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Chapter 1
THE ASYMMETRIC SLAB WAVEGUIDE

1.1 Introduction

Dielectric slabs are the simplest optical waveguides. Because of their simple
geometry, guided and radiation modes of slab waveguides can be described
by simple mathematical expressions. The study of slab waveguides and their
properties is thus often useful in gaining an understanding of the wave-
guiding properties of more complicated dielectric waveguides. However,
slab waveguides are not only useful as models for more general types of optical
waveguides, but they are actually employed for light guidance in integrated
optics circuits [Mr1, Mr3].

A dielectric slab waveguide is shown schematically in Fig. 1.1.1. The figure
shows a slab waveguide as it would be used in a typical integrated optics
application. The core region of the waveguide is assumed to have refractive
index n, and is deposited on a substrate with refractive index n,. The refractive
index of the medium above the core is indicated as n,. The refractive index n,
may be unity if the region above the core is air, or it may have some other

1
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Fig. 1.1.1 Schematic of a dielectric slab waveguide.

value if the guiding region of index n, is surrounded by dielectric materials
on both sides. In order to achieve true mode guidance it is necessary that n,
be larger than n, and n5. In order to have a specific example in mind we shall
assume that

ng > ny = n, (1.1-1)

If ny = n,y, we speak of a symmetric slab waveguide. In case that n, # n,,
the slab waveguide is asymmetric. The modes of symmetric slab waveguides
are simpler than those of asymmetric slabs because they can be expressed
either as even or odd field distributions [Mel]. The lowest-order mode of a
symmetric slab waveguide does not have a cutoff frequency, which means
that, in principle, this mode can propagate at arbitrarily low frequencies. By
contrast, all modes of asymmetric slabs become cutoff if the frequency of
operation is sufficiently low.

This chapter is devoted to the description of the optical properties of
asymmetric slab waveguides. Since symmetric slabs are only limiting cases of
asymmetric slabs, the description of symmetric slab waveguides is necessarily
included in our present treatment.

Like all dielectric waveguides the asymmetric slab supports a finite number
of guided modes which is supplemented by an infinite continuum of unguided
radiation modes. Both types of modes are obtained as solutions of a boundary
value problem. However, the guided modes can also be considered from the
point of view of ray optics. Since ray optics is intuitively more appealing than
wave optics, we start the discussion by deriving the eigenvalue equation of the
guided modes from geometrical optics, which is supplemented by some simple
results of plane wave reflection and refraction at plane dielectric interfaces.

The boundary value problem is discussed and solved in Sects. 1.3 and 1.4
on wave optics of the guided modes of the slab waveguide. The chapter then
continues with a discussion of leaky waves and of an inverted slab waveguide
with n; < n,, ny which supports only leaky waves.

1.2 Geometrical Optics Treatment of Slab Waveguides 3

In integrated optics applications, slab waveguides are formed by various
means, the simplest of which use the deposition of glass or plastic films on
glass or plastic substrates. These films can be deposited by evaporation,
sputtering, or by epitaxial growth techniques. The last method is restricted to
the deposition of thin single crystalline films on crystal substrates. Another
method of forming dielectric optical waveguides for integrated optics
applications employs ion implantation techniques. By bombarding the sub-
strate material with suitable ions it is possible to alter the refractive index of
the substrate so that a dielectric slab waveguide results. The depth at which
the guiding region appears below the substrate surface can be controlled by
the choice of the energy that is used to accelerate the ion beam.

Many integrated optics applications use narrow dielectric strip waveguides
instead of a continuous two-dimensional film. The modes of such structures
are discussed in Sect. 1.7. Such waveguides are formed by ion implantation
techniques or by the deposition of a thin film on top of a substrate which is
subsequently etched away, so that only the narrow strip waveguides are left.

The study of asymmetric slab waveguides serves as a valuable introduction
to the entire field of dielectric optical waveguides. Because of their simplicity,
slab waveguides provide insight into the mechanism of waveguidance by
dielectric optical waveguides.

1.2 Geometrical Optics Treatment of Slab Waveguides

Geometrical (or ray) optics describes the propagation of light fields by
defining rays as the lines that cross the surfaces of constant phase of the light
field at right angles. Light rays have intuitive appeal since a narrow beam of
light is a good approximation to the more abstract notion of light rays.

The laws of ray optics, needed for our present purpose, are simple. We need
only assume that a light ray in a homogeneous optical. medium follows a
straight path. In addition, we need to know Snell’s law, which relates the
angles with respect to the normal to a dielectric interface that a beam forms that
passes through this interface. With the definition of the angles shown in Fig.
1.2.1 Snell’s law can be expressed in the form [Mel]

n sino, = n, sina, (1.2-1)
For our purposes it is more convenient to use the angle between the ray and
the dielectric interface, so that Snell’s law assumes the form

n,cosf, = n, cosf, (1.2-2)

If n, > n, it is apparent from Eq. (1.2-2) that there is no real angle 6, if
n, cos@, > n,. The absence of a real angle satisfying Eq. (1.2-2) can be inter-
preted as total internal reflection. In this case no light beam emerges on the
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Fig. 1.2.1 Reflection and refraction of a plane wave at a dielectric interface.

opposite side of the dielectric interface, so that all the light is totally reflected
inside medium 1. The critical angle for total internal reflection is defined by

cos. = n,/n, (1.2-3)

A straight light ray can be associated with a plane wave. Ray optics does not
include the description of the phase of the light field. However, the notion of
the optical path length, which is defined by the actual length times the refrac-
tive index of the medium, makes it easy to attach a phase to the light ray. A
ray of length s has traveled an optical path length #, 5 in medium 1. Its phase
relative to the starting point at s =0 can be defined as ¢ =-—-n ks (the
minus sign is necessary since we assume time dependence ') with the free-
space propagation cunstant of plane waves,

k = 2z/A (1.2-4)

However, a plane wave or a ray accumulates phase shift not only by traveling
in space but also by reflection from a dielectric interface. The reflection
coefficient of a plane wave at a dielectric interface, which is polarized so that
its electric vector is parallel to the interface, follows from Egs. (1.6-10),
(1.6-11), and (1.6-14) of [Mel]:

B (nlzkz__ﬂz)x/z _(n22k2_ﬁ2)1/2

ryr = — =

A (nlzkz_ﬂZ)l/Z+(n22k2_ﬂ2)l/2

The parameter f (which was called k,,in [Mel]) can be expressed in terms of
the angle 8, :

(1.2-5)

B =nykcosd, (1.2-6)

For 6, > 0,., the reflection coefficient r, given by Eq. (1.2-5), is real and
positive, so that no additional phase change occurs on refiection from the
medium with index n,. For 8, < 0,., total internal reflection occurs at the
dielectric interface. In this case 7 is complex because the second square root
in numerator and denominator of Eq. (1.2-5) is negative imaginary. The
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negative sign is necessary since a decaying instead of a growing wave must
result in medium 2. Under conditions of total internal reflection, a wave that
is polarized with its electric vector parallel to the interface suffers a phase
shift

¢ = —2arctan[(B%—n,2k?)?|(n,2k? - f*)V/3] 1.2-7)

For a wave polarized so that its magnetic vector is parallel to the interface, we
obtain from Eq. (1.6-56) of [Mel] the phase shift

¢ = —2arctan[(n,*/n,*)(B* —n,%k?)' P (n,*k* — p7)'*]  (1.2-8)

Having collected these few facts from ray optics and the theory_of plar}e
wave reflection at dielectric interfaces enables us to discuss mode gundance. in
the slab waveguide and derive the eigenvalue equation for the propagation
constants of the guided modes. The rays, which belong to the mode field,
propagate inside the core region with refractive index n,. They are confined
to this region by suffering total internal reflection at the dielectric interfaces.
Figure 1.2.2 shows the trajectory of such a ray.

3 ' / _ l

Light ray

Interface
il

fa- O o]

N

Fig. 1.2.2 Ray trajectory of a guided wave in the slab waveguide.

So far we have accounted for the mechanism of mode confinement and have
indicated that the angle 8, must not exceed the critical angle of Eq. (1.2-3).
One might reach the conclusion that rays with arbitrary angles can propagate
in the slab waveguide provided the critical angle is not exceeded. However,
this is an erroneous assumption. In order to understand the reason for the
occurrence of discrete angles for rays that are associated with guided modes,
we must introduce our knowledge of the phase of the ray into the picture. The
rays shown in Fig. [.2.2 are only a convenient descripticn of the plane waves
that are associated with them. Figure 1.2.3 shows the phase fronts of the plane
waves as dashed lines. Two points, 4 and B, are marked in the figure. The
phase fronts that go through these two points both belong to the same plane
wave, The phase fronts of the reflected wave traveling downward have be.en
omitted in order to keep the picture as simple as possible. Thq ray from point
A to point B (ray AB) is assumed to have suffered no reflection. The longer
ray from point C to point D (ray CD) belonging to the reflected wave has
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Fig. 1.2.3  Hlustration of the phase condition that leads to the eigenvalue equation. All rays
that travel in the same direction belong to the same plane wave.

suffered two total internal reflections as it travels from the phase front through
A to the phase front through point B. Since all points on the same phase front
of a plane wave must be in phase, we must require that the optical path length
of the ray 4B differ from that of the ray CD by a multiple of 2x. The distance
between points B and C is (d/tanf,)—d tan@,. The distance between points
A and B is, therefore,

sy = [(I/tan @,)—tan6,]d cos 8, = (cos*6, —sin?8,)d/sin b,
(1.2-9)
The length of the long ray through points C and D is

s, = dfsin6), (1.2-10)

However, in addition to the phase change accumulated in traveling the actual
distance s,, ray CD has suffered two total internal reflections which resulted in
the phase change ¢; (reflection from the interface with region 3) and ¢,
(reflection from the interface with region 2). The condition that both rays
contribute to the same plane waves can thus be expressed by the relation

n(s;—s)k+ ¢, + ¢; =2Nn (1.2-11)

where N is an integer number. Equation (1.2-11) is a condition that determines
the allowed ray angles or, through relation (1.2-6), the value of the parameter
(eigenvalue) f. Such a relation is known as an eigenvalue equation. Since the
phase shifts ¢, and ¢; are different for the two possible polarizations of the
waves, we obtain two different eigenvalue equations. We designate the waves
with electric vectors parallel to the interface as TE waves and obtain from
Egs. (1.2-7), (1.2-9), (1.2-10), and (1.2-11) the eigenvalue equation

arctan(y/x) + arctan(d/x) = kd — Nn (1.2-12)

with the abbreviations "
Kk = (n2k*=pg*HYV? = nik sinf, (1.2-13)
v = (B —nH? = [0, ~ ) k? — k712 (1.2-14)

and
d = (ﬂz_n32k2)1/2 = [(nlz_naz)kz _ KZ]l/Z (12_15)

1.3 Guided Modes of the Asymmetric Slab Waveguide 7

Taking the tangent of Eq. (1.2-12) transforms the eigenvalue equation for the
TE waves into the form

tankd = x(y+6)/(x*—d) (1.2-16)
The corresponding procedure for TM waves results in the eigenvalue equation
tan xd = n,*x(n32y + n,26)/(n,2n32x? — n,*yd) (1.2-17)

We shall rederive these equations again in the next section by starting from
Maxwell’s equations and using the boundary conditions at the dielectric
interfaces. The purpose of the present discussion was to give an intuitive
explanation for the process of mode guidance in slab waveguides and to demon-
strate how the mode conditions (1.2-16) and (1.2-17) can be obtained
with the help of simple principles obtained from ray optics and from the
properties of plane waves [Til].

1.3 Guided Modes of the Asymmetric Slab Waveguide

In order to obtain a complete description of the modes of dielectric wave-
guides, Maxwell’s equations must be solved [MK1, NMI]. With the help
of the operator (e,, e,, and e, are unit vectors in x, y, z direction)

v =e,£+e,%+e,a—az (1.3-1)
Maxwell’s equations can be written in the form
V x H = gon? dE/ot (1.3-2)
and
VxE = —pu, dH/ot (1.3-3)

The cross indicates a vector product, H and E are the magnetic and electric
field vectors, and g, and g, are the dielectric permittivity and magnetic
permeability of vacuum. We do not consider magnetic materials in this book
so that the use of the vacuum constant y, is sufficient. The index of refraction
of the medium is designated by n, and ¢ is the time variable.

We simplify the description of the slab waveguide by assuming that there is
no variation in y direction, which we express symbolically by the equation

d/oy =0 (1.3-4)

Condition (1.3-4) is actually no restriction on the generality of the mode
description since it is always possible to rotate the coordinate system in the
yz plane until this condition is satisfied for any given mode. The modes of the
slab waveguide can be classified as TE and TM modes. TE or transverse
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electric modes do not have a component of the electric field in the direction
of wave propagation, while TM or transverse magnetic modes do not have a
longitudinal magnetic field component. We consider TE and TM modes
separately. The fields of guided modes must vanish at x = * 0.

Guided TE Modes

TE modes have only three field components: E,, H,, and H,. The position
of the coordinate system relative to the slab is shown in Fig. 1.1.1. We assume
that the slab is infinitely extended in the yz plane. We consider only strictly
time harmgnic fields whose time dependence, in complex notation, can be
expressed as

e (1.3-5)
The radian frequency w is related to the actual frequency f by
w = 2nf (1.3-6)

Since we are interested in obtaining the normal modes of the slab waveguide
we assume that the z dependence of the mode fields is given by the function

e (1.3-7)
By combining the two factors (1.3-5) and (1.3-7) we obtain
gilwr=bn (1.3-8)

Function (1.3-8) describes a wave traveling in positive z direction with phase
velocity

v = w/B (1.3-9)

The eigenvalue B is identical to the quantity introduced in Eq. (1.2-6). Factor
(1.3-8) is common to all field quantities and shall be omitted for brevity. With
E,=0, E, =0, and H, =0, we obtain from Maxwell’s Egs. (1.3-2), (1.3-3)
with the help of Eq. (1.3-4), and with the time and z dependence given by Eq.
(1.3-8),

—ifH, — (0H,/0x) = iweyn’E, (1.3-10)-
iBE, = —iwpuoH, (1.3-11)
OE,[ox = —iwpoH, (1.3-12)
We thus obtain the H components in terms of the E, component
H, = (= ifopo) 9E,j0z = — (Blwpo) E, (13-13)
and
H, = (ilop,) OE,[0x (1.3-14)

1.3 Guided Modes of the Asymmetric Slab Wavegnide 9

Substitution of these two equations into Eq. (1.3-10) yields the one-dimensional
reduced wave equation for the E, component

(0*E,0x?) + (n*k:— PP E, = 0 (1.3-15)

with k% = w?gyuo = (2n/4)%. The problem of finding the TE modes of the
slab waveguide has thus become very simple. We only need to find solutions
of the one-dimensional reduced wave Eq. (1.3-15) and obtain the magnetic
field components directly from Eqgs. (1.3-13) and (1.3-14). The only remaining
complication is the requirement that the solutions must satisfy the boundary
conditions at the two dielectric interfaces at x = 0 and x = —d. The boundary
conditions require that the tangential E and H fields be continuous at the di-
electric discontinuities. We thus must require that E, and H, are continuous
at x =0 and x =—d. Solutions that satisfy these condmons for the E,
component and vanish at x = 100 are

= Ae™ %, for x>0 (1.3-16)
= A coskx + Bsinkx, for 02x2>—-d (1.3-17)
= (A coskd— Bsinkd)e'**?9,  for x < —d (1.3-18)

The refractive index n in Eq. (1.3-15) assumes the value n, in region 3 (see
Fig. 1.1.1), for x > 0; n, in region 1, for 0 > x > —d; and n, in region 2, for
x < —d. The parameters k, y, and é are defined by Eqgs. (1.2-13)~(1.2-15).
The E, component shown by these three equations satisfies the reduced wave
Eq. (1.3-15) and is continuous at the two dielectric interfaces. We do not need
the H, component for the moment. The H, component is obtained from Eq.
(1.3-14):

H, = (—idjwp,) Ae™", for x>0  (1.3-19)
= (—ixjwpy) (A4 sinkx— B cos kx), for 0=2x2>—d
(1.3-20)

= (iy/wuy) (4 cosxkd— Bsinkd)e™**9,  for x < —-d (1.3-21)

The H, component does not immediately satisfy the boundary conditions.
The requirement of continuity of H, at x =0 and x = —d leads to the
following system of equations:

0A+xB=0 (1.3-22)
(x sinkd—y coskd) A + (k coskd+7y sinkd) B = 0 (1.3-23)

This homogeneous equation system has a solution only if the system deter-
minant vanishes. We thus obtain the determinantal or eigenvalue equation

b (x cosxd+7y sinkd) ~ x(x sinkd—y coskd) =0 (1.3-24)
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From Eq. (1.3-22) we obtain

BjA = —d/x (1.3-25)
The eigenvalue equatibn can be written in a different form:
tankd = k(y+8)/(x* —79) (1.3-26)

We have thus rederived the eigenvalue Eq. (1.2-16) by the precise methods of
this section. The agreement of Eq. (1.3-26) with Eq. (1.2-16) justifies the
heuristic method that was used in the previous section.

For future use it is convenient to express the eigenvalue equation in two
alternate forms:

coskd = + (k2 —y8)/[(kK2 +72) (x> +6%)]/? (1.3-27)
and
sinkd = +x(y+0)/[(K2+y2) (> +5H]'/? (1.3-28)

The sign of the square root must be the same in both equations. The eigen-
value equation determines the allowed values of the propagation constant 8
that enters Eq. (1.3-26), (1.3-27), or (1.3-28) through Egs. (1.2-13)-(1.2-15).
Equation (1.2-6) defines for each guided mode a mode angle, which is the
direction of the ray or plane wave that travels inside the core region of the
waveguide with refractive index n,.

The field treatment of the guided wave problem also provides the justifica-
tion for the assumption used in the preceding section that the field inside the
core can be regarded as a superposition of two plane waves. Expression
(1.3-17) for the £, component of the field in the core consists of sine and cosine
functions. Each of these functions can be decomposed into exponential
functions of the form exp(+ ixx). If we reinstate the omitted factor (1.3-8), we
see that the field in the core is formed by the superposition of plane waves of
the form

exp i(wtFxx—pz) = expi(wt—K-1) (1.3-29)

The propagation vector K can be expressed as

K = +xe, + Oe, + fe, (1.3-30).

withe,, e, and e, indicating unit vectors in x, y, and z directions. The vector

r points from the coordinate origin to the point at which the field is being
considered :

r = xe, + ye, + ze, (1.3-31)
According to Eq. (1.2-13) we have
K? = k* + B* = n,%k? (1.3-32)

1.3 Guided Modes of the Asymmetric Slab Waveguide 11

with K indicating the magnitude of the vector K. This discussion makes it
clear that the eigenvalue f—the propagation constant of the guided slab
waveguide modes—is the z component of the propagation vector of plane
waves traveling in the core. Because of condition (1.1-1) the parameter y of
Eq. (1.2-14) becomes imaginary as f§ becomesl/angef than ny k. At the point

) 5/M;,.L(€|"
B =nyk 7 (1.3-33)
= / 2p¢
we have V—F*Hzé
y=0 (1.3-34)

We see from the field expression (1.3-18) that the field extends undiminished
to infinite distances below the waveguide core, if y =0. When y becomes
imaginary the evanescent field in the substrate region turns into a radiation
field, and the wave is no longer guided by the dielectric waveguide. We say
that the wave reaches its cutoff point or simply that the wave is cutoff when
Eq. (1.3-34) or (1.3-33) is reached. The cutoff condition (1.3-33) can easily
be shown to be identical to the condition for the loss of total internal reflection
from the dielectric interface at x = —d. By eliminating § from Egs. (1.2-6) and
(1.3-33) we obtain the condition for the critical angle, Eq. (1.2-3). This proves
that cutoff is identical with the loss of total internal reflection. However, this
statement is true only for the slab waveguide and does not necessarily hold for
the round optical fiber to be discussed later. '

We can obtain some rough information about the solutions of the eigen-
value equation by considering Fig. 1.3.1. The solid lines in this figure are the
branches of the tangent as a function of xd. The dashed lines represent the

1
t d
el an x F (Kd)\\\

-54

lj'ig. 1.3.1 Graphical solution of the eigenvalue Eq. {(1.3-26). The crossing points of the
solid and dashed lines correspond to solutions.
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function F(xd) that represents the right-hand side of the eigenvalue Eq.
(1.3-26). From Egs. (1.2-13)—(1.2-15) we obtain

xd(yd+5d)
(xd)? — (yd)(3d)
_ xd{[(n,>=n*) (kd)’ — (kd)*]'/? + [(n,* —ny)(kd)? — (xd)*]'?}

T (kd)? — [(n,2 =) (kd)? — (kd)*]' 2 [(n,? — n3?) (kd)? — (kd)*]"/?
(1.3-35)

F(kd) =

The figure was drawn for (n,2—n,?)"%d =11, and (n,>—n,?)'"*kd = 24.
The pole in the F(xd) curve occurs at the point where the denominator of
Eq. (1.3-35) vanishes. The F(xd) curve ends at the point

(n2=ny»)%kd = xd (1.3-36)

since one of the square root expressions in Eq. (1.3-35) becomes imaginary as
xd exceeds the value given by Eq. (1.3-36). The xd coordinates of the crossing
points of the solid and dashed curves represent solutions of the eigenvalue
Eq. (1.3-26). Each solution gives one TE mode of the slab waveguide. For the
conditions that were used to draw Fig. 1.3.1 we obtain four guided modes. We
define a parameter that combines the difference of the squares of the refractive
indices of core and medium 2 with information about the operating wave-
length and the width of the core:

V= (n,2=n,%)"%kd (1.3-37)

As the value of V decreases, the endpoint of the dashed curve moves to the
left, so that it crosses fewer branches of the tangent function. For decreasing
values of V the number of guided modes is reduced. If ¥ becomes small
enough the endpoint of the dashed curve moves to the left of the first branch
of the tangent function, so that there are no crossings of the solid and dashed
lines. This means that for sufficiently narrow cores, low frequencies, or
sufficiently small refractive index differences, no guided modes can exist.

However, if the refractive indices of the media above and below the core are

equal, n; = n,, the endpoint of the dashed curve falls on the kd axis. In this
case the dashed curve must always cross at least the first branch of the tangent
curve so that at least one guided mode always exists. The symmetric slab
waveguide is thus fundamentally different from the asymmetric slab in that it
always supports at least one guided mode. If n; = n,, w€ have y =4, and
Eq. (1.3-26) reduces to the simpler form

2 tankd/2 2y/k

tanQxd)2) = [ o = T T (1.3-38)
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This is a second-order equation in tan xd/2 with the solutions

tankd/2 = y/x (1.3-39)
and

tankdf2 = —«k/fy (1.3-40)

Equation (1.3-39) is the well-known eigenvalue equation for the even modes
of the symmetric slab waveguide, while Eq. (1.3-40) provides the propagation
constants for the odd modes [Mel]. The fact that even and odd modes result
can be verified from Eq. (1.3-17) by shifting the coordinate origin to the center
of the core of the symmetric slab. Descriptions of the symmetric slab wave-
guide usually use the symbol 4 for the halfwidth of the core, which explains
why d/2 appears in Eqgs. (1.3-39) and (1.3-40) instead of the customary d.

The cutoff value of V for each guided TE mode can be obtained from Eq.
(1.3-26). As we pointed out earlier [see Eq. (1.3-34)] y = 0 is the cutoff point.
We have at the cutoff point of every mode the relation

V. = (kd), (1.3-41)
We thus obtain from Eqgs. (1.2-13), (1.2-15), (1.3-33), and (1.3-26)
V. = arctan[(n2 —ny ) 3 )(n, 2 =ny)V?] + vn (1.3-42)

if the arctangent function is restricted to the range O—n/2.' For the symmetric
slab waveguide we find immediately

V, = va (1.3-43)
or

(xd/2).

for integer values of v=0,1,2,....

