The solid curve corre-
sponds to X -polarized light and the dotted curve to Y -polarized light.

light by the anisotropic waveguides (with σik �= 0). We suppose that we know, with
adequate accuracy, εe and the elastic-optical constants a1 and a2 for the waveguides.
One would compare the resulting experimental intensity distribution of scattered light
with the one for the case in which those waveguides were isotropic (not subject to
stresses, with σik = 0). The comparison of those distributions would provide infor-
mation about σik , that is, of the state of internal stress of the waveguides and of the
externally applied force (which gave rise to σik).

Detailed numerical studies20,31 show that the major impact of stress occurs at the
central peak of the scattered light profile, that corresponds to forward scattering. This
fact is what the numerical results given in Figure 2.7 display in a very neat way. When
the distribution of the scattered light profile is plotted in an interval about the forward
direction, it shows a central peak corresponding precisely to forward scattering. This
result may be very convenient for practical purposes, since the experimental detec-
tion of light scattered in the forward direction may be performed easily in various
situations. Figure 2.8 shows the forward scattering intensity for x1- and x2-polarized
light as a function of the strength F of the externally applied force along the x2

direction.
Even for moderate values as F = 0.05 Newton, a difference around 60 per cent

between the intensities of light corresponding to both polarizations is observed. Thus,
since the amount of change of the intensities for both light polarizations is directly
related to the strength of the applied force, Figure 2.8 could provide a calibration curve
for a stress-sensing system.20 One main consequence of stress is the loss of symmetry
due to the appearance of two privileged directions in the (x1, x2) plane, orthogonal
to the axis of the waveguides (the x3-axis): the axis parallel to the external force
(say, the x2-axis) and the perpendicular axis (the x1-axis). The asymmetry induced
by stress between x1- and x2-polarized light provides a method to assess the direction
of application of the external force.62
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2.12 CONFINED PROPAGATION OF LIGHT ALONG
ANISOTROPIC WAVEGUIDES

As in Section 2.10, we shall also assume that ε13 = ε23 = 0 and that the remaining non-
vanishing εi j are real for typical frequencies of light at least approximately (negligible
absorption). When confined propagation of the classical electromagnetic wave along
the anisotropic cylindrical waveguides occurs, β (also real) is named the propagation
constant. For confined propagation, there are neither an incoming electromagnetic
field nor physically propagating waves very far from the waveguides in the x-plane.

The confined propagation along the anisotropic cylindrical waveguides is de-
scribed by a set of propagation modes h(x)α . α denotes a suitable set of labels, so that
one choice of values for those labels characterizes and distinguishes one propagation
mode. Each h(x)α fulfills the homogeneous version of Eq. (2.38) corresponding to
h(0)(x) ≡ 0 (absence of propagating waves very far from the waveguides) and pure
imaginary K (K 2 < 0). Then:

h(x)α =
∫

d2x′ H (1)
0 (K | x − x′ |)

4i
j(x′)α (2.66)

where j(x′)α is given by the right-hand side of Eqs. (2.34) and (2.35), with h(x)
replaced by h(x)α . The integration is extended over the whole cross-sections of all
waveguides. In the case of N > 1, one can interpret physically the confined propa-
gation by stating that an exchange of energy of the electromagnetic field among the
N waveguides occurs. There is, then, an effective coupling among those waveguides
(“cross-talk”).

2.12.1 ONE CYLINDRICAL WAVEGUIDE

Equation (2.66) describes the confined propagation along one anisotropic cylindrical
waveguide. The integration in (2.66) is now performed over the cross-sections of that
unique waveguide. Let us suppose that all εi i are slightly larger than unity and that ε12

is small. Let us also assume that K (pure imaginary) is small in the sense that the
dimensionless product | K | R is smaller than unity. Physically, this will amount
to restricting the analysis to the case where the anisotropic cylindrical waveguide
can support only one pair of non-degenerate propagation modes, eventually those
of lowest order (in the long wavelength and weakly guiding approximations). With
the understanding that such a pair is regarded as one propagation mode which, in
turn, could exist with two different values for K , we regard and denote such an
anisotropic waveguide as a monomode. Such a mode is the fundamental one and it is
non-degenerate. Then, for such values of K , one can employ the approximation (D.5)
in the second term of the right-hand side of Eq. (2.66). For consistency, we neglect
the x′ dependence in h(x)α both inside and outside the integral, so that h(x)α � hα ,
with constant components H1α and H2α. Hence:

hα � 1

2π
ln[−2−1i K R exp γ ]

