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APPENDIX B

INTEGRATION FORMULA FOR AREA
COORDINATES

The integration formula shown in Eq. (3.184) is derived here by
calculating the following integration for a triangular element e shown in
Fig. 3.4:

L(i,j, k) = ” LiILLE dx dy, (B.1)

where 7, j, and k are integers and the spatial coordinates of nodes 1, 2, and
3 are respectively (x;, v;), (x5, ¥,), and (x3, y3).

As shown in Eq. (3.72), we have the following relation between the
spatial coordinates and the area coordinates:

X X Xy X3 Ly
YI=1r ) r Ly | (B.2)
1 I 1 1 Ly

As shown by the bottom row of Eq. (B.2),

267



268 INTEGRATION FORMULA FOR AREA COORDINATES

According to Eq. (B.2), x and y can be expressed using L, and L, as
follows:

x=x1L; +x,L, +x3L5

=x1Ly +xLy +x3(1 =Ly — Ly)

= (1 = x3)L; + (3 — x3)Lo, (B.4)
y=yLy + Ly +y3L;

=Ly +yLy +y3(1 =L — L)

=1 = »)L + 0 — 1)Ly (B.5)
Thus, we get
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(B.6)

Y1—=Vs V2—)3

where S, is the area of element e. Using Eq. (B.6) to transform x and y to
L, and L,, we can rewrite Eq. (B.1) as follows:

1.0 = | | Litht asay

= “ L Lk
e

J L1 dL, dL,
e
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dx dy
a(Ll ’ LZ)

=25
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=28,| dL, J L1 — Ly — L) dL,
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o -1,
=28, | L} dL, J L —L, — L) dL,.  (B.7)
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The second integral of Eq. (B.7) is calculated as

1-L,

Iy(j. k) = L (1 =Ly — L) dL,
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where
T 1 ]
I,(j+k,0 :J L"dL, = ——L
0(.] ) 0 2 2 []+k+1 2 ]0
1 .
TS (B.9)

Substituting Eq. (B.9) into Eq. (B.8), we get

. k! .
W0 = oy L (B.10)
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And substituting Eq. (B.10) into Eq. (B.7), we get

. k! b :
Ie(l,], k) = 2Semjo 1(1 — Ll)j+k+1 dLl (Bll)

The remaining calculation is
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L(i+j+k+1,0)

LG+j+k+1,0). (B.12)

Substituting (i +j+k+1,0), where [,(i+j+k+1,0) can be
rewitten as

1 1
L 1 L
LG+j+k+1,0) =j L g, = [7L’+/+k+z]

0 i+j+k+27" 0
1
- B.13
i+j+k+2 (B-13)
into Eq. (B.12), we get
i+ k+ D
LG+ k4 1) = SR DY (B.14)

(i+j+k+2)
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Then substituting this equation into Eq. (B.11), we finally get the
formula

il j1k!

[ ', .,k :2S€—
(i-J. 0 (+j+k+2)

(B.15)



