Introduction to Optical Waveguide Analysis: Solving Maxwell's Equations
and the Schrodinger Equation. Kenji Kawano, Tsutomu Kitoh

Copyright © 2001 John Wiley & Sons, Inc.

ISBNs: 0-471-40634-1 (Hardback); 0-471-22160-0 (Electronic)

CHAPTER 6

FINITE-DIFFERENCE TIME-DOMAIN
METHOD

In the preceding chapters, steady-state wave equations were solved in
which the derivative with respect to the time ¢ (i.e., 9/0¢) was replaced by
jo. In this chapter, we discuss the finite-difference time-domain method
(FD-TDM), which was developed by Yee [1] and which directly solves
time-dependent Maxwell equations. The FD-TDM was originally
proposed for electromagnetic waves with long wavelengths, such as
microwaves, because the spatial discretization it requires is small (1—107%
of the wavelength). As the FD-TDM is an explicit scheme, the time step
in the calculation is defined by the spatial discretization width. Thus,
the time step in the optical waveguide analysis is extremely short
when wavelengths are of micrometer order. The amount of required
memory is enormous for 3D structures, but the method is readly
applicable to 2D structures. Finite-difference TDM CAD software
suitable for microwave wavelengths as well as optical wavelengths is
available on the market.

6.1 DISCRETIZATION OF ELECTROMAGNETIC WAVES

The 3D formulation is shown here because it is more versatile than the 2D
formulation, which can be easily obtained from the 3D formulation.
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234 FINITE-DIFFERENCE TIME-DOMAIN METHOD

The time-dependent Maxwell equations are

oH
—uy— = VXE, 6.1
Ko Y (6.1)

JE
SOSrE = VXH, (62)

and using Egs. (2.5)(2.10), we can write their component representations
as follows:
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When we assume that Ax, Ay, and Az are spatial discretizations and that
At is a time step, the function F(x, y, z, f) is discretized as

F'(i,j, k) = F(iAx, jAy, kAz, nAt) = F(x, y, z, t). (6.9)

Figure 6.1 shows what we call the Yee lattice [1]. Using « to represent a
spatial coordinate such as x, y, and z, we define
spatial coordinate o: half-integer,
E, = { the other spatial ones: integer, (6.10)
time: integer,
spatial coordinate o: integer,

H, = { the other spatial ones: half-integer, (6.11)

time: half-integer,

Difference centers play important roles when Eqgs. (6.3)-(6.8) are
discretized, and here we investigate Eq. (6.3) as an example. Since the
spatial difference centers of the left-hand side of the equation are the same



6.1 DISCRETIZATION OF ELECTROMAGNETIC WAVES 235

FIGURE 6.1. Yee lattice.

as those for H,, the spatial difference centers in the x, y, and z directions
are respectively found to bex =i Ax,y = (j + 1) Ay, and z = (k + 1) Az
Since the time difference center of the right-hand side of the equation is
the same as that for the electric fields £, and E,, we can write / = n At.
Here, i, j, k, and n are integers. In a similar manner, we can also obtain the
following difference centers of the spatial coordinates and the time for
Egs. (6.3)—(6.8).

Eq. (6.3): x=1iAx, y:(j+%)Ay, z:(k+%)Az,

t =n At, (6.12)
Eq. (6.4): x=(i+)Ax, y=jAy, z=(k+1) Az,

t =n At, (6.13)
Eq. (6.5): x=(+H A, y=0U+DA, z=kAz

t =n At (6.14)
Eq. (6.6): x=(i+%)Ax, y=jAy, z=k Az,

t=(n+1) At (6.15)
Eq. (6.7): x=1iAx, y:(j—l—%)Ay, z=k Az,

t=(n+1) At (6.16)
Eq. (6.8): x=1iAx, y=jAy, z=(k+3) Az,

t=(n+1) A (6.17)
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The 3D finite-difference time-domain expressions for Egs. (6.3)—(6.8)
can be obtained by discretizing them on the basis of the difference centers
(6.12)—(6.17). Again, we investigate Eq. (6.3) as an example. The
difference centers x and ¢ are both integers and the difference centers y
and z are both half-integers. Thus, for the left-hand side of Eq. (6.3), we
get

—%[Hf+‘/2(i,j+%, k41— H7V2G 4L k4 D). (6.18)
For the right-hand side, we get
| ! nee 1
A—y[EZ(l’] + 1L, k+3) —EXG,j, k+3)]

1 . ne;
—A—Z[E;(l,]+§,k+1)—Ey(z,]+§,k)]. (6.19)

Using expressions (6.18) and (6.19), we get the following finite-difference
time-domain expression for Eq. (6.3):
HM PG+ gk +3) = HY PG 44,k +3)
A