∫
d2x′ j(x′)α (2.67)
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Notice that εi j may still depend (smoothly) on x′. Then, due to the latter, there could
still be some x′-dependence in j(x′)α , which now has, approximately, the following
components:

( j(x′)α)1 = −(ω/v)2(ε22 − 1)H1α + (ω/v)2ε21 H2α (2.68)

( j(x′)α)2 = −(ω/v)2(ε11 − 1)H2α + (ω/v)2ε12 H1α (2.69)

Compare the approximate Eqs. (2.68) and (2.69) with the exact Eqs. (2.34) and (2.35).
Eq. (2.67) with Eqs. (2.68) and (2.69) constitutes a linear homogeneous system of two
equations for the two constant magnetic field components H1α and H2α of hα . The
necessary and sufficient condition for the existence of a non-trivial solution of that
system (namely, that H1α and H2α do not vanish identically) is that the determinant of
the 2×2 matrix for that system vanishes. Physically, the vanishing of that determinant
yields the dispersion relation for the propagation modes of the monomode anisotropic
waveguide. Recall that K 2 = (ω/v)2 − β2 and that K is pure imaginary, so that we
write K = i K±, where both K+ and K− are real. Through some algebra, Eq. (2.67)
with Eqs. (2.68) and (2.69) yields:

ln[2−1 K± R exp γ ] � −π
[N1 − (±)N2]

D
(2.70)

N1 =
∫

d2x(ε11 + ε22 − 2) (2.71)

N2 =
[(∫

d2x(ε11 − ε22)

)2

+ 4

(∫
d2xε12

)2
]1/2

(2.72)

D = (ω/c)2

[(∫
d2x(ε11 − 1)

) (∫
d2x(ε22 − 1)

)
−

(∫
d2xε12

)2
]

(2.73)

which confirm that the anisotropic waveguide under the long wavelength and weakly
guiding approximations, does support only one pair of non-degenerate propagation
modes.

If the waveguide is optically isotropic, then ε11 = ε22 and ε12 = 0, so that N2 = 0
and K+ = K− (degeneracy). Birefringence disappears and Eq. (2.70) becomes an
approximate dispersion relation for a monomode isotropic waveguide, also in the long
wavelength and weakly guiding approximations. This agrees with the properties of the
degenerate fundamental (or lowest order) mode of a monomode isotropic waveguide
outlined in Section 2.6.

The existence of two solutions K+ and K− is the actual counterpart of the fact
that the Fresnel equation had two solutions (recall Subsection 2.2.2).

The book by Snyder and Love10 summarizes some detailed studies about the con-
fined propagation of light in one homogeneous planar waveguide with step profile for
the relative dielectric permittivity tensor. As the components of the latter are constant,
except for finite discontinuities at the surfaces of the waveguide, the planar geometry
allows for the partial differential equations to be separable in Cartesian coordinates
and to be exactly solvable. Those authors10 also discussed, quite succinctly, some
aspects of the approximate analysis for one anisotropic waveguide with other
geometries in the weakly guiding approximation. Our analysis in this subsection,
based upon a previous work,19 provides a non-trivial generalization of their studies.10
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2.12.2 N PARALLEL CYLINDRICAL WAVEGUIDES: APPROXIMATIONS

We again consider the case with all (N ) parallel anisotropic waveguides and we now
treat the confined propagation of electromagnetic radiation along those N waveguides
(so that K is also pure imaginary).63 We shall concentrate in modifying succinctly
the multiple scattering approach for N parallel anisotropic waveguides discussed in
Subsection 2.10.5. The total magnetic field is hα(x). The basic modification consists
in setting h(0)(x) ≡ 0 in the exact Eqs. (2.53) and (2.54) (as there are neither incoming
electromagnetic field nor physically propagating waves very far from any of the paral-
lel anisotropic waveguides), h and hi being replaced by hα and hα,i , respectively. Then:

hα =
N∑

i=1

H (1)
0

4i
τw,i hα,i (2.74)

hα,i =
N∑

j=1, j �=i

H (1)
0

4i
τw, j hα, j (2.75)

Eq. (2.75) now becomes a homogeneous system of linear equations for all hα,i ,
i = 1, . . . , N .

