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CHAPTER 7

SCHRODINGER EQUATION

In this chapter, we will investigate ways to solve the Schrédinger
equation, which must be solved when quantum wells for semiconductor
optical waveguide devices are designed [1, 2]. The time-dependent
Schrédinger equation resembles the Fresnel wave equation, and the
time-independent Schrodinger equation resembles the wave equation
for the cross-sectional analysis. Thus, the analysis techniques given
earlier for optical waveguides can be applied to the analysis of these
Schrodinger equations. Here, the analysis of the time-dependent Schro-
dinger equation will be based on the 2D FD-BPM and the analysis of the
time-independent Schrodinger equation will be based on the 1D FDM and
the 1D FEM.

7.1 TIME-DEPENDENT STATE

Let us solve the time-dependent Schrodinger equation by using the 2D
FD-BPM. The only major difference between the time-dependent Schro-
dinger equation and the BPM wave equation based on the Fresnel
approximation is that the derivative in the Schrodinger equation is with
respect to time, whereas the derivative in the BPM wave equation is with
respect to position.
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Under the effective mass approximation, the time-dependent Schrodin-
ger equation is expressed as

Wx, ) #? a< 1 Wi(x, 1)

o 2

m(x)  Ox

Jh ) + U(x, 1), (7.1)
where U(x), m(x), and / are respectively an arbitrary potential shown in
Fig. 7.1, an effective mass, and the Plank constant [3].

First, the time ¢ and the space x are discretized. The nonequidistant
discretization shown in Fig. 5.5 is assumed, and the wave function y(x, 7),
the potential U(x), and the effective mass m(x) are expressed as

Y(x, 1) = Y(x,, t,) = ¥, (7.2)
U(x) = U(x,) = U(p), (7.3)
m(x) = m(x,) = m(p). (7.4)

The 2D Fresnel wave equation for the TM mode of an optical
waveguide that was derived in Chapter 5 [Eq. (5.118)] is

p(x, z) _. (x)3< 1 9¢(x,z)
oz T \g(x) ax

2jB ) + kole,(x) — maglop(x, 2).  (7.5)

Comparing this with the time-dependent Schrodinger equation (7.1), we
find the following correspondences:

z <, (7.6)
9/ 1 9 2o/ 1 9
5 (s,oo a) C T (m a)’ 7D
2p < jk, (7.8)
k3 [, (x) — ngg] < Ux). (7.9)
y
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FIGURE 7.1. Potential distribution for a semiconductor quantum well.
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Thus, from Eq. (5.126) and Eqgs. (5.142)—(5.144), we can get the finite-
difference expression for the right-hand side of correspondence (7.7):
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= —0, — U, (7.13)
Considering the relations shown in correspondences (7.6)—(7.9) and in

Eq. (5.135), we get the following finite-difference expression for the time-
dependent Schrodinger equation:

n+1 + ( 2_ _ U@))wn-‘rl lﬂ;ﬂ
2jh
=q l//p 1+ <oc + == Ar + U(p))lﬁ + o l//erl (7.14)

It is easily understood that this equation can be solved in the same way
that the 2D FD-BPM is solved and that the transparent boundary condition
can also be used with this equation.

7.2 FINITE-DIFFERENCE ANALYSIS OF TIME-INDEPENDENT
STATE

The wave function Y(x, f) that satisfies the time-dependent Schrodinger
equation (7.1) is divided into the space-dependent term and the time-
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dependent term as follows:

. Lt
V1) = o) exp(—joor) = p)exp(—jEL).  (1.19)
where E is the eigenenergy to be calculated and corresponds to the
effective index in the optical waveguide problems.
Substituting Eq. (7.15) into Eq. (7.1) and dividing the resultant
equation by exp(—jEt/h), we get

i d (L M) UK —Elp@ =0.  (7.16)
m(x) dx

2 dx

This is the time-independent Schrédinger equation. Discretizing it by
using Eqgs. (7.10)—(7.13), we get the following finite-difference expression:

o‘w(r{)p—l + %o p+1 + O‘xd’p + [U(p) - E](;bp =0
and therefore
awd)p—l + [ax + U(p)]¢p + ae¢p+l - E(Pp =0. (717)

The remaining task is to construct a matrix equation for Eq. (7.17).

7.3 FINITE-ELEMENT ANALYSIS OF TIME-INDEPENDENT
STATE

7.3.1 Eigenvalue Equation

To solve the time-independent Schrodinger equation, we first derive the
eigenvalue equation based on the FEM [4, 5]. The following normal-
izations are introduced:

X = % (coordinate), (7.18)
- U
Ulx) = g) (potential), (7.19)
1
- E .
E= 7% (eigenenergy), (7.20)
1
_ m(x) )
m=——= (effective mass), (7.21)
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where ES° = h2n?/(2myW?), m,, and W are respectively the electron
energy of the ground state in an infinitely deep well, the static mass of an
electron, and the width of a quantum well.