It remains to relate the amplitude coefficient 4 of the electromagnetic field
to the power carried by the mode. The power is obtained by integrating the
z component of the power flow vector (Poynting vector):

S, =3 Re(ExH*) ¢, (1.3-45)

over the infinite transverse cross section of the waveguide. This notation implies
that S, is a time averaged quantity. We thus obtain

vif2 (1.3-44)

]

BIBHP = —% f E,H*dx = (B20po) f ? |E,|2dx  (1.3-46)

Where P is a real, positive quantity. The asterisk indicates complex conjugation.
For the slab with its infinite extension in y direction, P is actually the power per

t Note that we assume n, = n,.
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unit length (unit length in y direction). The straightforward evaluation of Eq.
(1.3-46) results in
A2 = dictopo P/{IBILd+ (1) + (1/9)]6* + &%)} (1.3-47)

Equations (1.3-27) and (1.3-28) were used to express the amplitude co-
efficient in this simple form. Throughout this book we normalize the modes so
that the mode amplitudes are real quantities.

Guided TM Modes

Transverse magnetic, or TM, modes have the field components H,, E;,
and E,. Assuming again that the time and z dependence of the modes is given
by the factor (1 .3-8) we obtain from Maxwell’s Egs. (1.3-2) and (1.3-3)

ipH, = iwggn*E, (1.3-48)
0H, .
a—x" = iwen*E, (1.3-49)
OFE

IBE, + = = iokoH, (1.3-50)

The electric field components can now be expressed in terms of the H,
component:

E, = (i/n*ws,) 0H,[0z = (B/n*weo) H, 1.3-51)
and

E, = (—i/n*weo) oH,/ox (1.3-52)

Substitution of these two equationsinto Eq. (1.3-50) yields the one-dimensional
reduced wave equation for the H, component:

(0*H,/0x?) + (n*k*-pHH, =0 (1.3-53)
The boundary conditions now require that the H, and E, components be
continuous at the dielectric interfaces x =0 and x = —d. The solution of

Eq. (1.3-53) that is continuous at the two dielectric interfaces and vanishes at
x = + 00 is given by

H, = (B/\B)Ce™™, for x>0  (1.3-54)
= (B/|B1) (C cos kx+ D sinkx), for 0>x>—d
(1.3-55)

= (B/|B]) (C cosxd— D sin kd)er®*d,  for x < —d (1.3-56)

The factor B/|B| is incorporated into the field amplitude to ensure that the
transverse magnetic field changes its sign when the propagation direction is
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aav;rssg;i [compare Eq. (3.3-11)]. The E, component is obtained from Eq.

E, = (i6/n3%weo) (B/\B) Ce™*, for x>0
(1.3-57)
= (ix/n,>wey) (B/|B1) (C sin kx— D cos kx), for 0>x>—d
(1.3-58)
= (—iy/ny2wee) (B/|B)) (C coskd— D sinkd)e’™*?,  for x < —d
(1.3-59)

The E,. gomponent does not satisfy the boundary conditions at the two
d.1ele:ctr1c interfaces for arbitrary values of C and D. The requirement of con-
tinuity of E, at x = 0 and x = —d leads to the equation system

6/ns2) C + (x/n,>) D = 0 (1.3-602)

[(c/n;2) sin kd— (y/n;?) cosxd] C + [(x/n,?) coskd+ (y/r,?) sinxd] D = O
(1.3-60b)

The first equation provides a relation between the two amplitude constants
D|C = —(n,%[n3*)d/x (1.3-61)

The requirement that the system determinant must vanish leads to the eigen-
value equation

(6/n32) [(x/n,?) cos kd+ (y/n;?) sinxd]
— (k/ny»)[(x/n,?) sinkd—(y/n;?) cosxd] = 0 (1.3-62)
If we divide this equation by cos kd and group the terms differently, we obtain
again the eigenvalue Eq. (1.2-17):
tanxd = n, 2k (n3%y+n,28)/(ny*ny2k* —n,*99) (1.3-63)
We can use this equation to express the cosine and sine functions of xd in
terms of the mode parameters k, , and §:
coskd = + (ny2n3 2k —n 4 y8) [(ny*1e? + ny* ¥ (ny e +ny* 69112
1.3-64
and ( )
sinkd = +n,2k(n32y+n,28)/[(ny*x? +n,* 97 (n3*x? +n,48%)]42
(1.3-65)

Equations (1.3-63)—(1.3-65) are alternate versions of the eigenvalue equation
for TM modes of the slab waveguide.
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The solutions of Eq. (1.3-63) can be visualized with the help of Fig. 1.3.1.
The dashed curve is slightly shifted for the TM mode case, but the principal
features of the diagram are the same. For the special case of the symmetric
slab we obtain from Eq. (1.3-63), with n, = n; for the even modes,

tan(kd/2) = (n,2/n,Y)y/x (1.3-66)
and for the odd modes
tan(kd/2) = —(n,2/n)k/fy (1.3-67)

At cutoff the relation (1.3-41) applies. However, the cutoff condition for TM
modes is different from that of TE modes. Instead of Eq. (1.3-42) we now
obtain from Egs. (1.3-33), (1.3-34), and (1.3-63)

V., = arctan[(n,%/ny?) (n,2 —n3 )3 /(n 2 = n,) 2] + ve - (1.3-68)

The arctangent function is again restricted to the range 0-n/2, v is either zero
or an integer number, and n, > n; has been assumed. For the symmetric slab,
cutoff conditions (1.3-43) and (1.3-44) apply also to TM modes.

Cutoff conditions (1.3-42) and (1.3-68) can be used to calculate the total
number of modes that can propagate on the slab waveguide. For any given
value of the parameter ¥ defined by Eq. (1.3-37), we must require V' <V, y+y,
with V, v, indicating the cutoff value of ¥ for mode N+ 1, which is the first
mode that is no longer guided. Since v =0 corresponds to the first mode,
v = N corresponds to mode N+ 1. For TE modes we thus obtain from Eq.
(1.3-42) the inequality

V < Nn + arctan[(n;2 —n3%)"%/(n,2 —ny 2] (1.3-69)
For the total number of TE or TM modes we have
N = [(I/m){V — arctan[n(n,2 —n3?)" ?/(n, 2 —n,?) 1} ;e (1.3-70)

The symbol [ J;, indicates that the integer, whose value is just larger than the
value of the number in brackets, must be taken. The parameter 7 is defined as

1, for TE modes
n= - (1.3-71)
n,*/n;°, for TM modes

The total number of TE and TM modes is usually twice the number N given
by Eq. (1.3-70) for TE or TM modes. However, it is possible that the number
of TE modes is larger than the number of TM modes, because we always have
ny/n; > 1. In that case the total number of modes is the sum of the number of
TE modes plus the number of TM modes that are calculated from Egq. (1 .3-70).

The amplitude coefficient C can again be related to the total power that is
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carried by the mode. From Eq. (1.3-45) we obtain, with the help of Eq. (1.3-51),

ﬂ 1 -] . -]
mP = Ef mExHy dx = (,B/2weo)J:m[l/nz(x)]|Hy|2dx (1.3-72)

The notation n(x) serves as a reminder that the refractive index is different
in the three sections of the waveguide. With the field expressions (1.3-54)—
(1.3-56) we obtain from Eq. (1.3-72), with the help of Egs. (1.3-64) and (1.3-65),

4we, P
Cc? = LBT n12n34x2
'{<n,4x2+n#52)[d+”"”2’ Ay mint e’ T
y Kkt +nty? S n*kt+n s

(1.3-73)

A comparison of the expressions for TE and TM modes shows that the
equations describing TM modes are somewhat more cumbersome than the
corresponding equations for TE modes.

Approximate Solutions of the Eigenvalue Equations

The eigenvalues «, y, or B (only one of the three is independent of the
others) must be obtained as solutions of Eq. (1.3-26) or (1.3-63). Near cutoff
and far from cutof it is possible to give approximate solutions in closed form.

We begin by listing near cutoff approximations and assume that n, > n;,
causing y to become very small near cutoff, while é remains finite. Right at
cutoff we have V' =¥, with

V. = k.d = (n,2—n,2)"2_d (1.3-74)

which follows from Egs. (1.2-13) and (1.3-37), with 8 = n,k. k. is the free-
space propagation constant for the cutoff frequency of the guided mode.
The cutoff value V, is given by Eq. (1.3-42) for the TE-type eigenvalue equations
and by Eq. (1.3-68) for TM-type eigenvalue equations. In order to be able to
cover both cases simultaneously, we introduce the notation

n;, for TM case
m; = (1.3-75)
1, for - TE case
The cutoff condition thus becomes

V. = vr + arctan[(m,2/m3?) (ny> —n3®) ' 2 j(n, 2 ~n,2)'V2]  (1.3-76)
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The eigenvalue Eqs. (1.3-26) and (1.3-63) are combined by writing
tankd = m,2k(my2y+my28)/(m3*my*k* —m,*vé) 1.3-77)

We now assume that the waveguide is operated close to cutoff of the mode of
interest and use

V=V +v (1.3-78)
with
v <1 (1.3-79)
The assumption that the mode is near cutoff also allows us to use
yd €V, (1.3-80)
From Eq. (1.2-13) we obtain approximately
kd =V, + v — (y*d*[2V,) (1.3-81)
and from Eq. (1.2-15) we find
od = 6.d — (V. v/6.d) + (y*d/[26,) (1.3-82)
with the abbreviation
5.d = [(n2 —n3)'?(n, 2 —ny2)' 2]V, (1.3-83)

A first-order perturbation solution of Eq. (1.3-77) yields the near cutoff
approximation

—Vv (1.3-84)
m,

mlzm32(Vc2+6c2d2) ”’22
8.d(m;*V.2+m,*8.2d?)

yd=[l+

This approximate solution is valid only for asymmetric waveguides, so that
5 > y near cutoff. For symmetric guides a different approximation is needed.
If n, = n,, we find for the lowest-order solution, v = 0, of Eq. (1.3-77),
yd = (m2m 2 {[(my*Im ")V +112 — 1} (1.3-85)
The cutoff value is ¥, = 0 in this case, so that we have V' = v. For higher-order
modes we have for symmetric waveguides near cutoff
yd = $(m*im*)Veo (1.3-86)

It is apparent that Eq. (1.3-85) also assumes the form Eq. (1.3-86) for very

small values of ¥, = ¥ = v, but it is advantageous to use the more complicated

form Eq. (1.3-85) for the lowest-order mode since it gives more accurate results.
Far from cutoff we use the fact that

K <Y, and K< (1.3-87)
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We write
kd = k. d/(1 +¢) (1.3-88)
with (see Fig. 1.3.1)
Ked = (v+1D)n (1.3-89)
and with the assumption
e <1 (1.3-90)
From Eq. (1.3-77) we find the approximation for ¢:
e = (my?y, +my28,)m,%y, 0.d (1.3-91)

The notation y,, and d,, is used to indicate that we use x = k, of Eq. (1.3-89)
to obtain the values of y and é from Egs. (1.2-14) and (1.2-15).

This approximate solution for xd is remarkably accurate. We could, of
course, have written 1 —¢ instead of (1 +¢)~ !, but comparison with the exact
solutions of the eigenvalue equations shows that better results are obtained
with the form Eq. (1.3-88). We can go one step further and use a first approxi-
mation for kd obtained from Eq. (1.3-88) to calculate improved values for y
and é from Eqgs. (1.2-14) and (1.2-15) and use these to calculate improved
values of e from Eq. (1.3-91). The far from cutoff approximations are compared
to the exact solutions in Sect. 1.7 describing the rectangular dielectric
waveguide.

The propagation constant § is obtained either from

B = (n2k*—x?)'/? (1.3-92)

with the help of Eq. (1.3-88) or, for the near cutoff approximation, from Egs.
(1.3-84)—(1.3-86) and

B = (n2k* +y*)1/? (1.3-93)
1.4 Radiation Modes of the Asymmetric Slab Waveguide

A slab waveguide can support guided modes if expression (1.3-70) for the
number of TE or TM modes is larger than zero. However, the number of
guided modes is always finite so that there must be other solutions of Maxwell’s
equations that satisfy the boundary conditions in order to provide a complete
set of orthogonal modes. Such additional modes do indeed exist. It is helpful
to resort to a physical argument to illustrate the nature of the various modes
of the waveguide.

In Sect. 1.2 we discussed the mechanism of mode guidance on the basis of
geometrical optics. There it was assumed that a ray or plane wave already
exists inside the waveguide core. Once such a ray was postulated it could be
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shown that it would travel in the waveguide without loss of power, provided
that losses in the dielectric material were ignored. The source of the guided
mode field must be presumed to be inside the waveguide core and, if the wave-
guide is infinitely long, the source must be located at minus infinity. The fact
that a source inside the core does not necessarily excite only guided modes shall
not concern us for the moment.

Let us now assume that we place a source of radiation outside the wave-
guide core. It is easy to see that such a source can not contribute to guided
modes if the waveguide structure is perfect. The waves emitted by the source
outside the core reflect and refract at the core boundary, but none of its energy
is trapped and travels inside the core as a guided wave. It would require
imaginary angles in order to inject a ray from the outside into the core in such
a way that it travels inside with less than the critical angle for total internal
reflection. According to Snell’s law, Eq. (1.2-2), the ray angle inside the
core (whose refractive index is larger than that of the surrounding medium) is
larger than the angle on the outside. A ray that can be refracted into the core
must thus always exceed the critical angle. An imaginary ray angle corresponds
to an evanescent field. Such fields can tunnel into the core from the outside
but are themselves evanescent field tails resulting from total internal reflection
and cannot result from the radiation field of a source outside the waveguide
core.

If we visualize a plane wave impinging on the waveguide core from an
infinite distance we know that a portion of this wave is reflected at the core
boundary, while the remaining energy penetrates through the core and
emerges on the other side as a plane wave. The direction of these plane waves
can be obtained by applying Snell's law repeatedly. A plane wave impinging
on the core from above thus results in a reflected wave above the core and a
transmitted wave below the core. The total field in the region above the core is
thus a standing wave. The resulting radiation field must, of course, be a
solution of Maxwell’s equations and it must also satisfy the boundary con-
ditions. In addition, the ¢ and z dependence of the fieli can again be described
by factor (1.3-8). The radiation field thus qualifies in all respects as a mode,
except that it is not confined to the waveguide core but reaches undiminished
to infinite distances in x direction normal to the core. We call modes of this
type radiation modes. Their propagation constants B are not constrained to
a discrete set of values, since they are related to the angle of the incident plane
wave which can be chosen arbitrarily. The values of the propagation constant
thus form a continuum, so that we also speak of the radiation modes as modes
of the continuum.

The radiation modes are necessary to describe radiation phenomena in the
region around the waveguide core. We shall see in later chapters that wave-
guide imperfections cause some of the guided mode power to radiate away
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into the space outside the core. However, radiation that originates inside the
core results in traveling wave fields in the outside regions, while we have seen
that the radiation modes must be standing waves, at least on one side of the
waveguide core. This has caused considerable confusion and makes it difficult
to understand the mechanism by which the standing wave radiation modes
(standing waves in transverse direction, the modes travel along the z direction)
can contribute to strictly outgoing radiation. Let us first reiterate that there
are no normalizable solutions of Maxwell’s equations satisfying the boundary
conditions at the core interface that form only traveling waves outside the
core regions. (Leaky waves do not form standing wave patterns but grow
exponentially in x direction.) This fact can be shown mathematically, but it is
obvious from our physical argument since an incident traveling wave is always
partially reflected at the core boundary resulting in a standing wave. The
resolution of the seeming paradox is obtained when we consider that the
radiation modes form a continuum. It is impossible to excite one single
radiation mode with a source inside the core of a waveguide. In fact, any
mechanism that excites a continuum mode always simultaneously excites
infinitely many continuum modes in its vicinity (vicinity in the sense of f
space). Only an infinitely extended source at infinity could excite a pure
radiation mode. However, such a source is physically impossible. If radiation
is excited by an imperfection of the waveguide it always excites infinitely
many radiation modes, which superimpose themselves in such a way that the
incoming parts of the standing wave are eliminated by destructive inter-
ference. It is not easy to show this rigorously, but the approximate solution of
the resulting integrals by the method of stationary phase shows clearly that
only the outgoing waves contribute in proper phase, while the incoming wave
components of the radiation modes fail to interfere constructively.

After these introductory remarks we proceed to derive the mathematical
expressions of the radiation mode fields from Maxwell’s equations.

TE Radiation Modes

The analysis proceeds in close analogy to the derivation of the guided modes.
The number of nonvanishing field components is the same for both types of
modes. The H, and H, field components can again be obtained from Egs.
(1.3-13) and (1.3-14) in terms of the E, component. The E, component is
obtained from the reduced wave Eq. (1.3-15).

We can convince ourselves easily that asymmetric slab waveguides have
two types of radiation modes. As always, we assume that the refractive index
ny of the region above the core is smaller than the index n, of the region
below the core. A wave impinging on the core from below can thus suffer
total internal reflection at the interface of regions 1 and 3. In this case we
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obtain an evanescent field in region 3 and a standing wave in the core and in
region 2. The range of f values that belongs to this type of radiation modes
follows directly from Snell’s law (1.2-2). The smallest angle of the incident
ray is 8, = 0 on the outside but becomes 9, inside the core, so that we have

B = nkcosd, = nk (1.41)

The largest § value of the radiation modes thus coincides with the cutoff
value (1.3-33) of the guided modes. The smallest § value which still results in
total internal reflection at the upper core boundary follows again from Snell’s
law. This time we must require that the angle 8, of the emerging ray in medium
3 vanishes, so that we have

B = n,kcosf,’ = nyk (1.4-2)

The range of B values for radiation modes, which have exponentially decaying
fields in region 3, is thus

nyk < |B| < n2k (1.4-3)

This type of radiation mode with exponentially decaying fields on one side of
the core is peculiar to the asymmetric slab waveguide. We see from Eq. (1.4-3)
that its range shrinks to zero when n; = n3, that is, when the waveguide is of
the symmetric type. Radiation modes with B values in the range (1.4-3) are
responsible for radiation phenomena with power escaping only into the
substrate (that is region 2) but not into the space above the core. The electric
field component E, of radiation modes in the range (1.4-3) is described by the
following expressions.

E, = A%, for x=0 (1.4-4)
= A, cosox + B, sinox, for 0=>x>-—d
(1.4-5)
= (A, cos od— B, sinod) cos p(x +d)
+ C, sinp(x+d), for x < —d (1.4-6)

The constants appearing in these equations are adjusted to assure continuity
of the E, component at x =0 and x = —d. The parameters A, o, and p are
defined by the equations

A = (ny*k*—pH)'V? (1.4-7)

o = (n,2k?—pH)/? (1.4-8)
and

p = (n2k*—pH? (1.4-9)
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Note that A is positive imaginary in the range (1.4-3). The E, component thus
decays exponentially in region 3 for x > 0. This notation was chosen so that
we can keep the same symbol A also for the modes outside the range (1.4-3).
The field in space 2, the substrate region, is a standing wave in accordance
with our physical discussion of the origin of radiation modes. The three
amplitude coefficients are necessary to keep the field expressions general. The
Hz3clo41;1ponent is obtained from the E, component with the help of Eq.
(1.3-14):

H, = (—Ajopg) A, e, for x=0

(1.4-10)
= (—io/wpe) (A4, sinex— B, cos ox), for 0=2x2>—-d
(1.4-11)

= (—ipjwpy)[(4, cosed— B, sinod) sin p(x +d)

—C, cos p(x+d)], for x < —d

(1.4-12)
The E, component already satisfies the boundary conditions at x = 0 and
x = —d. In order to force the H, component to satisfy the boundary condition,

requiring continuity at the two interfaces, we must satisfy the following two
equations:

_ioB, = Ad, (1.4-13)
ogcoscd B, — pC, = —o sinod A, (1.4-14)

When we determined the guided modes of the asymmetric slab waveguide we
found that the boundary conditions led to a determinantal condition which
furnished the eigenvalue equation from which the allowed values of the
propagation constant f could be determined. Equations (1.4-13) and (1.4-14)
cgntain three coefficients. We may regard one of them, A4, for example, as
given and then consider the equation system as a set of two inhomogeneous
equations from which B, and C, can be determined. However, the system
determinant must now be nonvanishing so that no eigenvalue equation results.
The values of the propagation constant f§ thus remain arbitrary and form a
continuum in the range (1.4-3). The two amplitude coefficients can be
expressed in terms of 4,:

B, = (iA/0)A, (1.4-15)
C, = [(o/p) sin od + (iA/p) cos ad]A, (1.4-16)

Radiation modes cannot be normalized with respect to a finite amount of
power. If we calculate the integral of the power expression (1.3-46) for one
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radiation mode as given by Egs. (1.4-4)(1.4-6), we find that the integral
diverges. However, the normalization of continuum modes can be accom-
plished with the help of the Dirac delta function 8(x). Instead of Eq. (1.3-46)
we require for radiation modes

| BOx RN dr = s, BB OG=) (1417
where P is always real and positive.

This equation has several new features compared to Eq. (1.3-46). The
two field expressions under the integral sign belong to different radiation
modes. The delta function on the right-hand side states that the integral
vanishes if the two modes are different, but that it becomes infinitely large if
both modes are identical. Several features of the expression were introduced
to allow for the fact that the propagation constant f§ can become imaginary,
as we shall see later. The caret on top of the field quantities states that the
propagation factor (1.3-7) must not be included in the field expressions. It
has been our practice to omit this factor from the equations for simplicity of
notation. However, we now require specifically that this factor be absent
from the field expressions. For real values of § it would not make any difference
whether we include Eq. (1.3-7) in the field expressions, since the complex
conjugation causes this factor to cancel out for p = p’, and for p # p’ the
integral vanishes. But for imaginary f§ values the term (1.3-7) would not cancel,
so that the orthogonality expression would become a function of z.

The ratio B*/|B| causes the right-hand side of the equation to become
negative for waves traveling in negative z direction, so that this factor assures
us that P is always positive. For imaginary f values expression (1.4-17)
becomes imaginary. Since the real part of the expression on the left-hand side
expresses the average power flow, imaginary values of B cause no power to
flow along the z axis. Finally we must explain the factor s,. For real values of
B we always have s, = 1. However, for imaginary § we may have to require
s, = —1 in order to keep P positive. For TE modes we always have s, = | for
all possible values of . For TE modes Eq. (1.4-17) can be written as

@*pow) [ EW)E ) dx = (IBNPSp=0) (1419

The arguments p and p’ label two different radiation modes. Equations (1.4-17)
and (1.4-18) establish not only the normalization of the radiation modes but
also their orthogonality. It can be shown by direct calculation that relation
(1.4-18) is indeed true. This relation is used to express the amplitude coefficient
A, of the radiation mode in terms of the factor P appearing in the normalization
and orthogonality condition (1.4-18). The actual calculation requires some
care, since it is necessary to recognize the delta function in the expressions that
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result from sub.stitution of Egs. (1.4-4)—(1.4-6) into Eq. (1.4-18). The details of
such a calculation were shown in [Mel, pp. 316-317]. The calculation results
in the following expression for the amplitude coefficient 4,:

2 _ dwpg p*e’P
*  n|B|[p*(o cosad—iA sinod)? + 6% (o sinad+iA cosod)?]
(1.4-19)
Next we derive the radiation modes for § values in the range
—nyk < B < n3k (1.4-20)

These modes correspond to plane waves impinging on the core at such angles
that no total internal reflection results at the upper core interface. However,
instead of using only a single plane wave incident from above or below, we
assume that two sources send waves toward the core, one from above and the
other from below. The reason for this choice is not so obvious in the present
case of the asymmetric slab waveguide. However, this procedure results in
even and odd radiation modes in the symmetric case provided the waves are
properly phased. We adjust our radiation modes such that even and odd modes
result in the limit n, = n;. The following field expressions satisfy the wave
Eq. (1.3-15) and the boundary conditions:

E, = C,[cos Ax+(c/A) F; sin Ax], for x=20 (1.4-21)
= C,(cosox+ F;sinox), ’ for 0z2x2>—-d
(1.4-22)

C,[(cosad~—F;sinod) cos p(x+d)

+ (a/p)(singd+ F, cosad) sinp(x+d)], for x < -d
(1.4-23)

These field expressions have already been adjusted so that the A, component,
\hfhich follows from Eq. (1.3-14), is also continuous at the two interfaces. For
simplicity, the detailed expressions for H, are not given. The parameters
A, g, and p are defined by Eqs. (1.4-7)—(1.4-9). Note however, that in the range
(1.4-20) A is a real parameter.