Let all separations among waveguides be adequately larger than their transverse
dimensions (R). Then, one has new constant column vectors Yα,i (usi ), s �= i , also
given by (2.57). The latter fulfills a homogeneous linear system implied by Eq. (2.75)
and similar to (2.58), with two crucial modifications: K is pure imaginary and, of
course, Y (0)

j (usi ) ≡ 0. Each �i j (usi , ui j ) continues to be given by (2.60), also with pure
imaginary K . The homogeneous linear and purely algebraic system for all Yi (usi ),
s �= i , reads:

Yi (usi ) =
N∑

j=1, j �=i

�i, j (usi , ui j )Y j (ui j ) (2.76)

Moreover, let us suppose that Di j > 2π/ | K |> R, that is, each waveguide is
monomode and the separation between any pair of waveguides is larger than the
transverse effective width of each individual propagation mode (2π/ | K |). Then,
�i j (usi , ui j ) is given by (2.62), with pure imaginary K . In turn, the double integral∫

d2x′ ∫ d2x′′τw,i is given approximately by (2.52), also with pure imaginary K . In
this case, the homogeneous system for Yα,i (usi ) can be solved explicitly. Its solution
gives the dispersion relation for the propagation modes of the N -coupled monomode
anisotropic waveguides (say, the counterpart of (2.70) which includes “cross-talk”).
Some numerical estimates and applications for N = 2 have also been carried out.63

2.13 CONCLUSION AND FINAL COMMENTS

We have summarized two closely interrelated subjects: a) several physically relevant
cases in which optical anisotropy occurs, and b) some general features of classical elec-
tromagnetic wave scattering by and confined propagation along optically anisotropic
materials. Detailed applications of b) to all systems included in a) lie outside our
scope here, but we tried to emphasize their relevance and reciprocal relationship and
we have concentrated on certain applications. More specifically:
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1. We have summarized a rather general formulation of the scattering (and
multiple scattering) of a classical electromagnetic wave by N optically
anisotropic objects of arbitrary shapes, relative orientations and separa-
tions. The interest in presenting this formalism lies in its generality and
flexibility. It includes scattering by optically isotropic objects (in which
the dielectric permittivity tensor reduces to a scalar). As a particular but
important case, it also provides the basis for analyzing the scattering by
parallel cylindrical optically anisotropic waveguides. It could also provide
a starting point for studying more general configurations, for instance, the
inclusion of misalignments of cylindrical waveguides.

2. We have concentrated on the electromagnetic scattering by N (≥ 1) parallel
cylindrical optically anisotropic dielectric waveguides including long wave-
length approximations and the case in which the anisotropy is due to stress
birefringence.

3. We have summarized recent research about the effect of external stress on
scattering by an array of parallel cylindrical waveguides (with anisotropies
due to the photo-elastic effect). By analyzing the light scattered (speci-
fically in the forward direction) by dielectric fibers that were optically
isotropic first and at a later stage became optically anisotropic due to
stress, physically relevant information can be obtained about the externally
applied force giving rise to the photo-elastic effect. That could be the basis
of another kind of optical stress sensor.

4. We have treated the confined propagation along cylindrical anisotropic
dielectric waveguides; in particular, the long wavelength approximation
for one waveguide (monomode confined propagation) has been analyzed.

The dominant effects in the biological waveguides in the eye (those in the retinal nerve
fiber layer and in the retinal photoreceptors) seem to correspond to optical isotropy,
at least under normal functioning conditions. Optical anisotropies in those wave-
guides may arise under pathological functioning conditions (say, due to the abnormal
stresses giving rise to the photo-elastic effect). Then, (weak) scattering by anisotropic
waveguides could play a role. In this connection, we mention some experimental
results on the Stiles-Crawford effect of first kind (SCE-I).50 Such results seem to
describe changes appearing in the retinal nerve fiber layer as it is exposed to some
tractions and external mechanical stresses. The latter have motivated further modeling
and approximate numerical estimates for the retinal nerve fiber layer, regarded as a
bundle of biological waveguides in which the photo-elastic effect is included.64 In the
latter work, the intensity distribution of the light scattered by the array of waveguides
is connected with the SCE-I, since it would reflect the waveguiding properties of the
retina and it would be a psychophysical consequence of the directional sensitivity of
the retinal photoreceptors.