When we substitute these normalized parameters into Eq. (7.16), we get
the normalized Schrédinger equation

d ({1 do®X)
dx (m(x) dx

) + 1 [U(%) — E]¢(F) = 0. (7.22)

Next, we use the Galerkin method to solve this equation. For simplicity,
the overbar, denoting normalized quantities in Egs. (7.18) to (7.22), is
omitted. Figure 7.2 shows nodes used in the 1D FEM. Using shape
functions, we expand the wave function ¢(x) for an element e:

(rb = Z d)el - e] {d) } (723)
Substituting Eq. (7.23) into Eq. (7.22), we get
d d
. (i —) VI 16, + IUG) — BN (6} = 0.

Multiplying the left-hand side of this equation by the shape function
and integrating the resultant equation in element e, we get

- [mag o ) axta

. J VUG — BN deid) = (0).  (7.24)

Applying the partial integration to the first term of Eq. (7.24) and denoting
the node numbers of the left- and right-hand nodes in element e as i and
i+ 1, we rewrite Eq. (7.24) as

1 d[N]

i+1 T
dIN,] 1 dIN,
[ m, ] #] S e

e

nzj[Nel(U(x) BN.IT dx{d,) = (0).

FIGURE 7.2. Nodes in the 1D finite-element method.
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Furthermore, assuming that both the effective mass m and the potential
U(x) (=U,) are constant in the element, we can reduce this equation to

1
- |:[Ne] m_

e

dNT 1 1 dvy [ ]
d—{¢e}i| +J dx

e e

U, ~ ) | NIV dst,) = (0) (7.25)

Next, we sum Eq. (7.25) for all elements. The first term of Eq. (7.25)
becomes

"
sy 6|
ANERCTINE R
i ¢>Mm1M dj’xM,

where M is the total number of nodes. It should be noted that the
following continuity conditions for the wave function and its derivative
are assumed at adjacent elements e and e + 1:

19 19
o=l oo =% (1.26)
Thus, after summing Eq. (7.25) for all elements, we get
1 do, 1 doy, dIN,] d[N,])"
((ﬁlm_lg_d)MmM dx>+Xe:m6L dx dx
47 S U, | NN dvtg) — 2B S | NIV dstge) = 101

(7.27)
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This equation can be reduced to

(ﬁl—éﬁ—¢M3—@@)+um¢mwﬂ@wﬂ—ﬁﬂmwu=wh

my dx my, dx
(7.28)
where
L1 [N AN

m_gide o dx, (7.29)
@=Z%mefm, (7.30)
mzzjmmfw (731)
(6) = Xlo.). (7.32)

Assuming the Dirichlet condition or the Neumann condition—that is,
assuming

¢=0 (7.33)
or

dp

=0 (7.34)

at the leftmost node 1 and the rightmost node M—we can obtain from Eq.
(7.28) the simple eigenvalue equation

([P1+ 7*[OD{¢} — E(w’[RD{d} = {0). (7.35)

To solve this equation, we have to transform Eqs. (7.28) and (7.35) into
eigenvalue matrix equations. To this end, in the following, the first- and
second-order shape functions will be obtained and the explicit expressions
for the matrixes will be shown.

7.3.2 Matrix Elements

A. First-Order Line Element The matrixes for the eigenvalue equa-
tion will be calculated by using the first-order line element. Figure 7.3
shows the first-order line element. The node numbers i and j and the
coordinates x; and x; are assumed to correspond to the local coordinates 1
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and 2. An arbitrary coordinate x in element e is defined using the
parameter &, which takes a value between 0 and 1:

x=(1=0x+ & =x+(x; —x)¢ = x; + L.C, (7.36)
where L, is the length of the element (x; — ;). Since the first-order line

element has two nodes, the wave function ¢,(x) in element e is expanded
as

2
b.(x) = ; Ni(&)d; = NI {4} (7.37)

by using the shape function [N]”. The shape functions N, and N, for the
line elements are expressed by the linear functions

Ni(&) =a;+ by, Ny () = ard + by, (7.38)

and the conditions that must be met by the shape functions are
E=0: Ny(0) =1, N,(0) =0, (7.39)
=1 N (1) =0, N,(1) = 1. (7.40)

Thus, the following shape functions can be obtained for the first-order
line element:

N =1-¢, (7.41)
N,(§) =¢. (7.42)

Next, we calculate the matrix elements shown in Egs. (7.29)—(7.32).