The field expressions for the radiation modes, Egs. (1.4-21)-(1.4-23),
contain two undetermined constants, C, and F;. One of them, C,, can again
be related to the parameter P of the normalizing expression (1.4-18). However,
the constant F; remains completely arbitrary. We are free to choose F;
according to our own convenience. If we use a certain value F;, we obtain
one set of radiation modes. A second choice F, results in another set of radia-
tion modes. We thus see that we obviously have obtained two independent
types of radiation modes. The freedom of choice of F; is related to the

arbitrary phases of the two plane waves that generate the radiation modes.
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For future applications it is most important to choose these two types of modes
to be mutually orthogonal. However, even this requirement does not com-
pletely determine both F; and F,. In the case of the symmetric slab waveguide
this problem was avoided by choosing even and odd radiation modes from the
start. In this case no undetermined parameters occur in the equations. We find
it convenient to choose F; and F, in our present situation in such a way that
even and odd radiation modes result in the limit n, = n;. This choice is not
dictated by necessity but only by convenience.

The requirement that even and odd radiation modes result in the limit of a
symmetric slab yields the following explicity expressions for F; and F;:

Fy., = [(6*—p?*)sin 20d]™" {(6* = p?) cos 20d + (p/A) (6> —A?)
+ [(6* = p?)? + 2(p/A) (6% = p*) (67 — A?) cos 20d
+ (p2/AY (0? - A% (1.4-24)

Both signs of the square root are used to determine F, or F,. The plus sign
belongs to the odd modes, while the minus sign belongs to the even modes, in
the limit n, = n,. The two types of radiation modes are obtained by using
either F, or F, in the field expressions (1 .4-21)—(1.4-23). It can be checked that
the following relation is valid:

F Fy=—1 (1.4-25)

The amplitude coefficient C, of the radiation modes can again be related to
the factor P by means of expression (1.4-18):

4opg P
m|B|

¢t =

A p
(1.4-26)

. 5 0.2 ] 5 0.2 5 _A_ -1
-] (cosod—F; sinad) +?(smod+F,-cosod) +{1+SF

Actually C, also needs the label i = 1 or i =2, since both values of i are used
to label F; in its denominator. We omit these additional labels in order to keep
the notation simpler.

The parameter p is used to label the radiation modes [see Eq. (1.4-18)]. 1t
is allowed to assume all values from O to co. If

0<p< (n?—nH)V% (1.4-27)

B covers the range of values given by Eq. (1.4-3), so that this range of the
parameter p belongs to the radiation modes (1.4-4)—(1.4-6). As p covers the
range

(i —n)' Pk < p < myk (1.4-28)
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the corresponding B values lie in the range (1.4-20) belonging to the modes
(1.4-21)=(1.4-23). However, p is also allowed to fall in the range

nk <p<o (1.4-29)

It is apparent from Eq. (1.4-9) that the corresponding f values are imaginary.
The radiation modes that correspond to imaginary § values are also described
by Egs. (1.4-21)~(1.4-23). These modes decay exponentially along the z axis
and are necessary to describe the fine structure of the field in the immediate
vicinity of a waveguide imperfection. Radiation modes of this kind cannot be
generated by a plane wave source at infinity. We have thus found an extension
of the simple intuitive range of radiation modes whose generation could
easily be visualized by physical arguments. Radiation modes with evanescent
fields along the z direction are not very important for most practical appli-
cations. However, they are necessary to form a complete set of orthogonal
modes which is capable of expressing any field distribution satisfying Maxwell’s
equations. Evanescent waves of this type are familiar from the theory of hollow
metallic waveguides, where they are associated with waves beyond cutofi.
Cutoff has a different meaning in dielectric waveguides and is not associated
with evanescent waves but with fields that lose power continuously by radia-
tion. Such leaky waves will be discussed in Sect. 1.5. However, we can convince
ourselves that the evanescent waves of our dielectric waveguide do have a
close relationship to the cutoff waves in metallic waveguides. Let us assume that
we enclose the slab waveguide with plane mietallic plates on both sides. The
two metal surfaces are assumed to be perfect conductors. The new structure
is a metallic waveguide with a dielectric insert, all the modes of which belong
to a discrete spectrum of B values. A finite number of them can propagate,
while an infinite number is beyond cutoff in the usual waveguide sense. These
cutoff modes decay exponentially in z direction. As we allow the metal surfaces
to move further away from the core of the dielectric slab, but keep the region
between core and metal plates filled with the two media with refractive
indices n, and n,, we find that the modes of the structure assume two different
features. We again obtain the usual guided modes of the dielectric slab wave-
guide which are unaffected by the presence of the metal surfaces, provided
these are sufficiently far away so that the exponentially decaying fields (in
transverse direction) reach them with practically zero intensity. In addition
to these surface modes of the dielectric slab, we find modes of the metailic
waveguide that fill the entire volume between the two reflectors. The S values
of these latter modes become closer spaced as the metal surfaces recede more
from the core region and become the continuum of radiation modes in the
limit of infinitely far reflectors. The cutoff modes of the metallic waveguide
remain cutoff even if the reflectors are infinitely far spaced. (This is true only
if we move the metal plates in discrete jumps so that they are placed at
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successive zeros of the mode we wish to discuss.) The modes are cutoff in the
sense of metallic waveguides if their transverse nodes follow each other at
distances that are spaced closer than half the plane wave wavelength in the
medium filling the guide. The nature of the evanescent radiation modes is
thus identical to the cutoff modes of metallic waveguides. They are evanescent
because of their rapid transverse variation.

TM Radiation Modes

The TM radiation modes have the same features that we encountered in
discussing TE radiation modes. With restriction (1.3-4) we have only three
nonvanishing field components H,, E,, and E,. The H, component is obtained
from the reduced wave Eq. (1.3-53), and the components E, and E, can be
calculated from Egs. (1.3-51) and (1.3-52). We list only the H, component
and find radiation modes in the range (1.4-3) [for a definition of A, ¢, and p
see Egs. (1.4-7)-(1.4-9)]:

H, = (B/|1B)) D, e~ for x>0 (1.4-30)
= (B/|B|) (D, cosax+G, sinax), for 0> x> —d (14-31)
= (B/|B))[(D, cosod~G, sincd) cos p(x+d) + K, sinp(x+d)],
for x € —d (1.4-32)
The H, component has been adjusted to satisfy the boundary conditions at
x =0 and x = —d. The requirement that E, also satisfy the boundary con-
ditions leads to the determination of the coefficients G, and X;:
G, = (n*[n3*) (iAlo) D, (1.4-33)
and

K, = [(n;%/n,?)(0/p) sinad+ (n,%[ns?) (iA[p) cosad]D,  (1.4-34)
From Eq. (1.4-17) we obtain for TM modes, with the help of Eq. (1.3-51),

(B/200e0) f ® L1/n? ()1H, (0) H,*(0') dx = s,(B*/|B]) P (p—p')
7 (1.4-35)

The function n(x) assumes the constant values n,, n,, and #; in the three
regions of the slab. The normalization condition and orthogonality refation
(1.4-35) allows us to express D, in terms of P:

Drz = (4w30”14”22”349202P/7T|B|)(B*/B)5p
- [n,*p? (320 cosad—n,2iA sin od)?
+ ny*c? (ny%0 sinad +n, %iA cosod)*] ™! (1.4-36)

(The factor s, must be chosen +1 or —1 to keep D,? positive.) The TM
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radiation modes of this first type decay exponentially in region 3, for x > 0,
since iA is a real negative quantity for § values in the range (1.4-3).
The second type of radiation modes consists of standing waves above and

below the core region. In complete analogy to the TE modes of this type, we
now have

H, = (B/IB]) S.[cos Ax +(n3%/n,*) (6/A) R; sin Ax] for x>0
(1.4-37)
= (B/|B|) S.(cosox+ R, sinox), for 02x>—~d
(1.4-38)

= (B/|B]) S.[(cosod— R, sinod) cos p(x+d)

+(n;%/n?)(o/p)(sinod+ R; cosod) sinp(x+d)], for x < —d
(1.4-39)

The parameters A, g, and p are defined by Eqgs. (1.4-7)-(1.4-9), and A is a real
quantity in the range (1.4-28) and (1.4-29) which belongs to radiation modes of
this type.

We choose R; so that modes | and 2 are orthogonal and even and odd
radiation modes result in the limit n, = n; of the symmetric slab:

R, ; = [(ny*a*—n*p?) sin 206d] !
- {(ny*0? —n,*p?) cos 20d + (ny? ) (p]B) (n5*0? —n,*A%)
* [(ny*0® - ”1492)2 + (ny*/ns*) (p?/A%) (”3402 -”14A2)2
+ 2(ny%n3*) (p/A) (ny%c® "”1492)(”3402 _”14A2) cos 20d]"/?}
(1.4-40)
R, is obtained for the positive sign of the square root, while R, belongs to the
negative sign. The plus sign leads to odd modes, and the minus sign to even
modes in the limit of a symmetric slab, n, = n,. It must be remembered that
even and odd field distributions are referred to the center of the core. In order
to see that even and odd modes do indeed result from R, and R, it is necessary
to transform Eqgs. (1.4-37)-(1.4-39) to a coordinate system that is centered in
the middle of the core.
The amplitude coefficients of the modes are obtained by substituting the

field expressions (1.4-37)-(1.4-39) into Eq. (1.4-35). The tedious calculation
results in

S,* = (dweo P/n| BI)B*/P)s,

1 , ,  ntet s
-| —5 (cosad— R; singd)* + — — (sinad+ R; cos od)
ny nop

I ny?a? Al
4B T R2)2 1.4-41
+ (n32 + PEYCAA I ( )
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We must choose s, =+1or —1to keep S,° positive. The radiation modes will
be needed in later sections to calculate radiation losses caused by waveguide
irregularities.

Mode Orthogonality

All waveguide modes are mutually orthogonal to each other. Orthogonality
is defined in the sense of Eq. (1.4-17). If we use any guided or radiation mode
for the field labeled E(p) and any other guided or radiation mode for H(p"),
we find that the integral over the z component of the vector product of the two
mode fields vanishes. The labels p and p’ are here used to distinguish between
two different modes. These labels may indicate either guided modes, in which
case they are discrete quantities, or radiation modes, in which case they form
a continuum. Only if E(p) and H(p") belong to the same mode is the result
of the integration different from zero. For guided modes we can normalize
the field to make the right-hand side equal to the power P carried by the mode.
We always normalize our normal modes so that they carry the same amount
of power, for example 1 W. The function 8(p—p’) on the right-hand side of
Eq. (1.4-17) indicates a Dirac delta function when both p and p’ label con-
tinuum modes. For guided modes we must interpret this symbol as the
Kronecker delta, which is unity when both indices are equal and zero other-
wise. The orthogonality relation (1.4-17) has the physical meaning that the
power carried by the waveguide field is simply the sum of the powers carried
by all the modes. If we consider the superposition of several modes and form
the power of the mode field by calculating the integral of the Poynting vector
over the infinite cross section, we can use Eq. (1.4-17) to convert the expression
for the total power to the sum of the powers carried by each mode. This is not
a trivial statement. In fact, mode orthogonality with respect to average power
as expressed by Eq. (1.4-17) applies only for lossless dielectric waveguides. If
the refractive indices n,, 75, and n; are complex quantities, relation (1.4-17)
does not hold. It will still hold to a good approximation for only slightly
lossy waveguides, but it is no longer strictly true. However, it can be shown
that another orthogonality relation applies, which follows from Eq. (1.4-17)
simply by omitting the complex conjugation from the H field. This mode
orthogonality is more general than the power orthogonality implied by Eq.
(1.4-17). Without the complex conjugation the orthogonality relation holds
for lossy as well as lossless waveguides, but the simple interpretation of power
orthogonality is lost in this case. The quantity E x H without the complex
conjugate for H does not have a physical meaning. This is the reason we prefer
the form (1.4-17) of the orthogonality relation. The validity of Eq. (1.4-17)
has been proven in many places (see, for example, Sect. 8.5 of [Mel]). Both
types of orthogonality relations can, of course, be verified by direct calculation
using the field expressions for the modes.
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The guided and radiation modes, whose field expressions we derived in the
last two sections, form a complete orthogonal set of modes. Any field distri-
bution that obeys the restriction (1.3-4) can be expressed by series expansion
into these modes. However, there are other solutions of the eigenvalue Egs.
(1.3-26) and (1.3-63) that are not part of the complete set of modes [Sol].
These additional solutions do not belong to proper field expressions, since
the fields associated with them diverge at x = % co. The integrals in Eqgs.
(1.3-46) and (1.3-72) diverge and, since these modes have a discrete spectrum,
they cannot even be normalized with the help of the Dirac delta function.
However, if we do not try to compute the total power carried by these modes
and if we ignore the normalization problem, we can interpret them as
representing guided modes beyond the cutoff point.

It is helpful to use physical intuition to understand leaky waves, as these
additional solutions of the eigenvalue problem are called. Using the geo-
metrical optics argument developed in Sect. 1.2 we can obtain an eigenvalue
equation for leaky waves. Since we are now considering waves that are
beyond cutoff from the point of view of the usual guided modes, we must
restrict ourselves to propagation constants in the range

—nk < f < nyk (1.5-1)

This range of f values belongs to the domain of radiation modes. The leaky
waves to be considered here have thus the same propagation constants as the
radiation modes, except that they form a discrete set instead of a continuum.
In addition, leaky waves are always lossy so that their propagation constants
have complex values. We are here about to derive an approximation to the
real part of the complex propagation constants of leaky waves.

In the B range (1.5-1) both square roots appearing in Eq. (1.2-5) are real,
5o that there is no phase shift on reflection from the dielectric interface with
region 2. With ¢, =0 we obtain from Eq. (1.2-11) with the help of Egs.
(1.2-9), (1.2-10), (1.2-13), and (1.3-75) the eigenvalue condition

Nr + arctan[(m,2/m;3?) (§/x)],  for &> >0
kd = (1.5-2)
Nm, for 62 <0

The real part of the propagation constant is then obtained from Egs. (1 .2-13)
and (1.5-2):

ﬂ — (n12k2_K2)1/2 (15_3)

This result holds for TE (with m; = 1) and for TM modes (with m; = n;).
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We obtain the imaginary part of the propagation constant by considering
the reflection coefficient of plane waves that superimpose themselves on each
other to form the leaky wave in the core. If we use the notation

K = (n 2k =pH'"? (1.5-4)
p = (n?k*—p*)'? (1.5-5)
and
A = (ny?k*—pH)? (1.5-6)
we obtain the power reflection coefficient from (1.2-5):
R, =|r|? = [(x—p)/(x+p)]? (1.5-7)
for reflection from medium 2 and'
Ry = |(K—A)/(K~+—A)|2 (1.5-8)

for reflection from medium 3. Concentrating on one interface for the moment,
we obtain the power AP, that is lost per unit length, from the following
equation:

AP, = S(1—R;) sinf (1.5-9)

where S is the magnitude of the Poynting vector of the plane wave and indicates
the amount of power that is flowing through the unit area in the direction of
plane wave propagation. | — R is the ratio of the power flowing normal to the
surface out of region | divided by the amount of power that is carried normal
to that surface. Multiplication of 1 —R by the x component, S, = Ssind,
of the Poynting vector yields the power that is lost per unit length of the wave-
guide (see Fig. 1.5.1). Similarly we find the power loss per unit length on the
other interface

AP, = S(1—R;)sin0 (1.5-10)

X
— Z
]
s S | \ Interface
x 1 Ny
L 9i :I
S,

Fig. 1.5.1 [Illustration of the decomposition of the energy fow vector into components
parallel and perpendicular to the dielectric interface.

+ A may be real or imaginary, but p is real in the interval (1.5-1).
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The power loss coefficient of the leaky wave is defined as the amount of
power that is lost per unit length divided by the power carried in the guide.
The power carried by the plane wave inside the waveguide is

P=S5.d= Sdcosb (1.5-11)
The power loss coefficient 2a is thus
2a = (AP,+ APy)/2P (1.5-12)

The factor 2 in the denominator is needed to adjust for the fact that the
combined length over which the power AP, + AP, is dissipated is twice the
unit length. We define a as the amplitude loss coefficient, so that 2« is the power
loss. From Eqgs. (1.5-7)-(1.5-12) we finally obtain, with the help of Eqgs. (1.2-6)
and (1.2-13), the power loss coefficient for leaky TE waves:

- 2[ »p . A+A* k2 5
dl (k+p)? " 2|k+A]2 | B (1.5-13)
The corresponding formula for leaky TM modes is
2 n Zp n 2(A+A* n 2,.2
P R .- Y C 0 N (1.5-14)
d(n*k+n*p)® =~ 2{ny*k+n A B

These equations can be expected to be reasonably accurate for relatively low
losses. For very lossy waves the plane wave concept does not work very well.

It is important to realize that the leaky waves described so far are not modes
of the structure. By definition a mode maintains its shape at all points along
the cross section of the waveguide except for a phase change and except for
an attenuation term of the form e~ ** in case of lossy modes. The lossy waves,
whose properties we have studied by means of geometrical optics, are transient
phenomena. If we connect a lossless waveguide to a guide whose dimensions
are designed so that it is cutoff for the field distribution traveling in the first
guide, we excite a field that behaves approximately as described by the ray
optics theory of this section. However, this wave changes its shape throughout
Fhe cross section. This change of the field shape is caused by the radiation that
is leaking out of the core region. Modes of dielectric waveguides must be
considered throughout the infinite cross section. Outside the waveguide core
we find more radiation at increasing distances from the core as we follow the
leal.(y wave in the cutoff waveguide. We know that the true modes with propa-
gation constants in the range (1.5-1) are radiation modes discussed in Sect.
l.-4. Our leaky waves can be represented as series expansions in terms of radia-
tion modes. Each radiation mode is lossless by itself. However, the total field
must also be lossless because the power is simply redistributed from inside
the waveguide core to the core region and the region outside the core. The loss
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Fig. 1.5.2 Power loss 2o of a leaky wave as a function of the frequency parameter V.

formulas (1.5-13) and (1.5-14) account approximately for the power loss from
the core region, regarding the amount of power found outside the core as
lost.

Figure 1.5-2 shows a plot of the power loss coefficient (1.5-13), normalized
with respect to the core width, as a function of the V parameter defined by
Eq. (1.3-37). We have assumed n, = n; for simplicity. The curve applies to the
second even TE mode, whose cutoff value is ¥ =V, = 2. Since the loss
increases enormously for V values just beyond cutoff, we have plotted V.-V
on the horizontal axis. In order to have a feeling for the actual magnitude of
the loss let us assume that the core is 5 um wide. This corresponds approxi-
mately to a symmetric waveguide with n,/n, = 1.0]1 and a vacuum wave-
length of A =1 pm. In order to find the loss per centimeter expressed in
decibels, we must divide the numbers given in Fig. 1.5.2 by the core width,
d=5x10"*cm, and multiply the result by 4.34 to convert the absolute
units to decibels. For V,—V = 1078, we find for n,/n, = 1.01 the loss value
2ad = 3 x 10~ 3 from Fig. 1.5.2. For our example of a 5-um core, we thus have
an actual loss of 0.26 dB/cm. This loss value increases by one order of magni-
tude for every two orders of magnitude increase of ¥, —V. This means that for
V.—V = 10"%, we already have 26 dBjcm loss. For V.~V = 0.1, the loss has
reached 651 dB/cm. The increase in loss levels off slightly for large values of
V,—V. This example dramatizes the very high losses of the leaky waves just
beyond the cutoff point of the corresponding guided mode. The power that
is carried in the core region escapes very fast once total internal reflection is
lost.

After obtaining some insight into leaky waves by means of a geometrical
optics approach, we continue their study from the point of view of the boundary
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value approach. We have defined a guided mode as a solution of Maxwell’s
equations satisfying the boundary conditions at the core boundary and
vanishing at x = + c0. By omitting our insistence on vanishing field amplitudes
at infinity, we obtained the radiation mode solutions of our boundary value
problem. The radiation exhibited a continuous spectrum of allowed values of
their propagation constants since we arrived at an inhomogeneous equations
system for the determination of the amplitude coefficients of the field functions.
This fundamental difference between guided and radiation modes was achieved
by allowing incoming as well as outgoing waves to appear outside the wave-
guide core. The incoming waves add their own amplitude coefficients to the
equation system, so that we end up with more undetermined coefficients than
equations to determine them. This results in an inhomogeneous equation
system if we arbitrarily assume that one of the amplitude coefficients is known.
The equation system can then always be solved without the need for requiring
the vanishing of the system determinant. There is, therefore, no determinantal
or eigenvalue equation to restrict the possible values of the propagation
constant.

However, it is possible to drop the requirement of vanishing field amplitudes
at infinity without introducing additional fields corresponding to incoming
waves, as in the case of radiation modes. We could, for example, search for
solutions of the eigenvalue equation for negative instead of positive values of
the parameters y and § which determine the amount of field decay outside
the core region. If such solutions did exist, we would not expect them to
correspond to physically realizable fields, since their field amplitudes would
grow exponentially outside the core region. It turns out that solutions of the
eigenvalue equations with complex values of y and 6 do indeed exist. For
simplicity we study such solutions for the case of the symmetric slab wave-
guide. The even TE modes are determined by the eigenvalue equation

tanu = vfu (1.5-15)
and the odd modes by
tanu = —ufv (1.5-16)

These equations are identical with Eqs. (1.3-39) and (1.3-40). However, we
are now using the abbreviations

V=13V = (n,*—n?)'"?(kd]2) (1.5-17)

u = xdf2 (1.5-18)
and

v =yd2 = (V—ud)'? (1.5-19)

We discuss the leaky wave solutions of the even mode eigenvalue Eq. (1.5-15)
In detail and state the corresponding results for the odd modes.
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We begin by exploring the possibility of finding solutions of Eq. (1.5-15) for
negative values of v. We set

v = —w, with w>0 (1.5-20)
and search for solutions of the transcendental equation
tanu = —wfu (1.5-21)

Figure 1.5.3 gives an indication of the possible solutions for real positive
values of w. The curve —w/u was drawn under the assumption that V; is
slightly less than m, so that the second even mode is just beyond cutoff,
according to Egs. (1.3-43) and (1 .5-17). The construction for the usual guided

- tan u

Fig. 1.5.3 Graphical illustration of the unphysical solutions of the eigenvalue Eq. (1 5-21).

modes differs from Fig. 1.5.3 by the fact that the dashed line representing the
function v/u has the opposite sign and is folded upward to the first quadrant
of the diagram. It is apparent from Fig. 1.5.3 that the dashed line crosses the
tangent curves twice, provided that ¥, is slightly smaller than n. There is, of
course, also one crossing of the dashed curve with the second branch of the
tangent curve for values V, > n. Here we are in the regime where guided mode
solutions of the second even mode also exist. The solutions of Eq. (1.5-21)
for V, > m represent unphysical waves whose amplitudes grow with increasing
distance from the core. The leaky wave solutions, that are apparent from the
construction of Fig. 1.5.3, are also unphysical but merge continuously into the
complex leaky wave solutions for which some physical rationale can be given.
We are interested primarily in the solution that results from the crossover
of the solid and dashed curve nearest the u axis. We see immediately that this
unphysical solution starts at u=n when V, =, that is, just at the cutoff
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point of the second guided even TE mode. For decreasing values of V; the
crossover point moves slowly away from the u axis and yields decreasing
values of the solution u. Then comes the point where the dashed curve
becomes tangential to the tangent curve touching it in only one point. For
even smaller values of V, there are no more real solutions. We shall see
shortly that Eq. (1.5-21) has complex soliitions for values of ¥, that are too
small to yield a crossing of the solid and dashed curves of Fig. 1.5.3.