One open important question is whether optical fibers of the nerve disk require any
specific birefringence properties along with the photo-elastic effect (and dichroism)
or, opposite to it, the behavior they exhibit (in relation to the optical mechanism for
waveguiding and scattering of the incoming luminous radiation) is due to accumulative
stress forces acting permanently throughout the whole life of each individual (infancy
and adult stages would not exhibit the same photo-elastic properties).
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Appendix A
Fresnel Equation,
Birefringence and
Polarization Vectors

We consider Eqs. (2.3) for an extended homogeneous anisotropic dielectric medium
and the propagation in it of an electromagnetic plane wave with frequency ω and
wavevector k̄ = (k1, k2, k3). That wave is described by H′ = H′

0 exp i k̄ x̄ , H′
0 being

constant. Moreover, we shall impose that H′
0 fulfills k̄H′

0 = 0, so that the second
relation in (2.3) be automatically fulfilled. Then, the first relation in (2.3) becomes:

H′′
0 + (ω/v)2H′

0 = 0 (A.1)

H′′
0 = k̄ × [(ε̃)−1k̄ × H′

0] (A.2)

×denoting vector product. Eq. (A.1) is also consistent with the second relation in (2.3).
Let σ be an index which takes on only two values (say, σ1 and σ2). Also, let ε̄(k̄, σ )
be two real or complex three-dimensional (column) vectors fulfilling k̄ε̄(k̄, σ ) = 0
for σ = σ1, σ2, as well as ε̄(k̄, σ )+ε̄(k̄, σ ′) = δσ,σ ′ and

∑
σ (ε̄(k̄, σ ))i (ε̄(k̄, σ )+) j =

δi, j − (ki k j/k̄2), i, j = 1, 2, 3. δi, j denotes here the Kronecker delta symbol, namely,
δi,i = 1 and δi, j = 0 for i �= j . The superscript + denotes adjoint (that is, complex
conjugate and matrix transposition), so that ε̄(k̄, σ )+ is a row vector. The ε̄(k̄, σ )’s are
nothing but the standard linear (real) or circular (complex) unit polarization vectors.51

They are given by the same expressions as for electromagnetic wave propagation in
vacuum.

It follows that H′
0 = ∑

σ (H′
0)σ ε̄(k̄, σ ), H′′

0 = ∑
σ (H′′

0)σ ε̄(k̄, σ ), where (H′
0)σ

and (H′′
0)σ are, respectively, the two components of H′

0 and H′′
0 with respect to the

basis formed by the two vectors ε̄(k̄, σ ). Eq. (A.2) implies necessarily (H′′
0)σ =∑

σ ′ (�̃2)σ,σ ′ (H′
0)σ ′ . The elements (�̃2)σ,σ ′ of the 2 × 2 matrix �̃2 (which depend

quadratically on k̄, bilinearly on ε̄(k̄, σ ) and ε̄(k̄, σ )+ and linearly on ((ε̃)−1)i i ) are
somewhat lengthy. Neither will they be given here nor will their explicit expres-
sions be necessary for the conclusion that follows. The latter equation for (H′′

0)σ and
Eq. (A.1) yield: ∑

σ ′
(�̃2)σ,σ ′ (H′

0)σ ′ + (ω/v)2(H′
0)σ ′ = 0 (A.3)
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Eq. (A.3) is a linear homogeneous system of two equations for the two amplitudes
(H′

0)σ ′ . The compatibility condition for that system to have a nonzero solution for
those (H′

0)σ ′ (namely the vanishing of the determinant) is a quadratic equation in ω2,
for given k̄. The latter property, then, follows from the physical fact that only two
independent states of polarization are possible for an electromagnetic plane wave.
That compatibility condition is nothing but the Fresnel equation.
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Appendix B
Three-Dimensional
Transverse Green’s
Function

We write GT r (x̄) = (GT r (x̄)l,l ′ ), l, l ′ = 1, 2, 3 where GT r (x̄)l,l ′ is the (l, l ′)-th com-
ponent of the transverse tensor Green’s function GT r (x̄). By definition, GT r (x̄) is
constructed so that for any x̄ in three-dimensional space:

[
� + K 2

cl

]
GT r (x̄)l,l ′ = δ

(3)
T r (x̄)l,l ′ ,

∑
l=13

∂GT r (x̄)l,l ′

∂xl
= 0 (B.1)