{ B2+ 1k + 1) — EXG,j, k+ D]
Ko

1 ne: - Nye -
_E[Ey(z,]—f—%,k—}— 1) —Ey(l,]—f-%,k)]}.
(6.20)
Through the same procedure, we get the following finite-difference

time-domain expressions for the y and z components of the magnetic
fields:

HM PG+ 5 k+ ) =H7 P41, k+))
At

[ { [En(l+27J’k+1)_En(l+2’]’k)]
0

1 : . nge s

6.21)
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and

@”WU+%J+%%%:$FWU+§j+;@
Mt . v
p [E (i+1.j+3.0)—Ej+3.k)]
0
—A—y[E)’Z(iJr%,jJr1,k)—E§§(i+%,j,k)]}.
(6.22)

Next, we discretize Eq. (6.6). According to expression (6.15), the
difference centers of x and ¢ are both half-integers and the difference
centers y and z are both integers. Thus, for the left-hand side of Eq. (6.6),
we get

Ené
° [E"+1(+2,j,k) ENi+1,7, k). (6.23)

For the right-hand side, we get

L2, , Y .
Kﬂi+m0+51+5H—Hf”%+%,—5m]

1 n . . n . .
—Zj@ﬁmo+;ﬁk+9—@ﬁma+;ﬁk—%. (6.24)

Using expressions (6.23) and (6.24), we get the following finite-difference
time-domain expression for Eq. (6.6):

EfYi+1,j,k)=ENi+1.j,k)
At
EoE,

— HPG 1, =1 k)

{Ay [HI2 G+ 5. + 5. )

1 1/2/- 1 1

—HM2 G+ L k=] ]}. (6.25)
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Through the same procedure, we get the following finite-difference
time-domain expressions for the y and z components of the electric fields:

EN G +3, 0 =EjG,j+3.k)

At |1
L2 i1 gt
# LG ke )

—H2 G, j 45 k= )]

1 . .
— P+ 5+ 506
—I-IZ”“/Z(i—%,j—i-%,k)]} (6.26)

and

ErN 7,k +3) = EXNij, b+ )

At [ 1 . .
+— {B[H;+1/2(z+§,1,k+§)
0%r

—H V2= )k + )]

| R .
- E[Hx—i_l/z(l,J +%’ k +%)

—HMV(G % k4 %)]}_ (6.27)

Magnetic fields Hy /2 with the half-integer time step (n + 1/2) At are
calculated first from Eqgs. (6.20)—(6.22) by using the electric fields with the
integer time step n At. Then those fields are used to calculate the electric
fields E"*! with the integer time step (n + 1) At by using Egs. (6.25)—
(6.27). Repeating these two steps, we can calculate the time evolution of
the electric and magnetic fields directly.

It should be noted that the relative permittivity at the interface between
two media is approximated better by using (&,; + ¢,;)/2 than by using only
€, O €.
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6.2 STABILITY CONDITION

In an explicit scheme such as the FD-TDM, the time step Af in the
calculation is restricted by the spatial discretization. For simplicity in
discussing the stability condition here, we will use the 1D scalar
Helmholtz equation

R0) *o

y — Sﬂoﬁ = 0, (628)

where ¢ is a 1D wave function that designates the time-dependent field.
Using f, as the x-directed propagation constant, we express this wave
function as

P(x, 1) = exp( jp,x) exp(at)
= exp(jpp Ax)exp(an At)
= exp(jfp Ax)C", (6.29)

where & = exp(a At). Thus, if the field is to be stable, £ has to satisfy the
condition

1<l < 1. (6.30)
Substituting Eq. (6.29) into (6.28), we get

1
(Ax)®

= g (SXPUBD AOE! 2 exp(jfp A" exp(jfp ADE") =0

{expljf(p + 1) Ax|C" = 2 exp(jBp AX)E" + expljf.(p — 1) Ax|C"}

Dividing this equation by exp(jf.p Ax)E", we reduce it to

1
(AX)2 {exp(jﬁx Ax) -2+ eXp(_jﬁx Ax)} - ((Z;())z

E—2+&NH=o0.