The value at which the real unphysical solution of Eq. (1.5-21) just ceases
to exist is of interest. We obtain the solutions at this point by requiring that
the tangents of the functions tanu and — w/u are parallel and that Eq.(1.5-21)
is still satisfied. The requirement of parallel tangents leads to the equation

1/cos?u = V,*jwu? (1.5-22)
From Eq. (1.5-21) we derive
cosu = —ufV, (1.5-23)

The negative sign of the right-hand side of Eq. (1.5-23) follows from inspection
of the sign of the cosine function for n/2 < u < = and the fact that v and V;
must both be positive. Equations (1.5-22) and (1.5-23) must both be satisfied
simultaneously. This is possible only if

w =1 (1.5-24)
The corresponding value of V, is obtained by solving the transcendental Eq.
(1.5-21) with w = 1:

tanu = —1/u, for even modes (1.5-25)

er have thus found the point where real solutions of Eq. (1.5-21) cease to
exist. When we lower the value of V, below the limit that is obtained from
solutions of Eq. (1.5-25) and the relation

u=V2-nt"? (1.5-25a)

the solutions of Eq. (1.5-21) or (1.5-15), if they exist at all, must be complex.
We expect that the solutions move continuously from real to complex values,
so that the imaginary parts of v and v must be small. We set

u = u,+ iu; (1.5-26)
and
v =10, + v (1.5-27)
and require that
u; < u, v, € v, (1.5-28)
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Substitution of Egs. (1.5-26) and (1.5-27) into Eq. (1.5-15) leads to two
simultaneous equations which assume the form

tanu, = v,fu, (1.5-29)
and
w VR ul = vifu, — uou’ (1.5-30)

if we use Eq. (1.5-28) and neglect terms of higher than second order in the
small imaginary quantities. Second-order terms cancel from Eq. (1.5-29) if
we use the fact that v, can deviate from —1 only by a quantity of first order.
Even though second-order terms are absent from these equations, they are
indeed accurate to the second order of approximation. We need two more
equations to be able to determine the four unknown quantities ., u;, v, and
v;. These additional equations are obtained from Eq. (1.5-19). We find without
any approximation

ul+o?—ul-v?=V? (1.5-31)
and
ur U; + U, v; = 0 (1.5'32)

When we solve Eq. (1.5-32) for »; and substitute this value into Eq. (1.5-30)
we obtain the solution

v, = —1 (1.5-33)

in agreement with Eq. (1.5-24). This means that the value v, remains constant
to first order of approximation and does not change from its value v, = —1
which it assumes at the point where the solution becomes complex. Equation
(1.5-29) results again in Eq. (1.5-25), which now applies to the real part u,.
Since u, and v, have been determined, we find the imaginary part v; from Eqgs.
(1.5-31) and (1.5-32):

v, = (V) (2 +1-V)? (1.5-34)
and also
C= (V)1 -V (1.5-35)

We have thus found approximate leaky wave solutions of the eigenvalue
Eq. (1.5-15) for the even TE modes of the symmetric slab waveguide. A com-
plete solution must be obtained numerically with the aid of a computer. It
may be helpful to point out that computer solutions tend to fail in the region
where our approximate solutions are valid. The reason for this difficulty
becomes apparent when we inspect the approximate forms (1.5-29) and
(1.5-30) of the complex Eq. (1.5-15). The real part of the eigenvalue equation
contains the zero-order terms , and v,, while the imaginary part leads to Eq.
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(1.5-30), which is small of first order. A computer solution of Eq. (1.5-15),
which treats the imaginary and real parts of this complex equation on an
equal. footing, falls into the trap of being satisfied with small values of the
imaglnary part, regarding them as a sign that a solution is reached. Inactuality,
the imaginary part is always small near the point where the complex solution
merges into the real solution, so that considerable inaccuracies result.

Figure 1.5.4 shows the locus of the solution points in the complex v plane.
The parameter V, is changed continuously. At the point v, = —1, v; = 0, we
have V, given as the solution of Egs. (1.5-25) and (1.5-25a). As we move away
from this point, ¥, decreases in value and reaches zero when v, reaches — co.
The solution curves show the trajectories of the second even and odd modes.
The first even mode does not have a cutoff value, so that it never becomes a
leaky wave. The first odd mode, which does go through a cutoff at ¥, = n/2,
never leaves the negative real v axis and does not become a proper leaky wave.
It simply does not have a physical interpretation beyond its cutoff point.
Even though our derivation was based on the eigenvalue Eq. (1.5-15) of
the even TE modes, it can be shown that the approximate solutions (1.5-33)-

N=2 EVEN MODE

(L}
R i

1 1 ! ! 1 1
-2 -0 -8 -6 -4 -2

Ve

Flg. 1.5.4 Trajectory of the leaky wave solutions in the complex v plane. The solution
Point moves as a function of V.
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(1.5-35) apply also to the odd TE modes, whose eigenvalue equation is Eq.
(1.5-16). However, the real part of u is now obtained as the solution of the

equation
tanu, = U, for odd modes (1.5-36)

A similar analysis near the point ¥, = 0 yields the approximate equations

tanu, = —;/u;, for even modes (1.5-37)

and

tanu, = U/t for odd modes (1.5-38)

and the equation
exp(—u;) = V./2(u? +uH)? (1.5-39)
which holds for even and odd modes. Equation (1.5-39) shows that we must
have
u; — 00, as ¥V, -0 (1.5-40)
so that we find from Eqgs. (1.5-37) and (1.5-38) the asymptotic end points of
the trajectories shown in Fig. 1.5.4
u, = vm/2 (1.5-41)

with odd integer values of v for even modes and even integer values of v for
odd modes. For ¥, = 0 we find from Eq. (1.5-19)

v; = U (1.5-42)
and
v, = U (1.5-43)
so that we also have

v, = vaj2 (1.5-43a)

This equation explains the asymptotic end points that are marked in Fig.
1.5.4.

Figure 1.5.5 shows schematically the general behavior of the trajectories of
the leaky wave solutions as the parameter ¥, runs through the values from 0
to oo. Along the positive real v axis are the locations of the guided TE modes
of the symmetric slab. For V;— o0, the guided mode solutions move out to
v, = 0o. As the value of V, decreases, each mode approaches its cutoff point
at v, = 0. One should think that any solution that exists past the cutoff point
would immediately belong to a lossy wave with a positive imaginary part v;.
Positive values of v; are needed since the wave should travel outward, away
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Fig. 1.5.5 Schematic representation of the leaky wave solutions of the first four modes in
the complex v plane.

from the core. However, as we have discussed earlier and as is shown in Fig.
1.5.5, the locus of the solution of the eigenvalue equation first moves along
the negative real v axis to the point v, = — 1. Starting at this point the solution
moves out into the complex plane and can now be interpreted as a leaky mode
corresponding to a wave that travels in the waveguide beyond cutoff. However,
the field amplitude grows exponentially as exp[ — (2v,x/d)] for increasing
valges of x. We may interpret this behavior as the result of an accumulated
rgdlation field that builds up from radiation escaping from the waveguide.
Since the field must be visualized as arriving from z = — oo, it appears
plausible that the accumulated radiation would reach infinite values far from
the core at x = + oo, particularily since it requires an infinitely strong field at
z=~00 if the field is to reach finite z values with a nonvanishing amplitude.
It is .thus possible to associate a certain physical reality with leaky wave
solutions with v; > 0. However, there are also complex solutions of the eigen-
value equation with v; <0 which correspond to waves that move inward
toward the core and grow as they travel along the positive z axis. These waves
and the solutions with v, < 0 and v; = 0 are of no particular practical value.
For small values of v;, we can easily calculate the loss coefficient of the leaky
wave. We consider a complex propagation constant

B=pB—ix (1.5-44)

and obtain from Egs. (1.2-14) and (1.5-19)
B. = [ny2k* +(20,/d)*]'%, for v, <1 (1.5-45)
% = —4v,v,/B.d?, for v; <1 (1.5-46)
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We observe an interesting behavior of the real part of the propagation con-
stant B of the leaky mode solution. As the wave approaches cutoff, v, decreases
in value and reaches v, = 0 right at cutoff. At this point we have, not surpris-
ingly, B, = n,k. However, we should now expect that . < n,k as the wave
goes beyond cutoff. Instead, v, becomes negative but stays real, so that we
have again B, > n,k quite contrary to our expectations and to the behavior
of the leaky wave transient fields discussed earlier in this section. In fact, as
long as v; remains small, we have for the real part of the propagation constant
of the leaky mode solution

B, = [n2k*+(4/d*)]'? (1.5-47)
independent of the mode number. If we do not neglect v; we obtain

B, = [k + (v,2—v;?) 4/d*]'? (1.5-48)
Using Egs. (1.5-17) and (1.5-31) we can write this expression also in the form

B, = [n2k* + (w2 —u’)4/d*]'? (1.5-49)
For a mode of high order we have u > 1 and obtain from Eq. (1.5-29) with
v, = — | and from Eq. (1.5-36) the approximation
u, = Nn/2 (1.5-50)
Neglecting u; we have from Eq. (1.5-49)
B, = (n,2k?—(Nm/d)*]'/? (1.5-51)

with even integer N for even modes and odd N for odd modes. This expression
agrees with the f value given by Egs. (1.5-2) and (1.5-3) which we deduced
from our intuitive treatment of leaky waves.

The loss coefficient of Eq. (1.5-46) can be written in the following form if
we use v, = — | and set u, =V, > 1 in Eq. (1.5-34):

o = (4/d*) [(Nmj2)* —V,*)'/? (1.5-52)

This approximation also holds only for high-order modes, so that we could
replace u, with Nn/2 according to Eq. (1.5-50). In order to be able to compare
the loss coefficient (1.5-52) with our earlier formula (1.5-13) we must first
introduce the specialization to a symmetric slab waveguide. Setting A = p
and using the fact that for a high-order, relatively low-loss mode we must
have k > p, we obtain from Eq. (1.5-13)

« = 2p/pd (1.5-53)

Next we replace f in Eq. (1.5-5) with expression (1.5-3) and use Eq. (1.5-17)
with the result

o = (4/pd®) (N2> =V,21'? (1.5-54)
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We thus see once more that for high-order modes our intuitive theory agrees
with the result obtained from the leaky mode solutions of the eigenvalue
equation. This agreement justifies our interpretation of the leaky mode solu-
tions as belonging to waves that propagate beyond cutoff. It does seem
surprising that we get this agreement. The leaky mode solutions are actually
quite unphysical since their field amplitudes grow with increasing distance
from the waveguide core. As we discussed earlier, power that is radiated
from the core is actually not lost since it is simply redistributed from the core
into the outside region. One wonders why this redistribution of power should
appear as loss in a theory that treats the field throughout all infinite space as
belonging to one and the same mode. It would not have been surprising if we
had had no loss at all. In fact, our leaky mode does not show any loss just
beyond the cutoff point. Only some distance (in ¥,) beyond cutoff does the
propagation constant assume complex values. The loss must thus indicate
power outflow towards infinity in transverse direction. That the loss values of
the leaky mode solution indeed agree with the loss calculation, which
directly consideres the power outflow from the core, is not a trivial result. The
conclusion to be reached from this discussion is that one should regard the
loss coefficient obtained from the complex solutions of the eigenvalue equation
with some reservation, since it is not entirely clear what constitutes loss in
this theory. The intuitive formula (1.5-13) was obtained from the idea of
counting all energy as lost once it escapes from the core. The intuitive theory
does not actually describe a mode but a transient field condition. However,
this is the situation one encounters as a wave enters a waveguide section where
it is cutoff. The formula (1.5-13) must thus be considered more reliable for
such applications.

1.6 Hollow Dielectric Waveguides

The leaky waves and leaky mode solutions discussed in the previous section
occurred for waves that went beyond cutoff in a waveguide capable of sup-
porting guided modes. We now consider a dielectric slab waveguide that does
not support any guided mode in the proper sense of the word. So far we have
always assumed that the slab waveguide of Fig. 1.1.1 had a core whose
refractive index n, was larger than that of the surrounding media. If we
invert the situation and assume that

ng < nyEn (1.6-1)

we obtain a structure that we call a hollow dielectric waveguide [MS1]. The
name suggests that the core region may be air or vacuum with n, = 1. We
thus think of a hollow channel in a dielectric medium. It is, of course, not
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necessary that n; = 1; the type of leaky waveguide to be discussed here
requires only that relationship (1.6-1) hold. According to Snell’s law, Eq.
(1.2-2), there can be no total internal reflection in this case. Every ray leaves
the core with an increased angle after penetrating the core boundary.

Hollow dielectric waveguides have been successfully used in laser resonator
structures [Sh1]. In this application a gas is confined inside a glass or quartz
tube and is induced to exhibit gain by means of an electrical discharge. Gas
lasers show increasing gain for decreasing tube diameter. The gain depends
on the mechanism that depopulates the lower energy level of the atomic
or molecular system that is used in the laser. This depopulation of the lower
laser level is accomplished by collisions of the molecules with the wall. In a
narrow tube these collisions occur more frequently, thus increasing the gain.
However, as the tube diameter is decreased, the walls of the tube begin to
interact with the electromagnetic field in the cavity. In a typical laser, the
cavity is formed by external mirrors. The laser tube only has the purpose of
confining the gas mixture. As the tube becomes too narrow its walls take part
in shaping the mode field of the laser. This effect could be harmful if we think
in terms of an open laser resonator defined solely by the mirrors. However,
the tube walls can be used to advantage to guide the electromagnetic wave and
thus confine not only the gas mixture but also the fields. The fact that a hollow
dielectric waveguide does not actually have guided modes does not preclude
its usefulness as a waveguide in this laser application. We have seen in the
previous section that leaky waves propagate in dielectric waveguides for some
distance. They may suffer high losses, but the amount of loss depends on the
particular geometry and operating conditions that are being used.

The field of a hollow dielectric waveguide is also described by Eqgs. (1.3-16)-
(1.3-26) for TE modes and by Eqgs. (1.3-54)-(1.3-63) for TM modes. The
eigenvalue equations have the same form: Eq. (1.3-26) for TE modes and
Eq. (1.3-63) for TM modes. The only difference is that now y and & defined
by Eqgs. (1.2-14) and (1.2-1 5) are imaginary for real values of . There are thus
no real solutions of the eigenvalue equations.

We obtain a very useful description of the leaky waves in the hollow
dielectric waveguide by the geometrical optics approach that was used to
describe leaky waves in the usual dielectric waveguide. If we ignore the eigen-
value equation and determine the real and imaginary parts of the propagation
constants simply from the laws of ray optics and plane wave refraction and
reflection at a dielectric interface, we obtain again Egs. (1.5-2) and (1.5-3) for
the real part of the propagation constant and Eq. (1.5-13) for twice its
imaginary part, which is the power loss coefficient.

However, there is a difference in the behavior of the loss of leaky waves of
ordinary waveguides compared to the leaky waves of hollow dielectric wave-
guides. In ordinary dielectric waveguides with n, > n, > ny, we can assume
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that either p or A of Egs. (1.5-5) and (1.5-6) is very nearly zero, so that we
have k > p. For symmetric waveguides this assumption leads to the useful
approximate form (1.5-53) for the loss coefficient. In low-loss hollow dielectric
waveguides, we must assume that the ray impinges on the core boundary with
very small angles, so that «, given by Eq. (1.2-13), is very nearly zero. On the
other side of the core boundary the angles are larger, so that we have

K<p (1.6-2)
and
K <€A (1.6-3)

A useful formula for the power loss coefficient 2u is thus obtained from Eq.
(1.5-13):

2a = 2 /pd) (p~ +A™Y) (1.6-4)
The allowed values of x are given by Eq. (1.5-2):
Kk = N=n/d (1.6-5)
so that we obtain from Eq. (1.5-5)
p = [(W/d)* +(Nn/d)*]"? (1.6-6)

and from Eq. (1.5-6)
A = (2 —n;2)k? + (W]d)* + (Nnjd)*]"? (1.6-7)
with the abbreviation
W = (n,2—n?)"%kd (1.6-8)
Finally, we have for the propagation constant
B = [n,2k* —(Nn/d)*]'/? (1.6-9)

In order to achieve low leaky wave loss in the hollow dielectric waveguide we
must choose the mode number N small and the core width d large. In addition,
the refractive index difference ny —n, must be made as large as possible. Low-
loss propagation in a hollow dielectric waveguide is thus possible only for
low-order modes in a guide that is capable of supporting very many leaky
modes.

Let us consider an example: We use the free space wavelength A =1 um,
d=50pym, n, = |, n, = ny = 1.5, and consider the lowest-order mode with
N = 1. With these values, we obtain from Eq. (1.6-4)

20 =477 x 1072 cm™! = 0.207 dB/cm (1.6-10)

This loss is moderately low. It is far too high for a waveguide for long distance
communications. But it is low enough to be useful for short laser cavities or
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integrated optics applications. The loss figure can, of course, be reduced to
arbitrarily low values if we use larger values of d. However, we pay a penalty
for trying to reduce the mode loss by increasing the core width. The wave-
guide becomes more vulnerable to losses caused by waveguide curvature.
This effect is discussed in [MS1].

The leaky modes of the hollow dielectric waveguide do not have cutoff
conditions since they are not properly guided in the usual sense. We obtain
the total number of guided modes traveling in the forward direction by
counting all the modes with positive propagation constant . We use the
symbol M to indicate the total number of forward traveling modes (we are
talking only of TE modes for simplicity) and obtain N = M from Eq. (1.6-9)
by requiring that = 0:

M = n kd/n (1.6-11)

For the condition used in our loss example we find from Eq. (1.6-11) that
M =150.

We conclude our discussion of hollow dielectric waveguides by considering
the solutions of the eigenvalue Eq. (1.3-39)

tan (kd/2) = y/x (1.6-12)

for the even TE modes of the symmetric hollow slab waveguide with n, = n.
The x dependence of the field is given by [see Eqs. (1.3-16) and (1.3-18) with

y =4]
e (1.6-13)

We must require that the imaginary part of y is positive in order to assure that
the waves move outward, away from the core. The difference between our
present solution and the solution discussed in the previous section is that,
according to Eq. (1.6-2), the imaginary part of y must now be much larger
than its real part because the imaginary part corresponds to p, while the real
part is even smaller than k. We again set

kd/2 = u, + iy; (1.6-14)
and
yd[2 = v, + iv; (1.6-15)
and require that
u, > u; (1.6-16)
and
v; > v, (1.6-17)
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Substitution of Eqs. (1.6-14) and (1.6-15) into Eq. (1.6-12) and use of the
inequalities (1.6-16) and (1.6-17) yields the two simultaneous equations

[tany, (1 —tanh®4;)])/(1 +tan?u, tanh?u;) = v; u;fu? (1.6-18)
and

[tanhu; (1 +tan?u,)]/(1 + tan?u, tanh?®u;) = v;/u, (1.6-19)

The right-hand side of Eq. (1.6-19) is very large. If we assume that tanu, > |
and tanu, tanhy; » 1, we obtain from Eq. (1.6-19)

u; = v,fu, (1.6-20)

provided that ; itself is small. With the same assumptions we can write Eq.
(1.6-18) approximately in the form

1/u? tanu, = v; u;/u,’ (1.6-21)
Next we set (N = odd integer)
u, = Nrnj2 —1n (1.6-22)
and obtain from Eq. (1.6-21)
nju® = v,u;/(Nr/2)? (1.6-23)
and from Eq. (1.6-20)
u;v; = Nn/2 (1.6-24)
The relation
k2 + 92 = (n 2 —nH)k? (1.6-25)

tpat follows from Egs. (1.2-13) and (1.2-14) leads, with our present assump-
tions, to the two relations

v; = [W.2+(Nrf2)*]/? (1.6-26)
and

v, = —(u;/vy) Nm/2 (1.6-27)
where we have used the abbreviation

W, = [ny,%>—n,*]"/%kd|2 (1.6-28)
We now obtain immediately from Eq. (1.6-24)

Nmj2

u, = [VVs2+(N7r/2)2]”2

(1.6-29)
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and from Egs. (1.6-23), (1.6-24), and (1.6-29)

_ Nn/2
"= W (Nnf2)?

Equation (1.6-27) finally yields

(1.6-30)

—(Nm[2)?

= (D (&30

Our approximation is apparently valid for W, > 1.

It is noteworthy that this approximate solution implies that the leaky waves
of the hollow dielectric waveguide also grow in transverse direction away
from the core since v, is negative, so that Eq. (1.6-13) is an exponentially
growing function.

We obtain the propagation constant from the equation

B, —ia = (n, 2k —x?)'? (1.6-32)
so that we have for its real part

B. = [nk? —(Nn/d)*]'"? (1.6-33)
and for its imaginary part, which is the amplitude attenuation constant,

uu; 4 4(Nn[2)?

= F 4 B.IWI+(Nm2))) (1.6-34)

o

Equation (1.6-33) is identical with Eq. (1.6-9) and the equation for the
attenuation constant (1.6-34) is identical with (1.6-4) if we remember that
for the symmetrical slab we must set p = A and W =2W,.

The agreement of the solution of the eigenvalue equation with the result
of the geometrical optics treatment is much better for the hollow dielectric
waveguide than it was for the leaky waves of the ordinary dielectric waveguide.
In our present case we did not have to assume that we were dealing with a
high-order mode. The two methods of approximate analysis agree for any
mode, provided that the losses arz low. Our results, Egs. (1.6-26)-(1.6-34),
apply also to the odd modes. It is interesting that we must now associate odd
values of N with even modes and even N values with odd modes, contrary to
the assignment that is listed below Eq. (1.5-51). The difference is caused by
the fact that at the core boundary the fields of low-loss modes in the hollow
dielectric waveguide are very small, while they are strong for the modes of the
ordinary waveguide just below cutoff.

The trajectory of the solution points of the complex v values for 0 <

W, < oo is shown schematically in Fig. 1.6.1. This figure was drawn with the |
help of numerical computer solutions of the eigenvalue equations for even |
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Fig. 1.6.1 Leaky wave trajectories in the complex v plane for hollow dielectric waveguides.

and odd modes of the symmetric hollow dielectric waveguide. For very large
?/alue.s of W,, the trajectory of solutions points moves up along the positive
imaginary v axis reaching v, = 0 and v; = 0o at W, = co. For decreasing values
of W,, the values of v, become increasingly more negative, while v; decreases

In the limit of W, = 0, we have v, = — 0 and I '

o, = vaf2, for W,=0 (1.6-35)

with even integer values of v for even modes and odd v values for odd modes.
The assignment of even and odd integers to even and odd modes is again

reverseq compared to the corresponding situation for ordinary dielectric
waveguides.