δ
(3)
T r (x̄)l,l ′ stands for the (l, l ′)-th component of the three-dimensional transverse Dirac

delta function. It is given by:

δ
(3)
T r (x̄)l,l ′ = 1

(2π )3

∫
d3q̄

[
δl,l ′ − qlql ′

q̄2

]
exp i q̄ x̄ (B.2)

In turn, δl,l ′ is the Kronecker delta symbol and q̄ = (q1, q2, q3). One finds:53

GT r (x̄)l,l ′ = 1

(2π )3 K 2
cl

∫
d3q̄

[
qlql ′ − K 2

clδl,l ′

q̄2 − (K 2
cl + iη)

− qlql ′

q̄2

]
exp i q̄ x̄ (B.3)

where it is assumed that the limit η → 0, with η > 0, is taken after having carried
out the integration over q̄ .

Upon performing the integration over q̄ (in particular, the one over | q̄ | by means
of Cauchy’s residue theorem), one arrives at the explicit expression for GT r (x̄)l,l ′ :

GT r (x̄)l,l ′ = −exp i Kcl | x̄ |
4π | x̄ | δl,l ′ + 1

4π K 2
cl

∂2

∂xl∂xl ′

[
1 − exp i Kcl | x̄ |

| x̄ |
]

(B.4)

Two interesting properties of GT r (x̄)l,l ′ are its short and long distance behaviors. For
| x̄ |→ 0

GT r (x̄)l,l ′ � − 1

8π | x̄ |
[
δl,l ′ + xl xl ′

| x̄ |2
]

(B.5)
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For fixed x̄ ′ and | x̄ |→ +∞, along a fixed direction (say, fixed xl/ | x̄ |, l = 1, 2, 3):

GT r (x̄ − x̄ ′)l,l ′ � − 1

4π | x̄ |
[
δl,l ′ − xl xl ′

| x̄ |2
]

· exp i Kcl | x̄ | . exp[−i Kcl(x̄ x̄ ′)/ | x̄ |] (B.6)

We introduce the outgoing wavevector k̄ ′ ≡ Kcl(x̄/ | x̄ |) and, in terms of it, we recall
the two standard (real or complex) three-dimensional polarization vectors ε̄(k̄ ′, σ )

GT r (x̄ − x̄ ′)l,l ′ � − 1

4π | x̄ |
∑

σ

(ε̄(k̄ ′, σ ))l(ε̄(k̄ ′, σ )+)l ′

· exp i Kcl | x̄ | . exp[−i k̄ ′ x̄ ′] (B.7)
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discussed in Appendix A. Then, the long-distance Eq. (B.6) can be recast as:



Appendix C
Alternative
Two-Dimensional
Formulations

We shall discuss equivalent alternatives for the two-dimensional Maxwell’s equations
(2.33), (2.34) and (2.35), for anisotropic cylindrical waveguides. One can also start
from the system of four coupled equations for the three components H ′

1, H ′
2, H ′

3 in
Eqs. (2.16) and (2.17), under the simplifying assumptions embodied in ε̃, as formu-
lated in Subsection 2.10.1. The subsystem for the first two components of the first
Eq. (2.16) reads:

[� + K 2
cl]H ′

i = j ′
i , i = 1, 2 (C.1)

j ′
1 = ∂

∂x2

[(
1

ε33
− 1

) (
∂ H ′

2

∂x1
− ∂ H ′

1

∂x2

)]
− ∂

∂x3

[
− ε21

det ε̃2

(
∂ H ′

3

∂x2
− ∂ H ′

2

∂x3

)

+
(

ε11

det ε̃2
− 1

) (
∂ H ′

1

∂x3
− ∂ H ′

3

∂x1

)]
(C.2)

j ′
2 = ∂

∂x3

[(
ε22

det ε̃2
− 1

) (
∂ H ′

3

∂x2
− ∂ H ′

2

∂x3

)
− ε12

det ε̃2

(
∂ H ′

1

∂x3
− ∂ H ′

3

∂x1

)]

− ∂

∂x1

[(
1

ε33
− 1

) (
∂ H ′

2

∂x1
− ∂ H ′

1

∂x2

)]
(C.3)

for any x. j ′
1 and j ′

1 are the first two components of j′. Notice that Eq. (2.30) has not
been used so that H ′