(6.31)
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Dividing Eq. (6.31) by &u,/ (A1)*¢ and considering that the first term of
Eq. (6.31) can be rewritten as

{exp(jﬁx A)C) -2+ exp(_jﬁx AX)} = Z(COS(ﬁx A)C) - 1)
= —4sin2( x%)

we get

5 (A1) 4 o, A\,
2+ D=, [_(Ax)zsm (ﬁXT)]‘f‘O

and therefore
E—24+1=0, (6.32)

where the parameter 4 is defined by

2A0 1 L Ax
A= o (A sin”| f3, 5 + 1. (6.33)
The roots of Eq. (6.32) are
G =A+vVA—1, (6.34)
& =A—~A?—1. (6.35)

Because |£] < 1 and 0 < sin® 0, we get the relation

A0 1 L, Ax -
A=— o (Ax) sin (ﬂXT) +1<1 (6.36)

We can thus specify the stability condition in terms of A4:

Case A < —1. Since, according to Eq. (6.35), 1 < |&,][, the field is
unstable.
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Case —1 < 4 < 1. Since &; and &, can be expressed as

L =A+ VA —1=4+4)V1 -4 (6.37)
G=A— VA2 —1=4—jV1- A4 (6.38)

their absolute values can be expressed as
Gl =&l =4+ (1 -4 =1. (6.39)
Thus, the field is stable when
—-1<4<1. (6.40)

Relation (6.40) can be interpreted as imposing the following restriction
on the time step (see Problem 1):

1 -1/2 ﬁ 1 —1/2 1 1 —1/2
vevm(ag) =wlan) ) oo

where Ax is the spatial discretization width and Az is the time step and
where ¢, ¢,, and v = ¢/, /¢, are respectively the velocity of the light in a
vacuum, the relative permittivity of the medium, and the velocity of the
light in the medium. Equation (6.41) is for a 1D structure, and the
corresponding restriction for a 3D structure is

<1<1 SRR 1)4ﬂ (6.42)
Sl e T |

6.3 ABSORBING BOUNDARY CONDITIONS

Since the FD-TDM, like the BPM in Chapter 5, has finite analysis
windows, an artificial boundary condition suppressing reflections at the
analysis windows is required. Mur’s absorbing boundary condition (ABC)
[2] is often used for this purpose, though Berenger’s perfectly matched
layer (PML) scheme [3] has also come into use recently. The PML scheme
suppresses reflections better than Mur’s ABC does, but Mur’s condition is
easier to use. Here, we discuss Mur’s first-order ABC.
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As shown in Fig. 6.2, the analysis window is defined in ranges of
(0, L,) in the x direction, (0, L,) in the y direction, and (0, L) in the z
direction.

1. x = 0: E, and E.. The electric fields £, and E, are on the boundary
x = 0. The wave function W for the left-traveling wave incident perpen-
dicular to the boundary is

W = explj(wt + p,x)] = exp [jw (t + %x)}, (6.43)

X

where v, is the velocity of the wave. Thus, the derivatives of the wave
function with respect to x and ¢ are

ww 1 1 1
oaw
W oW, (6.45)

Substituting Eq. (6.45) into (6.44), we get

oW 1 oW

E_vx ot

FIGURE 6.2. Analysis region.
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and therefore

= 0. (6.46)

Next, we discretize the wave equation (6.46) for the case that the wave
function is that for the y-directed electric field E),. Assuming that the node
number of the node on the boundary is 0, we discretize the derivative of
the electric field £, with respect to the coordinate x as

E, 1(1 ..., . n e
= B0 - B0 +40)]
1
+E[E;’“(l,j+%,k)—E;’“(O,j+%,k)]}, (6.47)

where the time average between n and n 4 1 was taken on the right-hand.
On the other hand, we discretize the derivative of the electric field E, with
respect to time ¢ as

0E, 11 .
R B 1+ - B+ 4.0)

o 2 |At

1
+At[E”+1(0]+ k) —E0,j+5.k)]},  (6.48)

where the spatial average between i = 0 and i = 1 was taken. Substituting
Egs. (6.47) and (6.48) into Eq. (6.46), we can derive the following finite-
difference time-domain expression for the electric field £,

EN0.j+%. k) =E)1.j+3.k)

v, At — Ax

n+1 _mn 1
+v At—i—Ax[E (1.j+3.k) = E}0,j+ 5. k).

(6.49)
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We can similarly derive the finite-difference time-domain expression for
the electric field E.:

EFN0,j, k+D) =EX1,j. k+1)
v, At — Ax

X TUE™NL G k41 — EN0, Kk + D).

+Vx At+Ax[ z ( ’.]’ +2) Z( ’.]’ +2)]

(6.50)
2. x=1L,: E, and E.. The electric fields E, and E are on the boundary

x =L, The wave function W for the right-traveling wave incident
perpendicular to the boundary is

X

W = exp[ j(wt — p,x)] = exp|:jw<t — le)], (6.51)

where v, is a velocity of the wave. Thus, the derivatives of the wave
function with respect to x and ¢ are

oaw

Substituting Eq. (6.53) into (6.52), we get the wave equation

8+1 0 W
ax v, of

Next, we discretize the wave equation (6.46) for the case that the wave
function is the y-directed electric field £,. Assuming that the node number
of the node on the boundary is N,, we discretize the derivative of the
electric field £, with respect to x as

= 0. (6.54)

x=L,

oF 1|1
< ZE{B[E;(Nx,j+%,k) — BN~ 1.j+1.8)]