1.7 Rectangular Dielectric Waveguides

The dielectric slab waveguide is a useful model for more complicated
waveguide structures. Its simplicity allows us to study the properties of wave
propagation in dielectric waveguides without the encumberance of tedious
mathematical expressions. However, in most practical applications more
complicated waveguides are used. The waveguides used in integrated optics
are usually rectangular strips of dielectric material that are embedded in other

Core

Substrate

Fig. 1.7.1 Rectangular dielectric waveguide in an integrated optics application.
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Fig. 1.7.2 Schematic of the five dielectric regions of a rectangular dielectric waveguide.
The field in the shaded regions is ignored in the approximation.

dielectrics. Figure 1.7.1 shows the geometry of a rectangular dielectric
waveguide. The rectangular strip is embedded in the material of the substrate
of the integrated circuit. We analyze a structure that is more general: Instead
of assuming that the waveguide core is embedded in the material of a sub-
strate we allow the materials on all four sides of the rectangular core to be
different. This geometry is shown in Fig. 1.7.2. We have chosen the labeling
of the refractive indices to coincide as nearly as possible with Fig. 1.1.1.

An exact analytical treatment of this problem is not possible. Approximate
solutions by numerical methods have been obtained that can be made as
accurate as desired [GL1]. However, here we are following an approximate
analytical approach that was developed by Marcatili [Mil]. This method
works oniy for modes far from cutoff. If the mode is not very close to cutoff,
its field is confined almost exclusively to the region of the core, and only very
little field energy is carried in the surrounding media. In particular, there is
very little field energy in the shaded regions of Fig. 1.7.2, so that we can
simplify the analysis by ignoring these regions completely. We can verify the
statement that most of the field is contained in the core by examining the
solutions of the slab waveguide. Theray angle 8, is small for well-guided modes,
so that we see from Eq. (1.2-6) that the propagation constant approaches

B~ nk (1.7-1)
Because k is a large quantity, we thus have from Egs. (1.2-13)-(1.2-15)
K <7y (1.7-2)
and -
K <0 (1.7-3)

According to Eq. (1.3-25) we have |B/A|> 1, so that the sine term in the |
field expression (1.3-17) predominates over the cosine term. At the upper core |
boundary, x = 0, we find that the field is quite weak compared to its maximum §
value inside the core. Inequalities (1.7-2) and (1.7-3) also cause sinxd of
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Eq. (1.3-28) to be small. We thus see from Eq. (1.3-17) that the field is also
weak at Fhe lower core boundary, x = —d. The E, field amplitude just outside
the core is equal to the value on the inside and drops off with increasing distance
from the core. It is thus clear that the field in the core is much stronger than the
field outside as long as the mode is not too close to cutoff. The same con-
siderations hold also for the TM mode [Eq. (1.3-55)].

It is possible to express the transverse field components in terms of the
longi.tudinal components. With the time and z dependence, Eq. (1.3-8), we
obtain from Maxwell’s Egs. (1.3-2) and (1.3-3) (compare p. 13 of [Mel]’)

E, = —(i/K;) (B OE./0x)+(wpo 0H,/0p)] (1.7-4)
E, = —(i/K;})[(B OE./dy) — (wpo 0H,[0x)] (1.7-5)
H, = —(i/K}) (B 8H,/0x)—(wn; e, OE.[0)] (1.7-6)
H, = —(i/KHLB dH,/dy) + (wn;*e, OE,[0x)] (1.7-7)
The parameter K is defined by
K; = (nj*k? —pH? (1.7-8)

The refracti've index n; assumes the values ny, n,, n3, ng, and n; for fields in
the five regions of the waveguide. The longitudinal components E, and H.
must satisfy the reduced wave equation i

(@*/)ox?) + @y + K2y =0 (1.7-9)

The‘:re are two types of modes that the waveguide can support. One type
which we call EZ, modes, is polarized predominantly in the x direction. Th;.
other mode, £7,, is polarized predominantly in the y direction. We can adjust
the amplitude coefficients of E, and H, so that one of the transverse field
components vanishes. The following set of field components satisfies the
reducgd wave equation and relations (1.7-4)-(1.7-7) and describes an E,
mode in region 1. The factor (1.3-8) is omitted throughout: ”

E, = Acosk (x+&) cosk,(y+n) (1.7-10)
H, = — A(go/uo)'*ny 2 (ic, /1) (K[ B) sin ke, (x+ &) sin ke, (y+1)
(1.7-11)
E, = (id/x B)(n, 2kt —x,?) sink, (x+&) cosx,(y+7) 1.7-12)
E, = —iA(x,/B) cosk,(x+&) sin K, (y+m) (1.7-13)
H, =0 (1.7-14)
. H, = id(go/po)"*ny? (k[x,) sin k. (x + &) cos ke, (y+1) (1.7-15)
With k = w?e, i, and
K2 =nk? — g% = k2 + K, (1.7-16)
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The longitudinal components E, and H, were chosen to satisfy the reduced
wave Eq. (1.7-9). This requirement leads to condition (1.7-16). Except for this
restriction «, and k, are arbitrary at this point. The sine and cosine functions
were selected so that the contributions of E, and H, resultin the same functional
dependence of the transverse components. The phase parameters ¢ and 71,
which are added to the arguments of the sine and cosine functions, are neces-
sary to make the solution general. We could have used a superposition of a
sine and cosine function with arbitrary amplitude coefficients instead of using
a circular function with an arbitrary amplitude and phase. Both methods are,
of course, equivalent. The various undetermined coefficients become fixed by
the requirement that the fields satisfy the boundary conditions on the four
sides of the core.

The choice of the amplitude coefficient for H, may appear arbitrary. How-
ever, it was dictated by the desire to make the H, component vanish. Relation
(1.7-1) results in the inequalities

K, < B (1.7-17)

and
K, <€ B (1.7-18)

which follow from Eq. (1.7-16) and apply to modes far from cutoff. Owing to
inequality (1.7-17) we see that £, < E;. Since E, < E, we can neglect E,asa
quantity of second order in x/B. To the approximation used in this analysis
we have thus only four nonvanishing field components.

On the outside we must require all field components in regions 2-5 to
vanish at infinite distance from the core. We are thus limited to use decaying
exponential functions for those coordinates that lead away from the core.
The field components in these regions are chosen similarly to the field in the
core, with the additional requirement that the electric field component
tangential to the particular face of the core passes continuously through the

core boundary. We thus have in region 2

E, = Acosk(—d)cos K, (y+n) exp [y, (x+d)] (1.7-19) i

H, = — A(eo1o) 1*n2* (,/72) (k/B) cos k(£ —d) sink,(y+n) exp[y2(x+4d)]
(1.7-20) §

E, = +iA[(y+n,2k?)y; Blcos k(€ —d) cos i, (y+1) exp[y,(x+d)]
(1.7-21)

y

H. =0 (1.7-23) {

H,=i4 (":o/#o)llz"z2 (k/y2) cos k(& —d) cosk,(y+n) exp [y, (x+d)]
(

E ~0 (1.7-22) |

1.7-24)§
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with
2 __ 252 2
K2 = n2 k - B = Kyz - .y22 (1.7-25)

The ‘am.plitude coefficients of these field components were chosen to ensure

continuity of the E, component at x = —d and to make H,=0. The E

component vanishes to the same approximation as the E corr:pone.nt insid;

the cg.re. The y‘-depc.end‘ent functions were chosen to coinéide with the corre-

Z??q,l?ﬁ 7f3191;<.:t10ns inside the core. Equation (1.7-25) is again a consequence
The field in region 3 is similarly

E, = Acosk, & cosk,(y+n)exp(—y3x) (1.7-26)
H, = A(eo/1to)' *ny? (i, /y3) (k[ B) cos k. & sink,(y+1n) exp(—73x)
(1.7-27)
E, = —iA[(y;* + ny*k?)/y3 8] cos k& cos k(y + 1) exp(—73%)
(1.7-28)
E =~
y =0 (1.7-29)
H =
x=0 (1.7-30)
H, = —iA(go/po)'*n32 (k]y3) cos ke, & cos k,(y +1) exp(—y3x)
(1.7-31)
with
Ky2 = ny?k? — B2 = k2 — 50 (1.7-32)

!n regions 4 and 5 we adjust the amplitudes so that the strong component E
is continuous at the core boundary and obtain in region 4 )

E, = A(n*/n,?) cosk,(b+n) cosk,(x+&) exp[—y4(y—b)] (1.7-33)
H, = — A(eo/pt0)?n, (yalr) (k[ B) cos ke, (b + 1) sin k. (x + &) exp[ — 74 (¥ —b)]
‘ (1.7-34)
E; = id(n?InB)[(ny2k* — k. 2)/x Bl cos ke, (B +n)
X sin i, (x+&) exp[ =74 (y=5)] (1.7-35)
Hy = id(eo/uo)*n,2 (kjx,) cos k(b +n) sin k(x+&) exp[— 714 (y—b)]
- (1.7-36)
with

K2 = n2k? — B = k.2 — 94’ (1.7-37)
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In region 5 we have finally

E. = A(n,}/ns*) cosk,n cos k. (x+&) exp(¥sy) (1.7-38)

H, = Aleolto)!"2n,2 (/%) (kB) cos Ky sinkx(x+) exp(¥s¥)

(1.7-39)
E, = iA(n*Ins?) [(ns2k? —k2)/K, B] cos k1 sin Kk (x+ &) exp(ysy)
(1.7-
H, = id (£0/pto)/2m, 2 (K1) cOS K1 SN K (X + &) exp(¥sy) (1.7-41)
with

K = ns?k? = B2 = Kt —vs” (1.7-42)

It is noteworthy that, in the spirit of our approximation, the E, component
is continuous only if we neglect the k2 term in the numerator of the equations
compared to the term n*k?. The H, component vanishes exactly, while E, 1s
only approximately zero in regions 4 and 5.

We complete the analysis of the modes of the rectangular dielectric wave-
guide by matching the remaining boundary conditions. One tangential electric
field component has already been matched by proper choice of the field
amplitudes. In regions 2 and 3 we require that the H, component pass con-

tinuously through the core boundary at x = 0 and x = —d. This requirement § '
also causes H, to be continuous as required. The remaining tangential com- 4
ponent E,, which would have to be continuous in an exact treatment, 1s §
neglected since it is small compared to all other field components. We thus 3 ]

obtain the following two equations:

(12 /i) sin ey (€ —d) — (17 p2) cos k(G —d) =0 (1.7-43) §

and

(n,2/k,) sin K&+ (n32/y3) cosk & = 0 (1.7-44) 1

If the sine and cosine functions in Eq. (1.7-43) are expanded by means of the #&
addition theorems, these two equations represent a system of homogeneous
simultaneous equations for the two unknowns, sin k¢ and cos K& A 3
solution is possible only if the determinant of the equation system vanishes.

We thus obtain the eigenvalue equation

tank,d = n 2 (n3 72 +ny’ Ya)/("aznzz’cxz —n,*7273) (1.7-45) |

We recognize this equation as the eigenvalue equation of TM modes of the}
infinite slab, Eq. (1.3-63). It is clear that relative to the two core boundaries |
at x =0 and x = —d the field polarization corresponds to a TM mode;;
because the transverse electric field is polarized normal to the core boundary:|
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The phase parameter ¢ is determined by Eq. (1.7-44):

tank, & = —(n3%/n, ) (k:/73) (1.7-46)

which corresponds to Eq. (1.3-61). We see that the eigenvalue Eq. (1.7-45) can

be used to determine k,, since we can express y, in :
X t
Egs. (1.7-16) and (1.7-25): press y, in terms of k, with the help of

2 = [(m2=n2)k? — i)' (1.7-47)

Similarly it is possible to express y; in terms of
T3 3 of k, by means of Egs. (1.7-16)

¥s = [0 2 —n3P)k? =k 2]2 (1.7-48)

This leaves k, as the only unknown quantity in Eq. (1.7-45).

At the core boqndarles in regions 4 and 5 we require that H, assume equal
valugs on either side of the dielectric interface. The E, component is already
contijnuousz;)zy our choice of wave amplitudes, provided we neglect k 2 com
pared to n?k*. We obtain the following two e i i A

on quations from th
of continuity of H, aty = band y = 0: © requirement

K, sink,(b+n) — y4 cosk,(b+n) = 0 (1.7-49)
and

K,sink,n + ys COSK, N = 0 (1.7-50)

;'he E. componer?t. is not cont.inu.ous at these two interfaces. However, far
rom cutoff condition (1.7-2) indicates that (uo/ee)'/>H, of Eq. (1.7-34) is
f}(})nmderabl)‘/ larger than E, of Eq. (1.7-33). Matching of the H, component is
adl:jsitirgl?rjct }mpl;)r.tant than letting E, satisfy the boundary conditions. In
vl 1ir;1;t 1ns o_v’;ous that'rtt?e E, com.pone.nt satisfies the boundary condition
Gt | . = ns. The approximation thus gets better for small index

From Eq. (1.7-50) we find that the phase parameter 7 is given by the relation

tank,n = —7¥s/K, (1.7-51)

:r(lidlist?(; n( lt.h7-49) we expand.the sine apd cosine functions by means of the

sin andeorems and obtain an equation s.yst'em for the unknown quantities

equaytion ! COS K,y 1. The CO.ndltIOIl of vanishing system determinant of this
ystem yields the eigenvalue equation

tank, b = Ky(?4+}’5)/(’<y2—)’4?5) (1.7-52)

whi .
lhaltd;;we recognize as Eq. (1.3-26) for TE modes of the slab. It is also apparent
. dOQ- ﬂl.7-51) cor'responds to Eq. (1.3-25). This result is reasonable. E, is
minant electric field component of the Ej;, modes, so that the field



56 1 The Asymmetric Slab Waveguide

appears as a TE mode when viewed from region 4 or 5. Equation (1.7-52)
determines k,, since we obtain from Egs. (1.7-16), (1.7-37), and (1.7-42)

ve = [(n2—n2)k? — k212 (1.7-53)

and
ys = [(n 2 —ns?)k* — K, 2] (1.7-54)

Once k, and k, are determined, we obtain the propagation constant from Eq.
(1.7-16):
B = [n2k* = (c,” + 1,11 (1.7-55)

This completes our determination of the Ej, mode. The integers p and g are
the mode numbers which we obtain from the solutions of the two eigenvalue
Egs. (1.7-45) and (1.7-52). These numbers indicate the number of maxima of
the field distribution in x and y direction. We have obtained a field description
inside the waveguide core and in regions 2-5 as shown in Fig. 1.7.2. However,
in the shaded regions of this figure the field remains unknown. Ignoring these
areas makes it impossible to obtain an exact solution by this method. We have
seen that we could not satisfy all the boundary conditions, even in the four
unshaded regions, since our method is inherently not correct. However, we
shall see later that our approximation compares favorably with more exact
numerical solutions of the problem.

The E), modes are obtained in close analogy to the derivation of the E,,
modes. i is now the E, component that is dominant, while the E, component
nearly vanishes, and H, = 0. We restrict the description of the field com-
ponents to stating only the £, and H, components in all four media. The
corresponding transverse components are obtained by differentiation from
Egs. (1.7-4)—~(1.7-7). We obtain in the core of the waveguide, that is, in
medium 1,

E, = Bcosk, (x+&) cos K, (y+7) (1.7-56)

H, = Bleofno)'m? (<,Jiy) (k[B) sin ke, (x+8) sin,(y+7) (1757 |

In medium 2 we have

E, = B(ny?/ny?) cosic,(E—d) cos ki, (y+7) explyz (x+d)] (17-59) §

H

z = = B(so/#o)uznl 2 (v2/xy) (k/B) cos Ky (E—d)sin K,(Y+ﬁ) exp[?z(x+d)]

The following field components belong to medium 3:

1

E, = B(n2/ny?) cosk, € cos ik, (¥ +17) exp(=73%) (1.7-60) §&

H, = B(eo/tto)"*m* ¢vafx,) (k[ ) cos K, & sin ke, (y+1) exp(—=73X)

179 &

(1.7-61) |
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The field in medium 4 is described by

E. = Beosw,(b+7) cosk(x-+&) exp[ =74 (y—b)] (1.7-62)
H. = —Blso/no)' *na? (/a) (k[B) cos x, (b +7) sin i, (x+&) exp[—7a(y—b)]
Finally we have in medium 5: (1.7-63)
E. = Bcosk, i cosky(x+&) exp(7s ) (1.7-64)

H, = B(eo/to)"/*ns2 (x./vs) (k] B) cosk, ij sink,(x+£&) exp(ys y)
(1.7-65)

Equations (1.7-16), (1.7-25), (1.7-32), (1.7-37), and (1.7-42) also apply to this
case.
In regions 2 and 3 we require continuity of the H, component at the core

b?umliary and obtain in the usual way the eigenvalue equation for TE modes
of a slab:

tank,d = K, (72 +73)/(K,° =7273) (1.7-66)
and the following equation for &,

tank, & = y3/K, (1.7-67)

Coqtinuity of E, to first order in k,/k at these two interfaces is assured by our
ch01ce‘of the amplitude coefficients of E, and H,. The boundary condition
for E, is not satisfied. However, the magnitude of E. is small compared to the
other electric field components and, in addition, better compliance with this
boundary condition is obtained for decreasing refractive index differences.

In regions 4 and 5 we match the H, components on either side of the core

boundary and obtain the eigenvalue equation for TM modes of the
asymmetric slab:

tank,b = nlz'fy(nszY4+”42Y5)/(”42n52'<y2 —n*yays)  (1.7-68)

and the equation for 7,
tank, 7 = (ns*/n, ) (,/ys) (1.7-69)

The H, compgnent becomes continuous after we have matched the H, com-
:;r;:lli]ttl.ldCOnn%ui.ty of the E, component is 'assured by our choice of the
e ot:dceoe. c1enlt(s and the E, component is neglected, since it is small to
cquation o Lm 'fy/ compared to.the E, compopent. The two eigenvalue
et o ;n(allial:sl:)s:fclrto gitermme Ky ?nd K,, since y, can be ex;?ressed in
Eq (1‘7-53). Y e. The propagation constant is finally obtained from
thg:r :ipproximate analysis does not hold near cutoff since the fields detach

selves from the core and reach strongly into the shaded regions of Fig.
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1.7.2. This breakdown of the theory near cutoff is also apparent from the
propagation constant. We write Eq. (1.7-55) in the form

Bd = [ny2k*d? + V2 — (k2 +x,2)d*] (1.7-70)

If n, is larger than any of the other refractive indices—except n,—total
internal reflection will first break down at the core boundary x=—d.
According to Eq. (1.3-74) we have right at cutoff ¥ =V, and

kd=V, (1.7-71)
so that the propagation constant assumes the value
B = (n2k*—x ' < mk (1.7-72)

Even if we assume n, = n; = n, = ns, Eq. (1.7-72) implies that the propaga-
tion constant, at the point where the wave is no longer guided, is smaller than
the plane wave propagation constant in the medium outside the waveguide
core. This is an unphysical result which shows that our theory just does not
work near the cutoff point, because when most of the field energy is traveling
outside the core we must have = n, k.

Marcatili [Mil] has evaluated the results of the approximate field analysis
and compared them to computer solutions of the problem by Goell. Of the
many figures given in Marcatili’s paper we reproduce two that apply to the
case of a square guide and of a rectangular guide with b = 2d. In both cases
we have n, = ny = n, = n;. The solid curves in Fig. 1.7.3 were obtained from
exact solutions of the eigenvalue Egs. (1.7-45), (1.7-52), (1.7-66) and (1.7-68).
The dashed curves show the result of the far from cutoff approximation
(1.3-88) and (1.3-91) of these eigenvalue equations. However, Marcatili used
the approximation

B = Yo = (m>—n;%)! 1%k (1.7-73)

in Eq. (1.3-91). It is apparent how remarkably well this approximation repro- &

duces the exact solutions of the eigenvalue equations, particularly far from

cutoff. Finally, Fig. 1.7.3 shows the results of Goell's computer analysis as §
dash—dotted curves. The agreement between the exact solutions of the approxi- §
mate theory and the computer solutions of our problem is so close that the two §
types of curves are indistinguishable over most of their range. Only very close
to the cutoff point is there a noticeable deviation. The discrepancy between the §

approximate analytical solutions and the computer solutions is most pro-

nounced for the fundamental EF, and E{, modes. (Goell has produced very |
interesting pictures of the power distribution of the various modes which are }

shown in his paper [Gl1].)

Lack of space prevents us from discussing such interesting applications of 4
our theory as directional couplers formed with two rectangular dielectric
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Fig. 1.7.3  Propagation constant B as function of the frequency parameter V for two types
of rectlangular dielectric waveguides. The solid curves represent solutions of the eigenvalue
"luanofrs of the approximate theory, the dashed curves were obtained from the far from cutoff
:;’eprojnmalions, the dash-dotted curves are Geoll’s results. (From E. A. J. Marcatili, ** Di-
: C}{‘nc rectangular waveguide and directional coupler for integrated optics,” Bell. Syst.
ech. J. 48, 2071-2102 (1969). Copyright 1969, AT&T, reprinted by permission.)

;‘i’;\’elgmdes. This applicatign is also contained in Marcatili’s paper. The

dielzcetsF method gf compu.tmg' the coupling coefficient between two adjacent

in oo rlcf\yaveg.mdes con51§ts in appl.ymg the coupling formula (10.2-18) or,

ou € of identical wa.veguxdes, the simplified tformula (10.2-22) of [Mel] to
I mode field expressions.
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are exceptionally good for typical high-quality optical materials. However
the loss figures that are presently being discussed and that have been experi:
mentally demonstrated are on the order of a few decibels per kilometer
[KKM, KSZ]. Optical fibers with such low losses are very exciting and open
up the possibility of new types of communications systems [KHI, MS2].

The theory of optical fibers is well understood and has been described in
several books [Kyl, KBI, Mel]. However, the complete description of the
guided gnd radiation modes of optical fibers is complicated, so that its
application to the theory of fibers with imperfection is not very practical. It is
our purpose to present a simplified description of the theory of optical fibers
which results in simple expressions that can be used to handle problems of
mode conversion and radiation loss phenomena caused by waveguide
imperfections.

The exact description of the modes of round fibers is involved, since they
are six component hybrid fields of great mathematical complexity. The simpli-
fication in the description of these modes is made possible by the realization
Fhat most fibers for practical applications use core materials whose refractive
index is only very slightly higher than that of the surrounding cladding. By
introducing the assumption that

Chapter 2
WEAKLY GUIDING OPTICAL FIBERS

n—ny <1 2.1-1)

considerable simplifications result. Instead of a six-component field only four
ﬁeld components need to be considered, and the field description is further
51mpli.ﬁed by use of rectangular cartesian instead of cylindrical coordinates.
The eigenvalue equation of the simplified modes is far less complex than the
corres'ponding equation of the exact mode fields. The simplified eigenvalue
equation allows us to obtain simple approximate solutions for the regions
close to cutoff and far from cutoff.

It was demonstrated in [Mel] that the simplified modes can be obtained
by superposition of two nearly degenerate modes of the exact solution of the
b0un.dary value problem. This method has the advantage of establishing the
:;lat!or? ofthe approximate modes with the exact modes and showing clearly

e llrpltatlons and the extent of the approximations. In this book we use the
2P§0§1te apprQach and derive the simplified modes directly from Maxwell’s
I(C)l ations. .'I.'hls p.rocedure has the advantage of greater simplicity, but we

se the ability to judge the validity of the approximation.
eqﬁ%iﬂ LfSrl] ﬁr.sF realized th; simpliﬁcation that results in the eigenvaiue
perfectez 1h condltllor? 2.1-1) 1s. appllcable. Marcatili and Gloge [Gel]
Gloge wht g description of thf snmpllﬁeq modes of the round fiber. It was
 cone o first used the term ‘“‘weakly guiding fiber” for a waveguide whose
5 and cladding have very nearly the same refractive index.