3 has not been eliminated. One has det ε̃2 = ε11ε22 − ε2
12 (which

is a reminder of the fact that one is dealing with (ε̃−1).
Next, one employs the second equation in (2.3) together with (2.30) in order to

express H3 in terms of H1, H2. One plugs the resulting H3 into Eqs. (C.1), (C.2)
and (C.3). Then, Eqs. (C.1), (C.2) and (C.3) become a system of two equations
depending only on H1, H2, in which det ε̃2 (which comes from (ε̃−1) does appear
explicitly. Consequently, such a new system for H1, H2 does not seem to coincide
in an explicitly obvious way with Eqs. (2.33), (2.34) and (2.35). The solution to the
apparent paradox comes from Eq. (2.1). Thus, using the assumptions on ε̃ and (2.29),
one expresses E1, E2, E3 in terms of H1, H2. Consequently, ∇ · (ε̃E′) = 0 becomes
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a relationship among components of ε̃, H1, H2 and spatial derivatives of them. Such
a constraint equation indicates that various, apparently different, systems for H1, H2

have to be related (not to say equivalent) to one another. The system for H1, H2 arising
from Eqs. (C.1), (C.2) and (C.3), as derived in this appendix, and Eqs. (2.33), (2.34)
and (2.35) are certainly and strictly equivalent to each other, as they both come from
Maxwell’s equations. We have indeed checked that fact, under the assumption that
the elements of ε̃ − I3, K 2, derivatives of the elements of ε̃ and derivatives of H1, H2

are small. Then, Eqs. (2.34) and (2.35) reduce approximately to (2.33) with:

j1 � −(ω/v)2(ε22 − 1)H1 + (ω/v)2ε21 H2 ≡ j1,app (C.4)

j2 � −(ω/v)2(ε11 − 1)H2 + (ω/v)2ε12 H1 ≡ j2,app (C.5)

which are to be combined with (2.33). It is easy to see that, under similar approxima-
tions, the system for H1, H2 implied by Eqs. (C.1), (C.2) and (C.3) as derived in this
appendix does coincide with Eqs. (2.33), (C.4) and (C.5).

Another equivalent alternative is the following. After having used Eqs. (2.29) and
(2.30) in order to factor out the x3-dependence, one continues with H = (H1, H2, H3),
without eliminating H3, and with Eqs. (2.16) and (2.17). Then, one transforms those
x3-independent Eqs. (2.16) and (2.17) into another inhomogeneous scattering integral
equation by means of a cylindrical transverse tensor Green’s function.65 The analysis
in the latter reference for an isotropic cylindrical waveguide indicates the essentials of
the alternative formulation, and it can be extended to the actual case of an anisotropic
cylindrical waveguide. We shall omit details.
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Appendix D
Outgoing Hankel’s
Function of Zeroth Order
and Useful
Approximations for It

A very important property of H (1)
0 (K | x − x′ |)/4i is its large distance behavior. For

fixed x′ and | x |→ +∞, along a fixed direction (say, fixed xl/ | x |, l = 1, 2):

H (1)
0 (K |x − x′|)

4i
→ 1

4i

[
2

π K |x|
]1/2

exp i(K |x| − π/4). exp[−i K (xx′)/|x|]
(D.1)

Let ε(k, σ ), σ = σ1, σ2, be two real or complex two-dimensional vectors fulfill-
ing ε(k, σ )+ε(k, σ ′) = δσ,σ ′ and

∑
σ (ε(k, σ ))i (ε(k, σ )+) j = δi, j , i, j = 1, 2. The

superscript + also denotes adjoint. Then, with k′ ≡ K (x/ | x |), Eq. (D.1) can be
reformulated as:

H (1)
0 (K | x − x′ |)

4i
δi, j → 1

4i

[
2

π K | x |
]1/2

exp i(K | x | −π/4)

× exp[−ik′x′]
∑

σ

(ε(k′, σ ))i (ε(k′, σ )+) j (D.2)

Let K be either real (scattering) or pure imaginary (confined propagation). One has
the following identity, for any | x − x′ |:
H (1)

0 (K | x − x′ |)
4i

= 1

2π
ln[−2−1i K | x − x′ | exp γ ] + G1(K | x − x′ |) (D.3)

which defines the function G1(K | x−x′ |), trivially. Here, γ denotes Euler’s constant.
Explicit forms of G1(K | x − x′ |) can be obtained upon comparing Eq. (D.3) with
various known representations for H (1)