N(&) N, (9

Node i Node j

) @
£:0 1
v

Element e
FIGURE 7.3. First-order line element.
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1. |, (d[N,] Jdx)(d[N,]" Jdx) dx From Eq. (7.36), we get

dc _1
dx L,
and therefore,
dx=1L,d¢.
Since the relations
av_ |
dé
dN, .
dé 7’
hold, we get
d[N,] d¢ d[N] 1[-1
dc dx dié L, 1]
Thus, we get
div ANy 1
dx = — -1 1]L,d
L d  dx Lz ), [ L. de
1t 1 =1
S dé
Ledo] -1 1}
11 -1
CL| -1

2. fe [Ne][Ne]T dx Through a similar procedure, we get

o pfa-o-9 aLde
JWJM]ﬁzL

¢
:LJ[O—®260—@}%:&[2
hlea-o &2 61
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(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

}.

(7.48)
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Since Eqs. (7.47) and (7.48) can be used to construct the matrixes [P],
[O], and [R], the eigenenergy can be calculated from the eigenvalue matrix
equation (7.35).

B. Second-Order Line Element Next, we discuss the second-order
line element, which is more accurate than the first-order line element.
Figure 7.4 shows the second-order line element. The node numbers i, j,
and k and the coordinates x;, x;, and x; are assumed to correspond to the
local coordinates 1, 2, and 3. An arbitrary coordinate x in element e is
defined using the parameter £, which takes a value between —1 and 1:

x=ux; + %(xk —x;)¢. (7.49)

Since the second-order line element has three nodes, the wave function
¢.(x) in element e is expanded as

3
Po(x) = ;M(@cb,- =[N {¢.} (7.50)

by using the shape function [N]”. The shape functions N, N,, and N; for
the line elements are expressed by the quadratic polynomials
N =a, & +b¢+c,
Ny(&) = @& + by + ¢y, (7.51)
Ny(&) = a3& + by + ¢,
and the conditions that must be met by the shape functions are
E=0: N,(0) =0, N,(0) =1, N; =0, (7.52)
=1 Ni(1) =0, N,(1) =0, Ny(D)=1, (7.53)
E=-1 Ni(=1) =1, N,(—1) =0, N;(—=1)=0. (7.54)

Thus, the following shape functions can be obtained for the second-
order line element:

Ni(&) = —3¢(1 =9, (7.55)
N> =1 +90 =9, (7.56)
N;(&) =53¢0 +9). (7.57)

Next, we calculate the matrix elements shown in Egs. (7.29)—(7.32).
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N.(©)

N, (&) N3 (D

Element e

FIGURE 7.4. Second-order line element.

1. [, (d[N,]/dx)(dN,]" /dx) dx From Eq. (7.49), we get

and therefore,

Since the relations

hold, we get

d[N,] d¢ d[N,]
dx  dx dé

_Xk_

¢ _ 2
dx L,
dx =1L, d¢.
le_ !
d—é_i 2

dN,
—c=-2
di ¢,
dN3_ {
d—é_é+2
5_1
5 B 2
X

i

26— 1
—4¢
26 +1
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(7.58)

(7.59)

(7.60)

(7.61)

(7.62)



262 SCHRODINGER EQUATION

Thus, we get

[ aiv’
e dx e

—4¢

= 2
(‘xk xi) -1 25 + 1

. 1{251}[261 —4¢ 25+1](xk2;xi)dé

B 1
B 2(x — x;)

| (2¢ — 1) 28— 1)(—48) (- DEE+)
x j dé
-1

—4EQ2¢E— 1) (—4¢)? (—48)(2¢+ 1)
QE—DQRE+FT) (284 1)(—40) Q&+ 1)

| . 14 —16 2
= - =16 32 —16 |.
2(x, —x;) 3

2 —16 14

This equation is summarized as

: 4 16 2
Jdg\fe] d[zfe] dx:6lL ~16 32 —16 |. (7.63)
o dxdy el 2 -16 14

2. fe [Ne][Ne]T dx Through a similar procedure, we get

J NIV, d

[ —3ea-9
= {(Hé)(l&)}[;é(lé) (14+(1-9) $e(1+9)
Lo+
X [%(xk —x;)]d¢
L 1E201-9 1+ 901-¢" —j1+901-9)
=5 ] | -9+ (49107 A+ (1-0) |de
—E1+O1-9 A+ -9 &+’

I 4 2 -1 I 4 2 -1
=——1 21 2 |==| 21 2 . .
> 15 6 30 6 (7.64)
-1 2 4 -1 2 4
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Since Egs. (7.63) and (7.64) can be used to construct the matrixes [P],
[O], and [R], the eigenenergy can be calculated from the eigenvalue matrix
equation (7.35).
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