2.1 Introduction

The asymmetric slab waveguides and rectangular dielectric waveguides
discussed in Chap. 1 are used in integrated optics circuits. The distances
bridged by these types of waveguides are usually very short, no more than a few
centimeters. We now turn our attention to optical waveguides for long distance
communications. Such guides may typically be a few kilometers in length. The
most promising waveguide for long distance optical communications purposes
is the round optical fiber, which consists of a core of a dielectric material with
refractive index n, and a cladding of another dielectric material whose
refractive index n, is less than n,. Interest in optical fibers of this type soared |
after it could be demonstrated that low-loss fibers are indeed feasible. The |
glass that is routinely used in optical instruments is far too lossy to be useful |
for optical fibers suitable for bridging long distances. Losses on the order of |
1000 dB/km are not at all unusual and are found in high quality optical §
glasses used for the manufacture of lenses. Losses on the order of 100 dB/km

60
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2.2  Guided Modes of the Optical Fiber

All dielectric waveguides support a finite number of guided modes in
addition to the infinite continuum of radiation modes that are not guided by
the structure but are, nevertheless, solutions of the same boundary value
problem. We begin the approximate analytical treatment of round optical
fibers by deriving the guided modes of the structure.

Marecatili realized that the description of the modes of the weakly guiding
fiber becomes much simpler if the components of the field vectors are expressed
in rectangular cartesian coordinates instead of the cylindrical coordinates that
appear so much more suitable to the cylindrical geometry of the waveguide.

The cross section of the optical fiber is shown in Fig. 2.2.1. Region 1 with
refractive index n, is the fiber core, region 2 with index n, is the cladding. In
all our work we assume that the cladding is infinitely extended, in spite of the
fact that it has a finite radius for practical fibers. The justification for assuming
an infinitely extended cladding region comes from the fact that the guided
modes have exponentially decaying fields outside the core. If the cladding
radius is large enough, the guided mode fields have decayed to insignificant
values at the outer boundary of the cladding. All practical fibers are designed
to ensure that the guided mode field does not reach the outer boundary of the
cladding. In the opposite case the fiber would suffer high radiation losses,
since the outer fiber surface is never perfectly smooth on account of accumu-
lating dust and other environmental effects.

The assumption of an infinite cladding radius is more questionable when we
study the radiation modes. These solutions of the boundary value problem

by

Fig. 2.2.1 Cross section of a round optical fiber.
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reach out to infinity with undiminished strength and are certainly strongly
affected by the outer cladding boundary. However, we can justify our procedure
even for the radiation modes. The finite radius of the cladding has the effect
of trapping some of the radiation field, causing cladding modes to appear.
These modes have a discrete spectrum of allowed values of their propagation
constants. But the density of these modes is much higher than the core modes
so that they form almost a continuum. When we calculate the interaction o;'
the core modes with the radiation modes of the fiber with infinite cladding,
we must keep in mind that in actuality we would have coupling of the core
modes and the cladding modes. The fact that a portion of the radiation field
does not actually escape freely but finds itself trapped by reflection at the outer
cladding boundary does not alter our conclusions very much. In most
practical cases cladding modes will be suppressed by a lossy coating on the
outside of the fiber, or they will scatter out of the cladding on account of the
rough outer surface. In either case, power will not endure very longin cladding
modes and may be considered as being lost, just as it would be had it radiated
away freely. In those cases where these conditions are not met it is necessary
to study the interaction of core and cladding modes in detail.

The derivation of the simplified guided modes of the fiber uses again the
longituc}inal E, and H, components from which the transverse components
are derived by means of Egs. (1.7-4)-(1.7-7). The longitudinal components
must satisfy the reduced wave Eq. (1.7-9) which we now express in cylindrical
coordinates:

Py 1oy 1%

Yy trisg TV =0 @21

with
K? = njk* — p? (2.2-2)

and
k = w(gouo)'’? = 2n/2 (2.2-3)

::-QUation (2.2-1) is obtained from Maxwell’s equations by eliminating the
ransverse field components and solving Maxwell’s equations for either E,
or H,. All field components have the common factor

exp[i(wt— Bz)] (2.2-4)

Wh’II"Ch we omit from the equations for brevity.
0 solve the reduced wave equation we substitute the trial solution

Wy = F(r) cosvg (2.2-5)



64 2 Weakly Guiding Optical Fibers

into Eq. (2.2-1), with the result

d*F 1 dF v?
-‘—1’7+;-‘;+<Kj2—;—2->17=0 (2.2-6)

The same result would have been obtained had we used the sine instead of the
cosine function in Eq. (2.2-5). Equation (2.2-6) is Bessel’s differential equation.
Its solutions are cylinder functions which we indicate collectively by the
symbol ’

F(r) = Z,(K;r) 2.2-7)

where Z,(K;r) may be either a Bessel or a Neumann function. As solutions of
a second-order differential equation there must be two independent types of
functions. In the core region we need to identify Z, (K, r) witha Bessel function,
J,(K,r), since the solution must remain finite at r = 0.

When we derived the approximate solutions of the modes of the rectangular
waveguide we used E, and H, in such a way that one of the transverse field

components vanished. For the same reason we are now using the following
solution of Eq. (2.2-1) in the region r < a:

_ l_/ﬁ sin(v+1)¢ sin(v—1)¢
E. = 28, ‘:J"“(Kr){—cos(v+l)¢ }+ J"_I(Kr){—cos(v—l)cb }]

(2.2-8)
_idx (e 12 cos(v+1) ¢ cos(v—-1)¢
. = _—2/?(;70> [J"“('"){ sin(v+1) }_J"‘("’){ sin(v—1)¢ }]

(2.2-9)

We have combined two solutions with v+1 and v—1 in order to achieve
cancellation of the E, and H, components. Instead of K, we have used our
usual notation

k= K, = (n,2k2=BH'"? (2.2-10)

The two choices of sine and cosine functions are intended to obtain a complete

set of orthogonal functions. Since both sine and cosine functions are allowed
as solutions of Eq. (2.2-1), both functions are needed. The upper and lower

set of functions in Egs. (2.2-8) and (2.2-9) belong together, respectively. We §
now obtain the transverse components from Egs. (2.2-8) and (2.2-9) with the |
help of Eqgs. (1.7-4-(1.7-7). In order to be able to carry out the derivations, ]

we need the relations

o ord 040

2z @2.2-11) |

2% " oxor  ox 99
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and
===t -
¥ (2.2-12)

Using the transformations

r=(2+y?H)2 (2.2-13)
and ’
¢ = arctan(y/x) (2.2-14)
we obtain
orjox = x[r = cos @, (2.2-15)
orjoy = y[r = sin¢, (2.2-16)
opiox = —y[rt = —(1/r)sin¢, (2.2-17)
and
d¢jdy = x/r? = (1/r)cos¢ (2.2-18)

At this point we use condition (2.1-1) to simplify the analysis. Since the
propagation constant of the guided mode must lie within the limits

nk < B < nk (2.2-19)
we use approximately
B = nk (2.2-20)

with nxn X . With the help of the functional relations of the Bessel
function, we obtain the following expressions for the transverse field

components
cosve
E = AJ
y v(xr){ sin v } (2.2-21)
and
H, = —n4 ﬁ"—<s—°>”21 (xr){ cosv (2.2:22)
|Bv| Ho ' sin Vd) '

The remaining components are E, = 0 and H, = 0.
Outside the core in the cladding region at r > a, we obtain similarly

_ Ay J,(xa)
28, H"(iya)

HOD (i sin(v+1) ¢ Wy ¢; sin(v—1)¢
x[ ’ 1('y’-){—cos(v+l)<l> +HZ ) ~cos(v—1)¢

(2.2-23)

z
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= () ke

2k\po) H{V(iva)
. cos(v+1)¢ . cos(v=1)¢
* [H“(?‘(”'){ sin(v+1)¢ }— H“(l‘)‘('y'){ sin(v—1)¢ }]
(2.2-24)
J
E, = AEV(LI(,%)—‘I)HVMUW){ :’::1’ } (2.2-25)
_ B, (e \''* J,(xa) . cos ve
Hx = —HAW<;;> m”&l)(l‘)’r){ Sinvd) } (22—26)

The Hankel function of the first kind, H{"’, has now replaced the Bessel
function. The choice of this function is dictated by the requirement that the
field must vanish at r — co. Only if this requirement is satisfied do we obtain
a guided mode. The parameter y appearing in the argument of the Hankel
function is defined by the usual expression [compare Eq. (1.2-14)]

y = —iK; = (B2 —n k! (2.2.27)

For guided modes, whose propagation constants must fall in the interval
(2.2-19), y is a real quantity. This means that the argument of the Hankel
function is imaginary. The amplitude coefficient of these field expressions was
chosen to ensure that E, remains continuous at the core boundary r =a.
Since the ratios /8 and x/8 are both small, it is apparent that the longitudinal
field components are much smaller than the transverse components. The
fields are thus almost transverse. The electric field of the mode that is described
by Eqgs. (2.2-8), (2.2-9), and (2.2-21)-(2.2-26) is polarized in y direction. For
a complete field description we also need the mode with the orthogonal
polarization. For r <a we obtain by the same arguments as before

_ tA_K cos(v+1)¢ _ cos(v—1)¢
E. = 28, [J"H(Kr){ sin(v+1)¢ } J"_'(Kr){ sin(v—1)¢ }]
H, = E,_c(a_())l/z

2k \po

' sin(v+1)¢ sin(v—1) ¢
><[J"J"(Kr){—cos(v+l)cl> }+J"‘(Kr){—cos(v—l)¢ }]

Lo
I

sinvg

2.2:28) ]

(2.2-29) ’

AJv(xr){ cosvé } (2.2-30) |
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B, (eo 12 cos v
H, =nA—(—] J(xr
»=mAie) 7 sinvg } (223D
and the field in the cladding for r > a is given by
Ay J,(xa)
E, =—-————m—
28, H{M(iva)

om0 nn] S0 ]

2.2-32
H, = _ﬁ’l<5_0>”2 J,(xa) ( )
: 2\po) HV(iva)
HO sin(v+1) ¢ _ sin(v—1)¢
x[ ' 1IW){—‘:OS(V‘*‘1)¢> + H20m —cos(v—1)¢
(2.2-33)
J,(ka) )
E. = Agineo (iva)Hé”(tyr){ :’;:1’ } (2.2-34)
B, (& \'/* Jy(xa) cos v
H = o k) .
y nAIBv|<#0> Hv(”(i)’a)H"(l)(lyr){ sinvqb} (2.2-35)

Now we have E, = 0 and H, ~ 0. We have collected the field expressions for
two types of guided modes whose transverse fields are polarized orthogonally
to eagh other. These field expressions are approximate solutions of Maxwell’s
equations, but they do not yet satisfy all the boundary conditions requiring
the tangential field components to pass continuously through the core
boundary. In order to be able to satisfy the boundary conditions, we need to
transform the transverse field components to cylindrical coordinates. For a
general vector field we obtain the r and ¢ components from the x and y
components by means of the transformations

F, = F,cos¢ + F,sin¢ (2.2-36)
and

F, = —F,sing + F,cos¢ 2.2-37)

f}l‘zct:et;nllgr the x or y cqmppnent of the e.lectric field vanishes, it is apparent
with the ® componer.lt is §1mply proportlona'l to the E, or E, components
on eith: Sa.;ne proportionality factor '(the function cos ¢ or sin ¢) for the fields
o one r 51he of the core boundary. Since we have adjusted the ﬁelq amplitudes
thet re that the E, or E, cox_npf)nents have the same value on either side of

oundary, we see that continuity of the E, components is already achieved.
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The H, components, if treated exactly, would be multiplied with #, and n;
inside and outside the core. However, to the approximation that ignores the
difference of the two refractive indices, we see that continuity of Ey, results in
approximate continuity of H,. We thus need to consider only the E, and
H, components.

When we equate the E, components on either side of the core boundary,
we must equate the coefficients of sin(v+ 1)¢ [or cos(v+ 1)$] and sin(v—1)¢
for cos(v—1)¢] separately. Starting with the coefficients of sin(v+1)¢ [or
cos(v+1)¢] we obtain from Egs. (2.2-8) and (2.2-23) for alternately from

Egs. (2.2-28) and (2.2-32)] the following equation:

kJ, 1 (ka)J, (k@) = iyHY, (iya)HYP(iva)
Exactly the same equation results also from the requirement that the H,
component be continuous at the interface.

When we equate the coefficient of sin(v—1)¢ [or cos(v— 1)¢], we obtain
the equation

(2.2-38)

kJ, - (ka)lJ, (ka) = iyHD,(iva) H P (iva) (2.2-39)

Equations (2.2-38) and (2.2-39) are two different forms of the eigenvalue
equation of the simplified modes of the weakly guiding round fiber. If these
two equations were not identical, our problem would have no solution, since
we cannot have two different equations for the one unknown—the propagation
constant. To show the equivalence of the two forms we use the recursion
relation of the cylinder functions [JE1, GR1]

Zy 1 (%) = QVX) Z,(x) = Z,-1()

which holds for the Bessel and Hankel functions. When this recursion relation
is used in Eq. (2.2-38) to replace the functions of order v+ 1 with the functions
of order v— 1, Eq. (2.2-39) is obtained.

The eigenvalue Eq. (2.2-39) is amazingly simple compared to the compli-
cated form of the exact eigenvalue equation. [See, for example, Eq. (8.2-49) of
[Mel].] However, simplicity has to be bought at a price. The exact eigenvalue
equation has twice as many solutions as the simple Eq. (2.2-39). The exact
field solutions of the round optical fiber are classified as HE,, or EH,, modes
[Snl, Mel]. The propagation constants of HE,, ,and EH,_, modes are
almost identical. They become exactly the same in the limit n, = n,. We are g
thus faced with a case of near degeneracy. Comparison of the simplified mode i
solutions with the exact modes shows that the simplified modes are actually a E
superposition of HE, .1, and EH,_, , modes [Mel]. The near degeneracy !
of the exact theory has thus become a definite degeneracy, and the two types i
of modes have merged into one. However, the total number of modes is the S8
same in both theories, because we now have a fourfold degeneracy since both

(2.2-40)
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polarizations and both choices of sine or cosine functions lead to the same
eigenvalue equation.

The dispersion curves, representing the propagation constants as functions
of frequency, are very nearly the same for the simplified and exact modes in
case of weakly guiding fibers. Owing to the near degeneracy of the HE and
EH rqod_es, their dispersion curves are almost indistinguishable. The simplified
description is thus able to reproduce the dispersion characteristics of the modes.
This enables us to study the problem of pulse distortion with the use of the
simplified eigenvalue equation. Problems of mode conversion and radiation
losses can also be studied with the help of the simplified modes. Instead of
determining how each HE or EH mode couples to other modes we now find
how the superpositions of HE,,, , modes and EH,_, , modes couple to
each other and to radiation. For purposes of determininé the power transfer
between groups of guided modes and for the study of radiation losses we can
gain all the information that is required.

However, in spite of the obvious advantages of the simplified theory, it is
prudent to keep in mind that the simplified modes do not represent true modes
in the usual sense of the word. Even though we cannot determine this fact
from the approximate analysis, comparison with the exact theory teaches
us.that the simplified modes must decompose as they travel along the wave-
guide. Because they are actually superpositions of HE,,, , and EH,_,
mo@es that travel with slightly different velocities, the simpliﬁéé modes chvané;
their shape as they travel along the guide. This feature of the simplified modes
becomes clear when we realize that the field shape of the superposition of two
modes depends on their relative phase relationships. Because of their different
phase .velocities the relative phases of the HE,,, , and EH,_, modes keep
changing as a function of z, so that the superposition fields alsbuchange their
Sh?pe. Only after a distance corresponding to one beat wavelength does the
original phase relationship, and therefore the field shape, restore itself. The
beat \'Nav.elength between modes | and 2 is defined as A = 21/(B, — B,).

Thls_dl§cussion makes it clear that the labeling of the simplified modes does
}naC:)telcomcxde with the conventional mode labels. A simplified mode with the
imporvt::trr‘;e;pqn’ds toan HE,, Lu and an £H,_ Lu mode. In particular, the
lab o dmmapt .1-11;'1.l mode is now charaqerlzed by the label v = 0. The
for f1s used to distinguish the different solutions of the eigenvalue equation

a given value of v. '

The amplitude coefficient 4 of the guided modes can be related to the
Power P carried by the modes with the help of

1 2r oo
P=§J; J; (EcH*—E,H )rdrd (2.2-41)

whi .
ich follows from the power density vector Eq. (1.3-45) by integration over
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the infinite cross section. We obtain the same relation for all four types of
modes:

4(polee)' > y* P 1z
= 2.2-42
4 \:evmzn(nlz_nzz)kz |y 1(ka)J, 4 1(xa)| ( )
with
2, for =0
e, = (2.2-42a)
1, for v#0

A derivation of this formula is given at the end of this section.

The eigenvalue Eg. (2.2-39) must be solved by numerical technigues.
However, near cutoff and far from cutoff of each mode, approximate closed-
form solutions can be worked out. Near cutoff we have the inequality

ya <1 (2.2-43)

We can thus use the approximations of the Hankel functions for small
arguments. For v =0, we us¢

H{V(iya) = (2i/n) In(T'ya/2) (2.2-44)
with
I = 1.781672 (2.2-45)
For v # 0, the following approximation holds:
H®M(iya) = =[i(v— DHYn](2liya) (2.2-46)
Substitution of these relations into Eq. (2.2-38) yields, for v = 0,
ya = (2/T) exp[—(1/ka) Jo (xa)/J,(xa)] (2.2-47)

At cutoff we have ya=0and k.d=V.. This last relation follows from :
(K2+y)a? =V = (n, 2 —ny?)k*d? (2.2-48)

We thus obtain the cutoff condition for v = 0 modes from Eq. (2.2-47): ’

J¥V)y=90 (2.2-49) |

It is apparent from Eq. (2.2-48) that near cutoff we have, to a good approxi- |
mation,

ca x V., + (V=Y — [(a)22V.] (2.2-50) |

so that we finally find the near cutoff approximation for v =10 modes |
[neglecting the (ya)? term in Eq. (2.2-50)] '

2 [ 15m) o |
ya = rexp[ VJI(V)] (2.2-51) |
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For the modes with v = 1 we obtain from Egs. (2.2-39), (2.2-44), and (2.2-46)

kaJy(ka)/J,(xa) = (ya)* In(Tya/2) (2.2-52)
The cutoff condition for v = 1 modes is thus
Jo(V)) =0 (2.2-53)

We use Eqgs. (2.2-50) and (2.2-53) and expand the function J,(xa) with the
help of the functional relation for the derivative of Bessel functions,

J)(ka) = —(v/ka)J,(xa) + J,— (xa) = (v[ka)J,(xa) = J,, (xa)
(2.2-54)

(where the prime indicates the derivative with respect to the whole argument)
obtaining

Jo(ka) = —[(V=V)—(ya)* 2V, J,(V0) (2.2-55)

If'we now replace xa with V, on the left-hand side of Eq. (2.2-52) and sub-
stitute Eq. (2.2-55), we obtain, for modes with v = 1,

(a)? = 2V,(V=V.)/[1-2 In(Tya/2)] (2.2-56)

tI'hls is still an implicit equation for ya, but it can easily be solved with a few
iterations. V, is obtained as the solution of Eq. (2.2-53).

To find the approximation for v > 2 we expand J,_,(xa) with the help of
Egs. (2.2-50) and (2.2-54) and the cutoff condition

J_ (V) =0, for v=2,3,.. (2.2-57)

and obtain
Jo-1(<a) = =[(V=V)—(a)*2V1J, (V) (2.2-58)

Equations (2.2-39) and (2.2-50) thus yield the near cutoff approximation for
all modes with v > 2

ya = {2[— DYIV.(V =V} (2.2-59)

‘;c }:iscﬁbtamed as thej solution of Eq. (2.2-57). The roots of the Bessel functions
Bewrt sfolve.Eqs. (2.2-49), (2.2-53), and (2.2-57) can be found in tables of
P u;ctnons [Jel, {\s}]. In Eq. (2.2-51) we did not expand the Bessel
usuu] en 1(1{) as we did in the other equations. The reason is twofold: The
Solutio::pa?Slon of the type (2.2-55) or (2.2.-58) would not work for the V=10
in E of Eq. (2.2-49), since the expression J,(V.)/V, = 0/0 is encountered

q. (2.2-54) for V, = 0. It is, of course, easy to determine the limit of this

und i i ;
. eter.mmed ratio. The easiest approach would be to use the small argument
Pproximation

J,(V)y = (ApHviy (2.2-60)
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of the Bessel functions. However, the second reason for not approximating
Eq. (2.2-51) any further is its wider applicability. A comparison of the
approximate expression (2.2-51) with the exact solution of Eq. (2.2-39) [Mel]
shows that the approximation works well for ¥ values as large as V = 1. The
agreement is poorer if we use approximations for the Bessel functions in Eq.
(2.2-51).

It might appear as if V. = 0 were also an admissible solution of Eq. (2.2-57).
However, we can show with the help of the small argument approximation
(2.2-60) and the small argument approximation (2.2-46) for the Hankel
functions that k,a=V, =0 is not a solution of Eq. (2.2-39). The right-hand
side of the equation vanishes for y = 0. On the left-hand side we have

Vlimo VJ,_ (VL (V) = 2v (2.2-61)
This expression vanishes only if v = 0, showing that V. = 0 is allowed only
for v =0 or for the cutoff condition (2.2-49). This shows that the lowest-
order mode with v=0 is theoretically not cutoff, since it is guided for
arbitrarily small frequencies or arbitrarily thin cores. However, as a practical
matter, we find with the help of Eq. (2.2-51), ya = 2.2 % 10-1° for ¥V =0.3.
In order to appreciate the meaning of this result we use the large argument
approximation of the Hankel function

H{(iyr) = @/riyr)* exp{—ilv(n/2)+(m/H)]} exp(—7yr) N
@2-62) B

We thus see that for large yr the field, Eq. (2.2-29), outside the core is
proportional to exp(—7yr),

E, o« exp(— yr) (2.2-63)

The parameter y is thus a measure for the radius r,, at which the field intensity " v
has decayed to 1/e of its value at the core boundary. We can define the mode $

radius by the equation
rm=a+y"! (2.2-64)

The mode radius for the lowest-order mode, v =0, with V' =0.3 is thus ]
4.5% 10° times the core radius. This means, for all practical purposes, that
the field is no longer guided. It seems advisable to let r,, become no more than
10a. This value is reached for the lowest-order mode, v =0, if vV =0.95.

Far from cutoff ya becomes large. With Eq. (2.2-62) the eigenvalue Eq.
(2.2-39) assumes its far from cutoff approximation

kal,-1(ka)J, (ka) = —7a 2269 ]

The limiting value x = K, which is reached for y — oo, is thus given as the
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root of the equation
Jy(kioa) =0 (2.2-66)

Using a mgthod developed by Snyder [Srl, Sr7] it was shown in [Mel] that
an approximate solution of Eq. (2.2-65) is

ka = K a[l — QM (2.2-67)
It can also be shown that the solution for v = 0 is indeed
Ka = Koaexp(—1/V) (2.2-68)

as one would expect by taking the limit of Eq. (2.2-67), for v - 0.

Gloge [Gel] introduced the notation LP,, modes for the approximate
mode solutions discussed in this section. The first index, v, corresponds to
the integer that enters the circular functions, cos v¢ and sin v¢. The second
index, p, labels the roots of Eq. (2.2-39) for a given value of v. The LP,
mode thus corresponds to the important dominant HE;, mode of the exaclt
trea}rpent of the fiber. Generally, we know that an LP,, mode is a super-
position of HE,,, and EH,_, , modes. The notation LP modes was
chosen to suggest “linearly polarized modes.”