0 (K | x − x′ |),58 but they will not be needed
here. For fixed | x − x′ |�= 0, let K → 0. Then, in such a limit, the dominant term on
the right-hand side of Eq. (D.3) is the first one:58

H (1)
0 (K | x − x′ |)

4i
→ 1

2π
ln[−2−1i K | x − x′ | exp γ ] (D.4)
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The following remark will display the physical interest of Eq. (D.4), having in mind
applications for scattering and confined propagation with long wavelength. Let the
area of the transverse cross-section � of the anisotropic waveguide be of order R2.
Let us assume that K is small in the sense that the dimensionless product | K | R is
small compared to unity. Let x vary arbitrarily inside the transverse cross-section �

of the anisotropic waveguide. Then, for such values of K and for any suitably smooth
function f (x′) that vanishes outside the transverse cross-section �:

∫
d2x′ H (1)

0 (K | x − x′ |)
4i

f (x′) � 1

2π
ln[−2−1i K R exp γ ]

∫
d2x′ f (x′) (D.5)

Notice that x′ also varies inside �. Then, as x also varies inside the latter, | x − x′ |
is, on the average, of order R. Eq. (D.5) constitutes the physical approximation based
upon Eq. (D.4).

Let us now consider two separate cylindrical waveguides (say, the i-th and the j-th
ones, i �= j), both of them parallel to the x3 axis. We now consider H (1)

0 (K |x−x′|)/4i ,
for x on the i-th waveguide and x′ on the j-th one. In a plane orthogonal to the x3 axis,
and with respect to an arbitrary origin located in that plane, let zi and z j be the two-
dimensional position vectors of two suitably chosen fixed points, one inside the i-th
waveguide and the other inside the j-th one. Let Di j =| zi − z j | and we suppose that
Di j is larger than the sum of the transverse sizes of both waveguides (Di j > Ri + R j ).
We introduce, for later convenience ui j ≡ (zi − z j )/Di j . We write the above x and x′

as: x = zi +x−zi and x′ = z j +x′−z j . We are interested in the large distance behavior
of H (1)

0 (K | x − x′ |)/4i for suitably large Di j , for fixed ui j , when | x − zi | and
| x′−z j | are smaller than Di j . A computation which generalizes directly (D.1) yields:

H (1)
0 (K | x − x′ |)

4i
� 1

4i

[
2

π K Di j

]1/2

exp i(K Di j − π/4)

× exp[i K ui j ((x − zi ) − (x′ − z j ))] (D.6)
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Appendix E
Equivalent Form of
Integral Equations and
Generalizations for
Discontinuous
Permittivities

Notice that in Eq. (2.38) both h(x′) and spatial derivatives thereof appear inside the
integral. It is possible to recast Eq. (2.38) into an equivalent form without spatial
derivations of h(x′). Still with the assumption that all components of ε̃ and their first
spatial derivatives are continuous throughout all space (and also across the boundaries
of all waveguides), Eq. (2.38) can be re-expressed as:

h(x) = h(0)(x) +
∫

d2x′
[

H (1)
0 (K | x − x′ |)

4i
P1(x′) + P2(x, x′)

]
h(x′) (E.1)

The 2 × 2 matrices P1 and P2 have been obtained explicitly.19 The derivation of
Eq. (E.1) from Eq. (2.38) proceeds by performing in the latter two integrations by
parts, successively.19

We now comment shortly about the generalization for discontinuous ε̃. Thus,
let the components of ε̃ and their first spatial derivatives be continuous everywhere,
except across the interfaces (	) separating the anisotropic cylindrical waveguides
from the surrounding isotropic medium. Then, generalizations of the integral
Eq. (2.38) and of (E.1) (including, in both cases, boundary terms given as integrals
over 	) have also been obtained.19 We shall omit details of those generalizations,
and we limit ourselves to remark that the relevant equations are Eqs. (3.2) and
Eqs. (A.11) through (A.19) in Reference 19. We also remark that the following
misprints should be corrected in the formulas given in a previous work.19 In both
Eqs. (A.13) and (A.14) of that previous work,19 at2 should be replaced by at1 while
at1 should be substituted by −at2.
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Appendix F
Sampling Theorem

The so-called sampling theorem provides a specific procedure for representing a class
of functions with interest in information and communication theories and optics.
There is a very interesting account of the sampling theorem with a view toward its
applications in optics.59 For our purposes, the summary of such an account59 to be
given below will suffice.