(B (3.0~ B = 14 LB} (659)

el-

_|_
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where the time average between n and n 4 1 was taken on the right-hand
side. On the other hand, we discretize the derivative of the electric field E,
with respect to time ¢ as

OE, 1(1,. . -
a_tyzz{A—t[Ey+l(Nx,j+%,k)—Ef(Nx’J"‘%’k)]

—i—i[E;H(Nx —1.j+4%.k) —E}(N, — 1,j+%,k)]}, (6.56)

where the spatial average between i = N, and N, — 1 was taken. Substi-
tuting Egs. (6.55) and (6.56) into Eq. (6.54), we can derive the finite-
difference time-domain expression for the electric field E,;:

E;+1(Nx’j+%’ k) = E;(Nx - 1’]+%’k)

v, At — Ax
v, At + Ax

—E}(N.j+1. k). (6.57)

[EjH (N, —1,j+1. k)

We can similarly derive the finite-difference time-domain expression for
the electric field £.:

EM (N j k+5) = EX(N, — 1),k +3)

v. At — Ax
X [EMYN, = 1,), k4L
+vat+Ax[ z (x ’]’ +2)

For the ABCs on y=0 and y=L, and on z=0 and z=L,, see
Problem 2.

PROBLEMS

1. Derive the restriction on the time step At specified in Eq. (6.41) by
using the stability condition —1 < 4 < 1 in relation (6.40).
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ANSWER

Using Eq. (6.33), we can rewrite the stability condition in relation (6.40)
as

2000 1 L,( . Ax
—1<- o (A sin (ﬁxj) +1<1. (P6.1)

Since the relation between the center term and right-hand term is always
satisfied, we have to consider only the left-hand term and center term:

2
—1 5—2(At) ! 2sin2(ﬁxA_x>+l.
ety (Ax) 2

Multiplying both sides by —1 and considering the case in which the right-
hand side reaches its maximum, when sin’(-) = 1, we can rewrite the
above relation as

2
> 2(An° 1 -
ey (Ax)

Thus, we get

2007 1
2> (A1) N
ey (Ax)

and therefore

) _ Ly
(e = e °<(Ax>2> |

And this relation can be rewritten as the restriction on the time step At:

‘ 1 \12 NAR -2 1 \12
A’§m<(Ax)2> " q (@> 25((Ax)2> - o2

2. Derive the ABC fields fory=0andy=L,andz=0andz=L..
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ANSWER

a. y = 0. The wave equation on this boundary is

— 0. (P6.3)
y=0

The finite-difference time-domain expressions for the electric fields £,
and £, on this boundary are

EMNi4+1,0,k)=ENi+1,1,k)

v, At — Ay

L EMY i+ L 1, k) - ENG 4L, 0, k),
+VyAt+Ay[ X (l+2 ) x(l+2 )]

(P6.4)

ENNE,0,k+ 0 =ENG, 1 k+1)

v AL—Ay 1 n: |
—[E 1 k+5) —ENE,0,k+5)]
Vy At+Ay[ z (l +2) (l +2)]
(P6.5)
b. y = L,. The wave equation on this boundary is
a 1 0
—+— =W =0. (P6.6)
dy v, ot V=L,

The finite-difference time-domain expressions for the electric fields £,
and E, on this boundary are

EMYi+1, N k) = ENi+ 1, N, — 1,k)

M n+le. | 1 _ g 1
vyAt+AyEx (i+3.N,—1,k)—El(i+3.N, k),

(P6.7)
EMYG, Ny k+Y) =EIG,N, — 1,k+1)

E'VGQ, N, — 1, k+Y — E"G,N,, k +1)].
+VyAt+Ay[ z (l y +2) Z(l y +2)]

(P6.8)
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c. 7 = 0. The wave equation on this boundary is

The finite-difference time-domain expressions for the electric fields £,
and £, on this boundary are

EfNi+1,j,00=ENi+1.7.1)

R L) = B+, 00
(P6.9)
Efij+1.0)=ElGj+1. 1)
zii—lg [Ep' G+ 1) — ElG,j+5,0)
(P6.10)
d. z = L_. The wave equation on this boundary is

The finite-difference time-domain expressions for the electric fields £,
and E, on this boundary are

EfNi+1,,N)=Ei+1,j,N.— 1)

v, At — Az
2 [EMYGi4+ L N - 1) —E'G+1,7, N,
+VZAZ+AZ[X (l+2.] z ) x(l+2J Z)]

(P6.12)
E;;H_l(i’j + % ’ Nz) = E;,(l?] + % ’ Nz - 1)

v, At — Ay

| 1 .o 1
W[E;+ (j+L N —1)—ENij+1 NI

(P6.13)
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