For fibers supporting many modes, it is advantageous to be able to estimate
the total number of modes that are possible for a given value of V. According
to Eq. (2.2-67) « is very nearly equal to k. for very large values of V. We thus
obtalr} the total number of modes by estimating the number of roots of the
equation

J(z,) =0 (2.2-69)
This number is constrained by the condition
zn <V (2.2-70)

?:Sal%proximatc formula for the roots of Eq. (2.2-69) for large values of m is

Kol = Zn = (v+2m—%)n/2 2.2-71)

;‘Q:hfrrf =1,23,.... FOli constant values of z,,, the integer values of v and m
e 1s 2ylzng Eq. (2.2-71) lie along lines parallel to the dashed line depicted in
Cui.)ﬁ. 2l The 1argest.value of z, = ka is obtained from Eq. (2.2-48) with the
tht allva llle y=0. It is z,, = V. Neglecting the } term in Eq. (2.2-71), we see
formad \;)a ues of vand m .that are allowed by Eq. (2.2-71) lie inside the triangle
the s y the two coordinate axes and the slanted solid line passing through
points m = Vin and v = 2V/r in Fig. 2.2.2.
ofl;.sacthomt with integer coordinate values v and m represents one solution
q. (2.2-69) and, consequently, can be associated with one mode of a given

larizati
»P° arization and ¢ dependence. It can be seen with the help of Fig. 2.2.3 that
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Fig. 2.2.2 The v,m mode number plane. The dashed curve indicates the location of the
points v+ 2m = const.
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Fig. 2.2.3 Each point represenis a mode in the v, m plane.

2.2 Guided Modes of the Optical Fiber 75

each representation point occupies a square of unit area in v, m space. The
area in this space thus represents the number of modes. The total number of
modes is four times the area of the triangle shown in Fig. 2.2.2, since each
mode can appear in two mutuaily orthogonal polarizations and since we can
have the sine or cosine function in Eq. (2.2-21). The area of the triangle is
(V/n)z, so that we obtain the approximate total number of modes that can
exist for a given value of ¥ from

N = 4v2/n? (2.2-72)

We found earlier [Eq. (1.3-70)] that the total number of TE and TM modes
is 2V/n. The total number of modes of the round fiber is thus equal to the
square of the total number of slab waveguide modes for the same value of V.
However, formula (2.2-72) is not very precise, since we used a number of crude
approximations for its derivation. Formula (1.3-70) for the modes of the slab
[with the restriction (1.3-4)] holds exactly. A better approximation of the
total mode number is given by the formula [Gel]

N = 1?2 (2.2-73)

Finally, we study the distribution of power that is carried by the guided
modes in the core and in the cladding. The amount of power that is contained
inside the core is given by

1 2r fa
Peore = §J~ f r(E, Hy*— Ey H.*)drd¢ (2.2-74)
V] V]

Substitution of either Egs. (2.2-21) and {2.2-22) or (2.2-30) and (2.2-31) yields
the result

Pcore = ev(n/4)azn(80/.u0)l/2A2[Jvz (Ka)_‘]v+1(Ka)Jv—l(Ka)]

(2.2-75)
with
2, for v=20
e, = (2.2-76)
1, for v#0
For v= 0, we use the relation J_, = —J,. The power in the cladding is
obtained similarly by integrating Eq. (2.2-74) from a to infinity:
Py = e,(n/4) 02"(50/#0)1/21‘12 [JV(KG)/HV(I)(i“I’a)]Z
x [H{\(iva) H{D, (iva)— H{V (iva)] (2.2-77)

~ With the aid of the eigenvalue equation in its two forms (2.2-38) and (2.2-39),

We can eliminate the Hankel functions from Eq. (2.2-77) and obtain

Py = —e,(nd) an(eofto) 1 A [J, (k@) + (€2 [y} 1 (k@) J, - 1 (KA)]
(2.2-78)
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The sum of P.o,.+ P.iaq is the total power P. By adding Egs. (2.2-75) and
(2.2-78), we obtain Eq. (2.2-42) with the help of Eq. (2.2-48). The negative sign
in front of Eq. (2.2-78) looks disturbing, but for those ya values that are allowed
by the eigenvalue equation, J,+1J,_1 is always negative, so that Piuq is
always positive. The ratio of cladding power to total power P is obtained by
substitution of Eq. (2.2-42) into Eq. (2.2-78):

P/ P = (V) [(ka)* +(ya)*J,} (k@) ], (k@) J, 1 (Ka)]
(2.2-79)
Very far from cutoff we approximate Eq. (2.2-67):

(2.2-80)

Ka = Koa— KgalV

Expanding the Bessel function with the help of Egs. (2.2-80), (2.2-66), and
(2.2-54) yields

Jv(Ka) = —Kgoa‘,v—l(xuoa)/V = KcoaJv+l(Kcoa)/V (22'81)

and

J,i1(xa) = [1+@x1)V] Jy:1(Kp@) (2.2-82)

With these approximations we obtain from Eq. (2.2-79), with the help of Eqs.
(2.2-48) and (2.2-80),

PonslP = (ka@)* [1=Q/V)IV* (2.2-83)

As usual we obtain k., a as the root of Eq. (2.2-66). The far from cutoff approxi-
mation (2.2-83) shows clearly that the amount of power carried in the cladding ¥
becomes smaller as V increases.

Near cutoff we have ya < 1. For v # 0, we use Eq. (2.2-58) and express the
ratio J,/J,,, with the help of Egs. (2.2-38) and (2.2-46) in the form

J,(xka)lJ, 4 (k@) = xa[2v (2.2-84) 1
Thus we can approximate Eq. (2.2-79) as follows:
PundlP = 1 = (@) /20 [V (V=V) — 1 (va)’]

To obtain this expression ka was replaced by V,, which is obtained as the root |
of Eq. (2.2-57). The parameter ya must be obtained from Eq. (2.2-51) or
(2.2-59), depending on the value of v. For v > 2, where Eq. (2.2-59) applies, |
we have !

(2.2-89) |

Poo/P = 1/v, for v=2, V=V (2.2-86) |

We have thus obtained the value of the power ratio at the cutoff point V = Ve 8
Actually, to this approximation, the ratio is independent of V' —V,. However,
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bccause.of Eq. (2.2-57) the derivative of Eq. (2.2-79) taken with respect to V
is negatlve infinite at ¥ =V, so that the ratio drops abruptly from the value
1/v with increasing V' —V,. It is interesting that P,,,,/P does not start with the
value of unity at the cutoff point of the modes with v > 2. This means that a

significant amount of power resides inside the core even at the cutoff point.
For the modes withv=0and v =1, P, /P=1atV=V_.

Petad/ P —

04

0.2

Fig. 2.2.4 Fractional power contained in the cladding as a function of the frequency para-

meter V. (From D. Gloge, ‘*Weakly guiding fibers,”” Appl. Opt. 10, 2252-2258 (1971), repro-
duced with permission.) ,

Fgr v = 0 we have the cutoff condition (2.2-49), so that the expansion of
J, yields, with the help of Egs. (2.2-50) and (2.2-54),

Ji(ka) = [V =V, ~(ya)*/2V.] o (xa) (2.2-87)

Using J_,=-J, and Eq. (2.2-48), we obtain from Eq. (2.2-79) near cutoff
of the v = 0 modes,

PoulP = 1 = @)} /[V(V=V,) — 1 (ya)*]? (2.2-88)

:Velcth ya of Eg. (2.2-47). The exponential dependence of ya ensures that the
i tE:d tcr'm in Eq. (2.2-8{5) vanishes at ¥ =V, even if ¥, = 0. The power ratio
254 fS unfty at ¥V =V,_. Figure 2.2.4 shows the ratio P,,q/P for several modes
o unction of V. 'The gbrupt dropoff from either 1 or 1/v at the cutoff of all
powes with v 3 0 is quite apparent. Only the LP,, mode carries most of the

Wer in the cladding for some distance (in terms of V'—V,) from its cutoff
Point. Figure 2.2.4 was plotted from Eq. (2.2-79) by Gloge [Gel].
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2.3 Waveguide Dispersion and Group Velocity

Having laid the theoretical groundwork for the description of the modes
of the weakly guiding fiber in the preceding section we now show some
numerical results.

The propagation constant B of the guided modes is obtained as a solution
of the eigenvalue Egs. (2.2-38) or (2.2-39). The propagation constant of a
plane wave in a homogeneous medium with refractive index n is

Bow = nk (2.3-1)

with

k = wjc = 2n/A (2.3-2)

representing the plane wave propagation constant in vacuum. The difference
of the refractive indices of core and cladding is only slight in weakly guiding §
fibers. When most of the field power is carried in the core, the wave has a §
propagation constant that approaches Eq. (2.3-1) with n=ny. Near cutofT,
most of the field energy is traveling outside the waveguide core, SO that §
the propagation constant approaches Eq. (2.3-1) with n=n,. The propa- § 1
gation constants of all the guided modes are thus contained in the interval

nk < B <mk 23 B

The approximate eigenvalue equation of weakly guiding fibers, Eq. (2.2-39), |
does not contain the refractive indices of core and cladding explicitly. Using ¥
relation (2.2-48) it is thus clear that its solutions, ka = f(V) or alternately ¥
ya = g(V), are universal functions of ¥V and do not depend on the geometry
and index difference of any particular waveguide. This result holds only to the
approximation involved in deriving Eq. (2.2-39). By comparison, we see from 1
Eq. (1.3-39) that the solutions for the TE modes of the symmetric slab wave-
guide are truly general functions of V, while the exact solutions of the
eigenvalue Eq. (1.3-66) for TM modes depend on the refractive index ratios.

To the approximation applicable for weakly guiding fibers, we can define ]
the universal function of V: ‘

b = a2iv? = [(Blnak)? = 13/L0ni/n2)* = 1] (2.3-4) ]

The right-hand side of Eq. (2.3-4) is obtained from Eqs. (2.2-27) and (2.2-48).1
Since Eq. (2.3-4) isa universal function of ¥ only to the extent that the weakly §
guiding assumption (2.1-1) applies, we can write Eq. (2.3-4) with the help of
Eq. (2.3-3) in the simpler approximate form 1

b = (Blnyk— D/(ny/n;— 1)
According to Eq. (2.3-3), b varies between 0 and 1.

2.3-5)]
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Fig.' 2.3.1 Normalized propagation constant b as function of normalized frequency V for
the guided modes of the optical fiber. (From D. Gloge, **Weakly guiding fibers,”” Appl. Opt. 10
2252-2258 (1971), reproduced with permission.) ’ o

Figure 2.3.1 shows the normalized propagation constant b as a function of
Vf'or the first 20 guided modes of the weakly guiding fiber. The number pairs
written on each curve give the values of v and u of the LP,, modes. Instead
of regarding b as a normalized propagation constant, we can ‘;lso use the plots
of Fig. 2.3.1 to obtain the important radial decay parameter ya from the relation

ya = Vb (2.3-6)

The propagation constant f§ is related to the phase velocity of the guided
wave (o = radian frequency) by

A more important quantity is the group velocity
_dw dk
v = 7 = cEl} (2.3-8)

Bl];sept:se velocity determines t.he spe?d at which the planes of constant

at OptiCa(l)\f/‘e through the waveguide. —I:hlS guantity is not directly observable

and s 1 requencies. The group velocity gives the speed of pulse propagation

velocit iUShan important observable. quantity. Closely related to the group

lhrOugi; tsht e group delay. It determines the transit time of a pulse traveling
e waveguide of length L. The group delay is defined as

s~ LT cdk ok av (2.3-9)
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Adopting Gloge's [Gel] notation, we define
A = (n,—ny)ny €1 (2.3-10)

and write Eq. (2.2-48) approximately as
V = 2n,/Aka 2.3-11)

Equation (2.3-9) contains the derivative of B. In order to express it in terms of :

the normalized propagation constant b, we obtain from Egs. (2.3-5) and
(2.3-10)
B = (bA+1)nyk (2.3-12)

The refractive index parameter A is small. Since the refractive index depends ‘
only slightly on frequency, its derivative is even smaller and shall be neglected. i

We thus use the following approach:
JA d(vb)

d —d -
— = JA —(bn,kJA) = —=
5 (bma k) = VA G (bm V& =

Using these equations we can write the total group delay as the sum

T, = Tm + Tw (2.3-14) , )

with the delay that is characteristic of the material

1, = (Lfc) d(nyk)/dk (2.3-15) 3

and the waveguide delay

1. = (Lfc)ny A d(VB)/dV (2.3-16)

The derivative appearing in the formula for the waveguide delay can be ?
eliminated with the help of the eigenvalue Eq. (2.2-39). As a first step we USE 4 5

Eq. (2.3-4) to obtain

dob) _ jradoa) (07 PERLY |

v~ v dv y?

Next we take the V derivative of the eigenvalue Eq. (2.2-39) and obtain withlv
the help of Egs. (2.2-40) and (2.2-54) (which also holds for the Hanke

functions)

J,* (ka) av [HD(iya)} dv ]
(2.3-18)

xa[J"— ((xa)J, . (xka) 1] d(xa) N ya[H‘(’l_)‘(iya) HY(iva) 1] d(ya) _ 0

@313 {§
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We divide Egs. (2.2-38) and (2.2-39) by y and multiply the resulting equations,
obtaining

HO(ya) HOiya)  (ka)* Sy (k@) J,— 1 (k0)

[H‘(,”(iya)]z == (ya)z J‘,Z(xa) (2-3-[9)
From Eg. (2.2-48) we derive
d(xa) d(ya)
Ka v + ya v |14 (2.3-20)

Use of these three equations and (2.3-4) enables us to eliminate the derivative
from Eq. (2.3-17):

avb) _
Ty T b[‘ -

2J,% (ka) ]

‘lv—l(xa)J\H.l(Ka) (23-21)

The group delay Eq. (2.3-15), which is characteristic of the material of the
optical fiber, is independent of the particular mode. The waveguide delay
Eq. (2.3-16) with Eq. (2.3-21) is different for every guided mode. A light
pulse that is shared by many guided modes thus splits up into many pulses
arriving at the end at different times, corresponding to their group delay
Eq. (2.3-16). This type of pulse dispersion is called “‘multimode dispersion’ to
distinguish it from the “material dispersion” Eq. (2.3-15).

Far from cutoff b approaches unity, while J,(xa) goes to zero according
to Eq. (2.2-66). This consideration shows that for V-, Eg. (2.3-21)

20 T T ; . .
|
16} @ 3
)
) { 3
12¢ i
f @
3 3)
- b
“el" 08}
04F
0 1 i i 1 1
Y 2 4 6 8 10 12

vV —s

“'l;ig-kl-lz. Normalized waveguide group delay as a function of V. (From D. Gloge,
akly guiding fibers,” Appl. Opt. 10, 2252-2258 (1971), reproduced with permission.)
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ity for all modes. Function (2.3-21) is plotted in fig. 2.3.2 ~for

atltll): ;12;0 ;(e)srr:l:c;teys gf the fiber. The group delay caused by wavggulde dlsperfsmn
is obtained from this figure with the help of Eq. (2.3-16). 1t 1s ap;?‘ajlre(riltl ro:l
the figure that the modes with v=0 anq v = | have zero waveggl Z le ayE
cutoff. However, the total group delay 1s the sum of'the material le aif‘l 'tc:
(2.3-15) and the waveguide delay Eg. (2.3-16), so that it always rema.m; r: 2.

At cutoff J,_(ka) = 0, according to Eq. (2.2-57), for all modes w1$ v J/ .
By using the approximation Egs. (2.2-38) and (2.2-59) anc:1 expre;;magluyolf
by J, with the help of Egs. (2.2-40) and (2.2-57), we find the cutoit v
Eq. (2.3-21) for modes with v > 2,

d(Vbydv = 2(v=1)v (2.3-22)

The normalized propagation constant b was replaced with its value, Eq.

(2.3-4), and approximated with the use of Eq. (2.2-5?). ” 1
The arrival time difference between the mode with the largest wav.eguth 8

group delay and the least delay {which is given by Eq. (2.3-21) assuming e 1

value unity] is i
At = (LJe) (n, —n2) [1 = Q/vm)] (23-23) .‘

In this formula v, is the jargest v value that can occur for the V at which the

waveguide operates. We see from Fig. 2.2.2 that this value 1s approximately

v, = 2V/m. (2.3-24) §H

The fastest modes with d(vb)/dV = Ohave been omitted from this cons;jier:;tlc;r; .
since it is unlikely that V’ would be close enough to the cutoff value Ve 0 (:Oﬂ’ i g
of these modes. Furthermore, a mode with v = Qorv=1 close’to 1tslcu.ti€S 5
point would suffer very high losses from accidental bequ or irregu ar1t = ]
of the waveguide core, sO that it would not take part in the transpor 2

energy. o . |
Pflyse distortion in multimode waveguides 1S caused predominantly by the |

different group delays of the modes. The' difference At in the.?arrlva(li tlznge_szf)f
the leading and trailing edge of the pulse 1s given by Eqs. (2.}-831)) an (h .mode,‘
The pulse shape depends on the amount Qf power that is carried Dy e::; o
In single-mode fibers, pulse distortion 1s caused' by the fact. thatf Eeg o
velocity is not constant with frequency, sO tk_lat dlﬁer'ent portions 0 ttha;r)] o
spectrum travel with different velocities. This effect is much smallefr At
multimode pulse distortion and depends on thg frequency c.ontent (;1 t eatgri :
and the dispersion curve of the fiber mat;nal. In addition to t efm e
dispersion, single-mode pulse distortion is also caused by theh req g
dependence of the term (2.3-16). However, for most materials the matel™

dispersion predominates [Ge2].
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2.4 Radiation Modes of the Optical Fiber

The radiation modes of the optical fiber are analogous to the radiation
modes of the slab waveguide discussed in Sect. 1.4. They are a necessary
supplement to the guided modes to provide a complete orthogonal set of
modes. With this representation, any electromagnetic field that can exist in
the presence of the fiber core can be expressed as sums over guided modes
plus integrals over the various radiation modes. Just like the exact solutions
for guided modes, exact solutions of radiation modes of the round optical
fiber are very complicated. Since optical fibers used in most applications
have very slight refractive index differences between core and cladding
materials, we restrict ourselves again to approximate solutions that are valid
in cases where the core-cladding refractive index difference is small.

Unlike our treatment of radiation modes of the slab waveguide, we do not
consider evanescent radiation modes of the fiber; that is, we ignore modes
with imaginary values of the propagation constant § that do not propagate
in the z-direction. Such modes are almost never used in practical calculations
and thus are not of sufficient interest to justify the added complication of
having to distinguish between modes that propagate in the z-direction and
those that do not. However, omitting evanescent radiation modes keeps the
set of orthogonal modes from being complete.

Real optical fibers consist of cores that are surrounded by a cladding with
finite radius. Radiation modes, on the other hand, are derived under the
assumption that the cladding is infinitely extended. For fibers with large
claddings, this may be a valid assumption and may permit us to calculate
the radiation losses of a guided mode traveling in an imperfect optical fiber.
Actually, the radiation field inside the cladding is constrained by the outer
cladding boundary, which may be either air (vacuum) or a jacket material
with a refractive index that is usually different from that of the cladding. If
the refractive index of the outer jacket is smaller than that of the cladding,
some of the radiation may become trapped in the cladding by total internal
reﬂe'ction and can be regarded as cladding modes. If the refractive index of
the jacket material exceeds that of the cladding, the field is not trapped in
the cladding and extends into the jacket. The behavior of cladding modes
ficpends on the losses of the jacket material. Because of these complications,
it is often assumed that the cladding is infinitely extended and radiation
Phenomena in the vicinity of the fiber core are described in terms of radiation

modes. Whether this idealization is appropriate depends on the problem at

d and on the actual geometry of the fiber.
aud slllmil}g a small value for the refractive index difference between core
v cladding materials simplifies the treatment of radiation modes in two

¥s. Near cutoff, that is for values of the propagation constant that are
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only slightly smaller than n,k, the radiation modes are very nearly linearly
polarized, transverse waves quite similar in form to the guided modes. Far
from cutoff, for values of |B| that are substantially smaller than n,k, the
radiation modes of the fiber approach the radiation field of homogeneous
space. To appreciate this phenomenon, it is helpful to remember our
discussion of slab radiation modes in Sect. 1.4. There, we pointed out that
radiation modes can be regarded as superpositions of radiation fields
stemming from infinitely extended sources outside of the waveguide core.
Waves impinging on the core at grazing angles suffer considerable reflection
and refraction at the core boundary and hence are modified by its presence.
Wave impinging at larger angles (measured relative to the core—cladding
interface) suffer little reflection due to the slight core—ladding index differ-
ence. For these waves, it is permissible to neglect the core altogether. Thus,
we design our approximate radiation modes such that they turn into the
radiation field of free space (homogeneous space with constant index n,) for
small values of | 8. In the limit of vanishing core—cladding index difference,
the radiation modes become exact solutions of Maxwell’s equations. For
values of | 8| near n,k, the radiation modes are approximate solutions in the
same sense as the weakly guided LP modes discussed in Sect. 2.2.