We consider the plane (x, y) (x and y being two independent real variables in
−∞ < x < +∞ and −∞ < y < +∞) and real or complex functions g = g(x, y)
(or column vectors, formed by the latter functions). To fix the ideas, we shall continue
referring to functions g in this appendix, although the basics of the sampling theorem
are applied to column vectors in Subsection 2.10.6 and Section 2.11. Qualitatively,
the basic sampling idea is the following. We consider a suitable discrete (finite or
denumerably infinite) set of points (x j , y j ), j = 1, . . ., and the set of all the resulting
values g j = g(x j , y j ) (“the array of all sampled values or data”). We would like
such an array of sampled data to provide an adequate representation of the complete
function g. That is, we expect that it is possible to reconstruct with sufficient accuracy,
g(x, y) for any (x, y) from that array of data g j ( j = 1, . . .) by interpolation or by
other means. Clearly, in order for such a “sufficient accuracy” to be possible, g and
the chosen discrete set of points (x j , y j ), j = 1, . . ., have to fulfill certain restrictions.
The sampling theorem given below characterizes certain suitable g’s and discrete sets
of points (x j , y j ) for which such a representation is exact.

It will be crucial to introduce the Fourier transform F[g] = G = G( fx , fy) of g:

F[g] = G( fx , fy) =
∫ +∞

−∞
dx

∫ +∞

−∞
g(x, y) exp[−i2π (x fx + y fy)]dy (F.1)

fx and fy (the “spatial frequencies”) are real. In the two-dimensional spatial frequency
space, a “point” is formed by one pair ( fx , fy). The function g is, by definition, a
band-limited one, if G( fx , fy) is non-vanishing over only a finite region of the spatial
frequency space ( fx , fy).
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Let g be a band-limited function. Let BX , BY denote certain fixed values of the spa-
tial frequencies fx , fy , respectively. One has, for any (x, y), the following identity59

g(x, y) =
+∞∑

n=−∞

+∞∑
m=−∞

g

(
n

2BX
,

m

2BY

)
sin c

(
2BX

(
x − n

2BX

))

× sin c

(
2BY

(
y − m

2BY

))
(F.2)

We recall that the function sin c(x) is defined as:

sin c(x) ≡ sin(πx)

πx
(F.3)

In this case, the discrete set of points (x j , y j ), j = 1, . . . referred to above is de-
numerably infinite, and it is formed by all (n/2BX , m/2BY ), n = −∞, . . . , +∞,
m = −∞, . . . ,+∞. The actual array of all sampled data is now formed by all
g(n/2BX , m/2BY ), n = −∞, . . . , +∞, m = −∞, . . . ,+∞. One sees immediately
that Eq. (F.2) enables us to reconstruct exactly the band-limited function g for any
(x, y) in terms of the actual array of all sampled data. It can be justified59 that the
maximum spacings in that discrete set of all points (x j , y j ), that allow for exact
recovery of the original function g(x, y), are 1/2BX and 1/2BY . The set of all prod-
ucts sin c(2BX (x − n/2BX )) sin c(2BY (y − m/2BY )) gives rise in an effective way to
the interpolations necessary to yield g, for any (x, y) from all g(n/2BX , m/2BY )’s.

Eq. (F.2) is one form of the so-called Whittaker-Shannon sampling theorem,
namely, the one associated with the chosen discrete set of points (x j , y j ). There
are other forms of that sampling theorem for other choices of the discrete sets of
points (x j , y j ). We shall consider one of those alternative forms (more adequate for
our purposes), namely that for band-limited functions g such that G( fx , fy) vanishes
outside a circle of radius R and centered about the origin in the spatial frequency space
( fx , fy). One now has the following alternative form of the sampling theorem:59

g(x, y) =
+∞∑

n=−∞

+∞∑
m=−∞

g
( n

2B
,

m

2B

) π

4

×2J1(2π B((x − n/2B)2 + (y − m/2B)2)1/2)

2π B((x − n/2B)2 + (y − m/2B)2)1/2
(F.4)

where J1(x) denotes the ordinary Bessel’s function of order 1.58
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