In Sect. 2.2, we found that there are four kinds of guided modes. The same
is true for radiation modes, because for a given value of the propagation
constant f there are two mutually orthogonal polarizations and for each
polarization the principal electric field component can have a cosine or sine
dependence on the angular coordinate ¢. The radiation modes that most
nearly resemble the y-polarized guided LP modes can be expressed as
follows:

_ A nk B sin(v + 2)¢ ~sin(v — 2)¢
B=7 (Iﬂl 1>[Z'”(” ’)(—cos(v ; 2)¢> tZ-dlp ’)( cos(y — 2)¢>>]

(2.4-1)
_ A ﬁlﬁ cos v¢
B=3 {2(”3! ¥ 1>Z“("’)(sin v¢>>

nk cos(v + 2)¢ cos(v — 2)¢
B (W B 1)[2'”(" ”(sin(v N 2)¢>> tZo-dle )< oy — 2 >]}

_ipA sin(v + )¢ sin(v — 1)¢
ST [Z'“(” ”(—cos(v ; 1)¢>> 2l ’)(—cos(v - 1)¢>>]

B |

(24-3) §
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_Bnd g ( nk ) <—cosv¢)
He=1g4 f {2 BT ) AN inve
_ ﬂ _ cos(v + 2)¢ cos(v — 2)¢
(Iﬂl 1>[Z“”(” ’)<sin(v + 2)¢>> 2 ’)(sin(v _ )]}

(2.4-4)
B nd f <nk )[ <—sin(v + 2)¢>>
H,= 1) z,.
> 718 4\ o \IBI 22PN Costy + 20
sin(v — 2)¢
+ ZV_Z(pr)(—cos(v —2) ¢>] (2.4-5)
inpA g, —cos(v + 1)¢ cos(v — )¢
H. = ' .
=2 /; [Z““(” ')<—sin(v ¥ 1)¢> t2ab r)<sin(v 1 ﬂ
(2.4-6)

The radiation modes corresponding to x-polarized guided LP modes have
the form

E, = {2<nk ) (0 )(c.os v¢>)
1Bl sin v¢

ik_ _ cos(v 4+ 2)¢ cos(v — 2)¢
<|Bl 1)[2“”(” ”(sin(v + 2)¢>> + 2l ’)(sin(v Y )]}

(24-7)
A (nk sin(v + 2)¢ —sin(v — 2)¢
E=2(M_
"= % (lBl 1)[2'“(” r)(—cos(v + 2)¢>> T Zy-alp r)< cos(v — 2)¢>:|
(2.4-8)
E ipA [ <cos(v + 1)¢>> 3 (cos(v - 1)¢>>] )
=28 L 2N ine + 96 ) ™2 P N sing - 16 (249)

B nA nk sin(v + 2)¢
H =1
=18 \[ <lﬂl 1)[2'”(” ’)<—cos(v+2)¢>>

—sin(v — 2)¢
+2Z,_ 2(pr)( cos(v — 2) ¢>] (2.4-10)
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B nA ﬁ { (nk > <cos vd))
H=t" B Zii)z
=154 e LA N simve

nk cos(v + 2)¢ cos(v — 2)¢
- (m B 1)[2‘”(’”)<sin<v " 2)¢> *Zz "2(”’)(sin<v Y )]}

(2.4-11)
_ inpA  [&o sin(v + 1)¢ sin(v — 1)¢
B =20 \/: [Z"“(" ”(—cos(v ¥ 1)¢>> ¥ Z"“(”’)(—cosw - 1)¢>]
(2.4-12)

Equations (2.4-1) through (2.4-12) require detailed explanations.
The propagation constant B can assume a continuum of values in the range

_nyk < B < nyk (2.4-13)

The propagation factor exp[i(wt — Bz)], which multiplies every expression
(2.4-1) through (2.4-12), has been suppressed. Continuing the practice estab-
lished in Sect. 2.2 for listing the guided modes, we display the different ways of
expressing the angular dependence of the field by placing the two possible
choices one above the other inside a pair of parentheses. However, unlike
Sect. 2.2, we now use a more compact notation by writing each field
component of the radiation mode in the core and cladding regions as a single
expression. Thus, the parameter p is defined as follows:

{ o =./n2k*— B? forr<a (24-14)
p— 4-
p = /n,2k* — p? forr > a

The functions Z(pr) are solutions of the differential equation (2.2-6) (with
K; = p) and assume the form

J (or) forr<a

2.4-15
BH((pr) + CH{P(pr) S

Z(pr) = {

forr>a

If multiplied by sinv¢ or cosve, the Hankel functions of the first and }
second kind, distinguished by the superscripts 1 and 2, are cylindrical 3R

traveling waves that travel in the positive (superscript 2) and negative

(superscript 1) r-direction. The direction of wave travel associated with a ,

given Hankel function is contingent on our practice of writing the time
dependence as exp(iwt). Had we used instead exp(— iwt), the waves associated

with each Hankel function would change direction. In the same way, the ]
Bessel function J (or) represents a cylindrical standing wave. The refractive $i
index n appearing in Egs. (2.4-1) through (2.4-12) should assume the value SN

n, inside the core and n, inside the cladding. However, since the difference
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n, — is assumed to be small, we do not distinguish between these two
possibilities whenever n appears in the equations without a subscript. But if
n is identified as the refractive index of the prospective regions, Eqs. (2.4-1)
through (2.4-12) represent exact solutions of Maxwell’s equations, which,
however, does not mean that they are exact solutions of the fiber problem.

As radiation modes of the optical fiber, the fields must also satisfy the
boundary conditions, which, in their exact formulations, would consist of
requiring that the field components, E,, E., H,, and H, must remain
continuous at the core boundary at r = a. But with the two undetermined
coefficients at our disposal the four boundary conditions cannot be satisfied
exactly. Instead, we require that Z,(pr) and dZ(pr)/dr are continuous at
r = a. These conditions are satisfied if we assign B and C the following values:

.ma
B=i T [0J,+1(0a)H\P(pa) — pJ (ca)H (pa)] (2.4-16)
and
C=—iBrs7 () )
= —i1 2 [0, (0a)HV(pa) = pJ(0dH (pd]  417)
In deriving these expressions from the continuity requirements for Z,

and its r-derivative, we have used the following well-known functional
relationship (Wronskian) of the Hankel functions [AS1].

4
H(vll 1(x)H(vz)(x) — H(v”(x)H(vzl (x) = 1_7; (2.4-18)

By expressing the Hankel functions in terms of the Bessel function J,

and the Neumann function N,, it is easy to show that the coefficients become
B= C =1 in the limit o = p. In that case, we have Z (pr) = J {(or) so that
the two forms of Z, shown in (2.4-15) become identical. The proof of this
assertion requires the use of another Wronskian [AS1]

Ty 100N(x) = XN, 14 (x) = ;:2—x (24-19)

In using the expressions (2.4-15), (2.4-16), and (2.4-17), it is important
to remember that B and C are constants for a given mode with azimuthal
mode label v. This means that when we form expressions such as Z, ., ,(pr)
or Zv._z(pr) we do not also change the subscripts of the Bessel and Hankel
functions appearing in (2.4-16) and (2.4-17). These expressions remain the
sar?e for a given mode. However, the subscripts of the r-dependent functions
H{Ypr) and H®(pr) change as the subscript of Z, is changed. For this reason,
we refrained from attaching the v-label to B and C since such a subscript
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notation would lead to the temptation of changing the subscripts inside the
brackets in (2.4-16) and (2.4-17) as the subscript of Z (pr) is changed. The
subscripts in the definitions of B and C change only when we consider
another mode whose v-label is actually different.

The expressions (2.4-1) through (2.4-12) describe the radiation modes in
the entire f-range indicated by (2.4-13). However, for |B|-values near n,k,
they resemble the guided mode field inside the core. To see this, we express
the difference nk — |B| as follows:

0.2

k—|f| = ——n 2.4-20
nik — | Bl ik 3 15| ( )
or
p?
k—|f] = —2 24-21
nyk —|Bl k£ 1f] ( )

Thus, if we regard ¢ and p as small quantities, the difference nk — | 8| is small
of second order. This means that for radiation modes that are just below
the cutoff of guided modes, the E -component in (2.4-1) is a second-order
quantity relative to the much larger E -component. The longitudinal compo-
nent E_ is small to first order. Neglecting second-order quantities, we see
that the field components (2.4-1) through (2.4-6) of the radiation modes are
very similar in form to the corresponding field components of the guided
modes listed in (2.2-8), (2.2-9), (2.2-21), and (2.2-22) (a corresponding state-
ment is true for the radiation modes described by (2.4-7) through (2.4-12).
The smallness of the E,-component for | 8| &~ nk justifies our assertion that
the fields (2.4-1) through (2.4-6) resemble the y-polarized field of the guided
modes. Similarly, the fields (2.4-7) through (2.4-12) can be regarded as
x-polarized near cutoff.

The boundary conditions requiring continuity of Z, and dZ jdr atr =a
ensure approximate continuity of E, and E, for § near n,k. The continuity
of E, of (2.4-2) follows directly from the continuity of Z, if we neglect the
term that is multiplied by nk — | B|. To see that E, is also continuous requires
the use of the recursion relation for the derivatives of the cylinder functions

dZ (x)

XZ,41(x) = VZ,(x) F e (24-22)

which can also be written in the form

dZ (pr)

24-23
dr ( )

4 _
pZ,+1(pr) = " Z(pr) F
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The left-hand side of (2.4-23) is contained in E,. Thus, since Z, (and
hence (v/r)Z,) and dZ ,/dr are continuous, E, is continuous at r = a. The same
argument holds for H,. Thus, for | 8| ~ nk, the differences of the core and
cladding fields taken at r = a contain only terms that are small to second
order and hence are negligible in the spirit of our approximation. This means
that the boundary conditions are satisfied for | 8| ~ nk.

For values of |§| that are smaller than n,k, so that nk — || can no longer
be regarded as small, the difference ¢ — p becomes small. According to their
definitions (2.4-14), we have

2

k
G = \/pz + (2 — nHk? = p|:1 + (1% — ny?) F] (2.4-24)
p

The extreme right-hand side of this equation is valid as p becomes larger
with decreasing values of |8|. Because n; — n, < 1, the distinction between
¢ and p becomes negligible for smaller values of |8]. As pointed out above,
with ¢ approaching p, B and C become equal to § and Z (pr) approaches
J(or). In this case, the distinction between core and cladding fields vanishes
so that the continuity of the fields at the core—cladding boundary remains
approximately valid. Thus, the fields (2.4-1) through (2.4-12) do not only
satisfy Maxwell’'s equations, they also satisfy the continuity conditions at
r = a for all values of f—at least approximately.

It can also be shown that the radiation modes are approximately orthogo-
nal to each other to the same approximation as the boundary conditions. If
we use the subscripts p and g to distinguish radiation modes that differ in
their functional dependence on ¢ or in their polarization, the following
orthogonality relation is approximately valid

2n x /
> f d¢ f r[E, (r, &, p) x H(r, ¢, p)].dr = 1% Po,,0,,0(p — p)
0 0

(2.4-25)

where J,, and §,, are the Kronecker delta symbols that are unity for
equal subscripts and zero for different subscripts, and d(p — p’) is the Dirac
delta function. Equation (2.4-25) implies normalization with respect to P,
which leads to the following expression for the amplitude coefficient 4
appearing in the field expressions (2.4-1) through (2.4-12)

_ p1Bl(o/e0) 2P

A% = 2.4-26
2e,nn*kBC ( )
with

2 forv=0
e = orv (2.4-27)
1 forv0
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and with p defined by the second line on the right-hand side of (2.4-14).
B and C are defined by (2.4-16) and (2.4-17).

We can use the radiation modes of the weakly guided optical fiber to
recover the guided modes. Since for guided modes || > n,k, p of (2.4-14)
becomes imaginary so that we write

p=iy (2.4-28)

For a large imaginary argument, the Hankel function H{"\iyr) decreases
exponentially with increasing values of r. However, the Hankel function of
the second kind H'?(iyr) grows exponentially and becomes infinitely large for
r — 0. To obtain a guided mode whose field intensity vanishes at r — oo,
we must demand that C = 0. A comparison of (2.4-17) and (2.2-38) shows
that this condition represents the eigenvalue equation of weakly guided fiber
modes with ¢ renamed as x.

It might appear as though we have now obtained a more accurate
description of the LP modes of the fiber since the field expressions (2.4-1)
through (2.4-12) contain more terms than those listed in Sect. 2.2. However,
it is important to realize that the additional terms are small of second order
for n,k < |B| < n,k. They are thus neglible in the spirit of the weak guidance
approximation and do not result in an improved representation of guided
LP modes. In fact, it can be shown that these second-order terms are wrong
if we try to regard them as higher approximations toward the exact guided
modes of the fiber. But the additional terms in (2.4-1) through (2.4-12) are
needed to represent the radiation modes in regions where |#] is smaller than
n,k and where these terms are no longer small. They are correct and
necessary parts of the radiation modes of the weakly guiding fiber.

The expressions for the radiation modes listed in (2.4-1) through (2.4-12)
reveal a feature that may appear disturbing at first sight. That is, all field
components become infinitely large when the propagation constant goes to
zero. The pole at f =0 is proportional to 1/\/@ since a factor /|B| is
contributed to the field expressions through the normalization according to
(2.4-26). Physically, radiation modes with 8 = 0 represent standing waves
whose incoming and outgoing components travel at right angles to the fiber
axis.

This seeming paradox is resolved when we realize that a single radiation
mode has no physical meaning. Radiation modes always are used in integral
representations of a more general solution of a radiation problem. Thus,
they always appear under an integral with respect to the variable p. This
fact is also utilized when we normalize the radiation modes with respect to
the delta function which becomes infinite for vanishing values of its argument
p—p.

To see that the pole of the radiation modes at § = 0 does not cause the
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integral to diverge, we transform the integration variable p to the new
integration variable f. Using (2.4-14) we obtain

dp = — g dp (2.4-29)

Thus, if we change integration variables from p to f, we gain an additional
factor B so that now the integrand vanishes at f = 0. Thus, even though
the radiation modes become infinitely large at § = 0, their contribution to
any field expansion remains finite.

2.5 Cutoff and Total Internal Reflection

In Sect. 1.3 we discussed the cutoff condition for modes of the slab wave-
guide and pointed out its connection with the critical angle of total internal
reflection. In fact, the cutoff condition for slab waveguide modes can be derived
from the critical angle at which total internal reflection is lost at a plane
dielectric interface. The mode fields in round optical fibers can locally be
expressed as quasi-plane waves. Extending our knowledge of the cutoff
condition in slab waveguides, we may be tempted to derive the cutoff condition
for fiber modes by applying the idea of the critical angle of total internal
reflection to the quasi-plane waves of the fiber modes. However, this procedure
leads to the wrong results. For most modes, cutoff in optical fibers is not
related to the loss of total internal reflection. Instead we show in this section
that cutoff in optical fibers is related to the phenomenon of radiation in bent
dielectric waveguides. The two explanations of cutoff—loss of total internal
reflection in slabs and radiation caused by bent dielectric interfaces—do not
contradict each other. The critical angle of total internal reflection is a property
of plane dielectric interfaces. It is not surprising that other phenomena take
over if the plane interface is being curved. The feeling of surprise is associated
with our habit of thinking in terms of geometrical optics, of which total
internal reflection and its critical angle are integral parts.

We base our discussion on the form (2.2-21) of the guided mode field inside
the fiber core. The Bessel function is expressed by its approximation for large
argument and any order number v < kr [GR1]:

(eilﬁ_i_e—l'lﬁ)

M X T er =TT

(2.5-1)

with
¥ = [(kr)>=v*]Y? — v arccos(v/kr) — (n/4) (2.5-1a)
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We express the argument i of the exponential functions by the first two terms
of a Taylor series expansion in the vicinity of the point r = a:

W (r) ~ ¥(a) + [k*—(v/@)*]'/*r + const. (2.5-2)

Reinstating the omitted factor (2.2-4), we approximate Eq. (2.2-21) with the
help of Eq. (2.5-1):

E, = AJ,(xr) cos v it —h)
N 1 (ei|#+e—i|#)(eiv¢+e—ivd:)e—iﬂzeitm
~ 2 (27!)”2 [(Kr)Z_VZ]lM-

(2.5-3)

This approximation shows that the mode field consists of the superposition
of four plane waves. Instead of traveling parallel to the waveguide axis, these
quasi-plane waves spiral around the axis. The rays associated with these waves
are called skew rays. The four quasi-plane waves belong to two skew rays
following the path of a right- and left-handed screw. Each ray, in turn, is
decomposed into a component approaching and receding from the core
boundary. For our purposes it is sufficient to consider one of the two skew
rays approaching the dielectric interface. The corresponding quasi-plane
wave follows from Egs. (2.5-2) and (2.5-3):

exp{—iK, -1} = exp{—i{[x’—(v/a)*]"*r + (v/a)(a¢} + Bz}}
(2.5-4)

With the unit vectors e, €,, and e in r, ¢, and z directions, we can express
the vector r as

r = re, + (ad)e, + ze, (2.5-5)
and write the propagation vector of the quasi-plane wave in the form
K, = [k} -(v/a)’]'?e, + (v/a) e, + Pe. (2.5-6)

The cosine of the angle between the propagation vector K, and the direction
normal to the core boundary is given by [Eq. (2.2-10) is used to simplify the
denominator]

cosa = (/K K. - & = [k*—(v/a)*}'/?/n, k (2.5-7)
The sine of this angle is correspondingly
sina = (1—cos?a)'? = [(n k) —k* +(v/a)’]'*/nik  (2.5-Ta)

With the help of Eq. (2.2-10) we obtain
n sina = [B2+(v/a)*} %k (2.5-8)
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The cutoff condition for guided modes of the fiber is

y=0 (2.5-9)
with y defined by Eg. (2.2-27). Equation (2.5-9) leads to
B = nyk (2.5-10)

That Eg. (2.5-9) or (2.5-10) is indeed the proper cutoff condition for guided
fiber modes follows from the form of the mode fields outside the fiber core.
Equations (2.2-23)~(2.2-26) show that the field outside the core is expressed by
Hankel functions with the argument iyr. For imaginary argument values, the
Hankel function decays exponentially at infinite distance from the fiber core.
However, as y becomes imaginary the argument of the Hankel function
becomes real. It now describes a radiating cylindrical wave at infinite distances
from the fiber core. The mode is no longer guided when it loses power by
radiation. It is thus clear that the mode description forces us to accept Eq.
(2.5-9) or (2.5-10) as the cutoff condition.

Let us now look at the angle « right at cutoff. Substitution of Eq. (2.5-10)
into Eq. (2.5-8) results in

nysing = ny[1+(v/nyka)*1'"? (2.5-11)
Equation (2.5-11) leads to the inequality
n,sina > n,, for v#0 (2.5-12)

By definition, the critical angle for total internal reflection follows from Eq.
(1.2-1), with a, = 0,

n,sina,, = n, (2.5-13)

We are thus forced to the conclusion that, right at the cutoff point of the
guided mode, its direction of propagation with respect to the nomal to the
core-cladding interface obeys the inequality

. (2.5-14)

At the cutoff point of the mode field, the rays (associated with this field)
impinge on the dielectric interface with an angle that is larger than the critical
angle, so that from the point of view of ray optics total internal reflection is
still taking place. Only if v =0 do we have x = «., sO that cutoff coincides
with the loss of total internal reflection.

In order to understand the physical reason for the cutoff in fibers, we take
a look at curved slab waveguides. It is well known that lossless transmission
through curved slab waveguides is impossible [Mel, Mi2]. Consider a
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guided mode traveling in a dielectric slab that is bent into a large hollow
cylinder. The wave is traveling in a direction perpendicular to the axis of the
cylinder. If the radius of curvature is large, the field near the curved slab is
very similar to the field in the straight slab. However, far from the slab, in the
direction away from the cylinder, the exponential field decay is changing into
a radiation field. Since a guided mode is defined as a wave whose field tends to
zero at infinity and does not lose power by radiation, we see that the wave in
the curved slab waveguide is no longer a guided mode in the strict sense. In
fact, in accordance with the discussion in Sect. 1.5 we may call it a leaky wave.
Leaving the outer radius of the cylinder fixed but shrinking the inner radius
results in a solid dielectric rod in the limit of vanishing inner radius. The slab
waveguide mode is being transformed by this transition into a field con-
figuration of the optical fiber. However, this field does not become a guided
mode of the fiber but belongs to the leaky wave solutions. It is a wave
beyond cutoff. The rays associated with this field impinge on the dielectric
interface safely above the critical angle for total internal reflection. The loss
of power is caused by the evanescent field outside the waveguide core.
The wave traveling around the circumference of the cylinder drags its
evanescent field along. At increasing distances from the fiber the field is
forced to move faster. At a certain critical radius it would exceed the velocity
of light in the medium outside the fiber core. At this point the field detaches
itself and radiates away. This picture would suggest that any wave with v # 0
would suffer the same fate, since all waves of this type have a nonvanishing
component of the propagation vector (2.5-6) in circumferential direction. In
order to understand why some modes lose power by radiation while others
are properly guided, we consider the field of the modes outside the fiber core.
The Bessel function is now replaced by a Hankel function. Using the large
argument approximation (2.2-62), we have the following expression for the
field (2.2-25) outside the fiber core.

E, = BH{"(iyr) cos v &' 777
x 3(2/miyr)/2BeVe 1 [0 ED) 4TIl H BN gl (2.5-15)

The phase angle i assumes the constant value = (v+1/2)(n/2). For guided
modes 7 is real, so that there are now only two quasi-plane waves spiraling
like right- and left-handed screws around the fiber. The propagation vector
of one of these plane waves is given by

K = (v/r)e, + Be, (2.5-16)

This vector does not have a radial component. Its circumferential component
decreases with increasing distance from the fiber axis. At r = co the quasi-
plane waves move parallel to the waveguide axis. The mode field outside the
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fiber core has the tendency to lose its circumferential component of travel
and to follow the axis of the fiber at large distances. Whether the field loses
power by radiation or whether it can be a properly guided wave depends on
the rate at which the circumferential velocity component decreases. We use
the following expression for the velocity of the quasi-plane wave associated
with the evanescent field outside the fiber:

v(r) = of|K| = ke/l(v/r)*+B*1"* 2.5-17)

Equation (2.5-17) represents the phase velocity (not the group velocity) of the
quasi-plane wave. However, the explanation of the loss mechanism of bent
dielectric waveguide fields also involves the phase velocity.

Since we have for guided waves

B> nsk (2.5-18)
we see that for all radii

v(r) < cfn, (2.5-19)

This shows that guided waves manage to maintain the velocity of their fields
outside the core below the velocity of light, ¢/n,. If B becomes too small, the
velocity of light is exceeded at some radius that depends on the value of v.
In particular, the wave (discussed above) with § = O travels in circumferential
direction without an axial velocity component, so that from Eq. (2.5-17)
we have

v(r) = rkc/v, for B=0 (2.5-20)

At r = v/(n,k) this wave exceeds the velocity of light and loses power by
radiation. By maintaining inequality (2.5-18) the guided mode fields do not
reach quasi-plane wave velocities in excess of the light velocity outside the
waveguide core. However, Eq. (2.5-17) shows clearly that all guided modes
reach the conditions

v(r) = c/n, (2.5-21)

at r = oo at their cutoff points § = n, k. It is thus clear that cutoff means that
the guided mode field is just beginning to move at the velocity of light at
r = co. At cutoff the guided mode field detaches itself at infinite distances and
radiates away. This discussion shows that even beyond cutoff the mode losses
may not be very high in very thick optical fibers, since bent slab waveguides
are known to have low radiation losses if their bending radius is large.

For modes with v = 0, cutoff can be explained in the same way as for slab
waveguide modes. Expressions (2.5-6) and (2.5-16) for the propagation
constants of the quasi-plane waves show that there are no circumferential
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components of wave propagation if v = 0. The field is thus not moving around
the axis of the guide. The cutoff condition for v = 0 modes follows from the
critical angle argument. However, we can explain the critical angle of total
internal reflection also in terms of light velocity. A guided mode field in a slab
(or in a fiber with v = 0) is accompanied by an evanescent wave outside the
core region. As cutoff is approached the velocity of the evanescent field is
increasing. The direction of the quasi-plane wave propagation vectors outside
the core is parallel to the interface. No power is radiating away. However,
as the critical angle (or cutoff} is reached, the evanescent field is just reaching
the velocity of light in the outside medium. If the direction of the quasi-plane
wave propagation vector would remain parallel to the surface, the phase
velocity of the field would exceed the light velocity ¢/n,. This “‘catastrophe”
is avoided by a change of the direction of the propagation vector of the quasi-
plane waves. They now acquire a component perpendicular to the interface
so that power is radiated away from the surface as the mode goes beyond
cutoff. In all cases it is the onset of power loss by radiation that determines
cutoff. The cutoff phenomenon that is related to the critical angle of total
internal reflection and the cutoff for fiber modes with v # 0 are distinguished
by the location where the quasiplane waves would exceed the velocity of light
if no radiation would occur. For slab waveguide modes and fiber modes with
v = 0, there is no critical distance. Below and right at cutoff, the evanescent
field is moving with uniform velocity everywhere. For modes with v#0
the critical distance is located at r = oo.

Chapter 3
COUPLED MODE THEORY

3.1 Introduction

The guided modes that we studied in the preceding chapters are waveforms
that can actually be excited. These waves propagate along the axis of the
dielectric waveguide undisturbed provided that the waveguide structure is
free of imperfections. If the dielectric materials of the guide are lossy, the
propagation constant § becomes complex. However, for reasonable low loss
the solutions presented in the last two chapters are still valid. The losses of the
modes of weakly guiding fibers are equal to the plane wave loss in the dielectric
material of the guide provided that core and cladding have the same losses.

Actual waveguides are never perfect. There are always index inhomogeneities
or slight changes of the core width. These imperfections cause the modes of
the waveguide to couple among each other. If we excite a pure mode at the
beginning of the guide, some of its power is transferred to other guided modes
and also to the radiation modes. Power transfer to other guided modes results
in signal distortion since each guided mode travels at its own characteristic
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